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PEEFACE. 


T he papers of the present Collection are reprinted very nenrly tw 
they originally appeared, and with a few partial oxcepbioiiH in tinltn 
of date. Obvious misprints have been corrected, in several ctweH with l\w 
aid of the original manuscript. Other alterations of the slightest 
ficance are indicated by the use of square brackets [ ], while atIditinniU 
matter is introduced with the proper date in the form of footnottfs or 
at the end of a memoir. In a few cases, where it has not been thought 
worth while to reproduce a paper in full, a brief statement of this 
principal results is given. 

Some short papers of a rather slender character have been incJmlml. 
These may serve to mitigate the general severity. In consulting Himihw* 
collections I have usually felt even more grateful for the ropmd notion 
of short and often rather inaccessible notes than foi' the larger and bettor 
known memoirs. 


Tbrling- Pla.ce, Witham, 
October 1899 . 
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ON SOME ELECTROMAGNETIC PHENOMENA CONSIDERED IN 
CONNEXION WITH THE DYNAMICAL THEORY. 

[Phil Mag. xxxviii. pp. 1 — 15, 1869.] 

It is now some time since general equations applicable to the conditions 
of most electrical problems have been given, and attempts, more or less 
complete, have been made to establish an analogy between electrical 
phenomena and those of ordinary mechanics. In particular. Maxwell has 
given a general dynamical theory of the electromagnetic field*, according 
to which he shows the mutual interdependence of the various branches of 
the science, and lays down equations sufficient for the theoretical solution of 
any electrical problem. He has also in scattered papers illustrated the 
solution of special problems by reference to those which correspond with 
them (at least in their mathematical conditions) in ordinary mechanics. 
There can be no doubt, I think, of the value of such illustrations, both as 
helping the mind to a more vivid conception of what takes place, and to a 
rough quantitative result which is often of more value from a physical point 
of view, than the most elaborate mathematical analysis. It is because the 
dynamical theory seems to be far less generally understood than its im- 
portance requires that I have thought that some more examples of electrical 
problems illustrated by a comparison with their mechanical analogues might 
not be superfluous. 

As a simple case, let us consider an experiment first made by De la Rive, 
in which a battery (such as a single Daniell cell) whose electromotive force 
is insufficient to decompose water, becomes competent to do so by the 
intervention of a coil or electromagnet. Thus, let the primary wire of a 
Ruhmkorff coil be connected in the usual manner with the battery, and the 
electrodes of the voltameter (which may consist of a test-tube containing 
dilute sulphuric acid into which dip platinum wires) with the points where 

* Philosophical Transactions for 1866. 
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the shock, and in any case could only do so by yielding within the limits of 
its elasticity, so as gradually, though of course very quickly, to stop the flow 
of water. The bursting of the pipe may properly be compared to the 
passage of a spark at the place where a conductor carrying an electric 
current is opened. Just as the natural elasticity of the pipe or the com- 
pressibility of the air in a purposely connected air-vessel greatly diminishes 
the strain, so the electrical spark may be stopped by connecting the 
breaking-points with the plates of a condenser, as was done by Fizeau in 
the induction-coil. Contrary to what might at first sight have been expected, 
the fall of the primary current is thus rendered more sudden, and the power 
of the instrument for many purposes increased. *Of course the spark is 
equally prevented when the breaking-points are connected by a short 
conducting circuit, as in our experiment by the voltameter. In fact the 
energy of the actual motion which exists the moment before contact is 
broken is in the one case transformed into that of the sound and heat of 
the spark, and in the other has its equivalent partly in the potential energy 
of the decomposed water, partly in the heat generated by the passage of the 
momentary current in the voltameter branch. 

The experiment will be varied in an instructive manner if we replace the 
voltameter by a coil (with or without soft iron), according to the resistance 
and self-induction of the latter. In order to know the result, we must 
examine closely what takes place at the moment when contact is broken. 
The original current, on account of its self-induction or inertia, tends to 
continue. At the same time the inertia in the branch circuit tends to 
prevent the sudden rise of a current there. A force is thus produced at the 
breaking-points exactly analogous to the pressure between two bodies, which 
we will suppose inelastic, one of which impinges on the other at rest. The 
pressure or electrical tension continues to vary until the velocities or 
currents become equal. All this time the motion of each body or current 
is opposed by a force of the nature of friction proportional to the velocity 
or current. Whether this resistance will affect the common value of the 
currents (or velocities) at the moment they become equal, will depend on its 
magnitude as compared with the other data of the problem. 

There is for every conducting circuit a certain time-constant which 
determines the rapidity of the rise or fall of currents, and which is pro- 
portional to the self-induction and conductivity of the circuit. Thus, to use 
Maxwell’s notation, if L and B be respectively the coefficient of self-induction 
and the resistance, the time-constant is L/B=t. If the current c exist at 
any moment in the circuit and fall undisturbed by external electromotive 
force, the value at any time t afterwards is given by a? = c . Auy action 

which takes place in a time much smaller than r will be sensibly unaffected 
by resistance. 


1—2 
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wire taken singly. But if, on the contrary, the current flows opposite 
ways in the two wires, the self-induction of the circuit becomes quite 
insensible. 

The main circuit may be composed of the wire Ax (.dg remaining open) 
into which the current from a single Daniell cell is led, and which can be 
opened or closed at a mercury cup. One end of the branch circuit dips into 
the mercury while the other communicates with the wire whose entrance or 
withdrawal from the cup closes or opens the main circuit. In this way the 
coils of the branch may be said to be thrown in at the break. 

If the branch is open, we obtain at break the full spark, whose value 
is ^Lx^. If the wire Bx be thrown in, the spark is still considerable, having 
approximately the value lLx\ for N = L. And if B.^ are thrown in, so 
that the currents are parallel, the spark is still greater and is measured 
by ^Lx'^ X But if the currents are opposed, the spark disappears, because 
now A^=0; so that the addition of the wire B^, whereby the resistance of 
the branch is doubled, diminishes the spark. It is true that to this last case 
our calculation is not properly applicable, inasmuch as the time-constant of 
the branch is so exceedingly small. But it is not difficult to see that in such 
a case (where the self-induction of the branch may be neglected) the tension 
at the breaking-points, or more accurately the difference of potential between 
them, cannot exceed that of the battery more than in the proportion of the 
resistances of the branch and main circuits, so that it could not here give 
rise to any sensible spark. Soft iron wires may be introduced into the 
coils in order to exalt the effects j but solid iron cores would allow induced 
currents to circulate which might interfere with the result. 

In this form of the experiment there was no sensible mutual induction 
between the coils A and B. Should there be such, the result may be 
considerably modified. For instance, let the wire A^ be thrown at the 
break into the circuit of Ax and the battery. This may happen in two 
ways. If the connexions are so made that the currents are parallel in Ax A^, 
there will be no sensible spark; but if the directions of the currents are 
opposed, the spark appears equal to the full spark ^Lx\ 

And this is in accordance with theory. The current X is given by the 
same condition as before, which leads to the equation 

Lx + Mx = {L + 2M + X)X, 

M being the coefficient of mutual induction between the two circuits. The 
spark is therefore 

Now in the first- mentioned connexion M=L very nearly, and in the second 
M = — L\ so that the observed sparks are just what theory requires. 
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1] CONSIDERED IN CONNEXION WITH THE DYNAMICAL THEORY. 

suddenly generated in one of the circuits of a systern, the initial currents in 
all the others are to be determined so as to make the energy of the field a 
minimum. These initial currents are formed unmodified by resistance when- 
ever the electromotive impulses to which they owe their existence last only 
for a time which may be regarded as vanishingly small compared with the 
time-constants of the circuits. The sudden fall of a current when a circuit 
is opened generates the same currents, except as to sign, in neighbouring 
circuits as those due to a rise of the first current, and the condition as to 
sufficient suddenness is more generally fulfilled ; at the same time it is more 
convenient in explaining the theory to take the case of the establishment 
of the primary current. 

Suppose, then, that in the wire Ai of our coil a current x is suddenly 
generated, while the ends of are joined by a ^hort wire. The condition of 
minimum energy is obviously fulfilled if there arise in A^ a current repre- 
sented by - ; for then the energy of the field is approximately zero. But 
if the self-induction of the wire joining the ends of A^ be sensible, the 
annihilation of the energy can no longer be perfect. Thus, let the circuit 
of J .2 be completed by Bi Bg, then the general expression for the energy 
of two currents becomes in this case 

+ Lxy -h X (5 or 1), 

according to the connexions ; and the value of y for which this is a 
minimum is — ic (1 or -1). In the first case, the exterior part of the induced 
circuit having no sensible self-induction, takes away nothing from the initial 
current ; but in the second there is a reduction to one-fifth. On the other 
hand, it makes no difference to the total current {—xMfS)*, as measured by 
the deflection of the galvanometer-needle, which way the connexion is made ; 
for the smaller initial current, in virtue of its greater inertia, sustains itself 
proportionally longer against the damping action of resistance, which is the 
same in the two cases. The heating-power and the effect on the electro- 
dynamometer, which depend on the integral of the square of the current 
while it lasts will be different-; but the easiest proof of the 

diversity of the currents is to be had by comparing their powers of magnet- 
izing steel. 

Thus, if we include in the induced circuit a magnetizing spiral in which 
is placed a new sewing-needle, we shall find an immense difference in the 
magnetization produced by a break-induced current, according as its direction 
is the same or otherwise in the wires Bi B^. In the actual experiment the 
diluted current was unable, even after several repetitions, to give the needle 
any considerable magnetization (the vibrations were only about three per 
minute), while after one condensed current the needle gave sixteen, raised 

* B, S are the resistances of the primary and secondary circuits respectively. 
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With the view of putting this idea to the test of experiment^ I bound 
three wires of ‘001 inch diameter, and about 20 feet long, together into a coil 
whose opening was sufficient to allow it to pass over the coil A. The ends 
of the wires were free, so that they could be joined up in any order into one 
circuit, which was also to contain the magnetizing spiral. It is evident that 
if the currents are parallel in the three wires (an arrangement which I will 
call a), then 

M==3Mo, i\r=9JVo, 

Mo JSla being the values of the induction-coefficients for one wire ; while if in 
the two wires the current flows one way round and in the third the 
opposite (b), we shall have M = Jlfo, ^ — -^o* Inasmuch as the self-induction 
of the magnetizing spiral was relatively very small, these may be regarded 
as the induction-coefficients for the secondary circuit as a whole.. This 
arrangement was adopted in order that there might be no change in the 
resistance in passing from one case to the other. The primary current was 
excited by a Daniell cell in the two wires of A arranged collaterally, and was 
interrupted at a mercury-cup. The needle was submitted to the break 
induction- currents only — although the make currents had no perceptible 
magnetizing-power, on account of the relatively large time-constant of 
the primary circuit, and the consequent slow rise of its current to the 
maximum. 

On actually submitting a new needle to the current a, I obtained after 
one discharge 12 vibrations (complete) per minute, a number raised after 
several discharges to 15. On the other hand, a new needle after one 
discharge b gave only 5 per minute, and was not much affected by repetition. 

The last needle being now submitted to discharge a gave 8-|-, and after 
several 12. Other trials having confirmed these results, there seemed to i 

be no doubt that the current a was the most efficient magnetizer. There ' 

remained, however, some uncertainty as to whether the time-constant, 
especially in b, was sufficiently large relatively to the time for which the 
spark at the mercury-cup lasted to allow of the initial current being formed 
undiminished by resistance. In order to make the fall of the primary 
current more sudden, I connected the breaking-points with the plates of 
a condenser belonging to a Ruhmkorff coil, and now found but little 
difference between the magnetizing-powers of a and b. Seeing that the 
theoretical condition had not been properly fulfilled, I prepared another 
triple coil of much thicker wire, and, for greater convenience, arranged a 
mercury-cup commutator, by means of which it was possible to pass at once 
from the one mode of connexion to the other. The magnetizing spiral was 
still of fine wire coiled, without any tube, closely over the needle, and its 
ends were soldered to the thicker wire of the triple coil. 

The experiment was now completely successful. Out of the large number 
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the magnetism acquired by the needle, after a break-induced current, is not 
much altered, even if a considerable number of iron wires are placed in 
the coil. The total current is increased fifteen times or more; but this 
is because the current lasts longer, the maximum or initial value being 
no greater than before. This experiment strikingly illustrates the com- 
parative independence of the magnetizing effect of a current on its duration. 
It seems probable cl priori, and is partly confirmed by some of my experi- 
ments, that this is more especially true if we take the limiting magnetism 
which an induced current can produce, after repetition, as the measure of 
its magnetizing power. 

The same kind of reasoning may be applied to more complicated 
problems. As an example, we may recur to a former combination, in which 
the primary current is excited in the wire A.i, while the secondary circuit 
includes A^, Bi, and the magnetizing spiral. The initial current yo, on 
which, as we have seen, the magnetizing power mainly depends, will be 
greatly increased if the ends of the wire B^ are joined so as to make a 
tertiary circuit ; for a current in B^ is developed, which, being equal and 
contrary to that in B^, neutralizes its action on the magnetic field, and so 
allows the energy, immediately after the sudden rise of the current x in Ai, 
to be vanishingly small, exactly as when the secondary circuit consisted of 
Aa alone. The effect of closing B^ is therefore to increase the current 
from to -X, and at the same time to produce a new current denoted 
by -t- in B^ itself The following were some of the experimental results 


B^ open 


' A new needle, 

After 1 break-discharge, gave 7^ per minute. 

. „ 8 „ » 9 » 


On closing B.^ we had, with the same needle, 

After 1 discharge, 15 per minute. 
„ 8 „ l7 „ 

A new needle gave, 

After i discharge, 17 per minute. 


Another new needle in the tertiary circuit gave, 

After 1 discharge, 16 per minute. 

„ 4 „ 19 

„ 8 „ 19|- „ 

The magnetizing spiral was here removed from the secondary to^ the 
tertiary circuit; and although its resistance was by no means relatively 
small, the results are none the less comparable; for in this experiment 
resistances (within limits) are of no account, and the self-induction of the 
spiral was quite insensible. 
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^ Had there been twenty coils ABC D similar to A B, with the 

wires B^ G^, G^ B^, &c. connected, as in the experiment just described the 
magnetizing power of the current in the last would not, I imagine, be much 
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necessanly precede the other; so that in this way directional effects Tav 

but little nZZTy 2T:zt:! 

order, is an immediate consequence of the dynamical theory. 
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of mutual induction between 2 and 3 be denLd bv f 2^31 7 

of 2 by (2 2) and so no Tiim u • and of self-induction 

muJLLTou Zpt Lt;rt:ediiTt"‘™^-"\“ ^ - 

it will therefore be supposed that “'ghbours in the series ; and 

( 13 ), (14), (15)...(2f,).., 
vanish, as indeed they practically would in tho nrrlr-w 

experiment. The energy of the field is given by ^ of the 

■ff=i(l l)®i’ + i'(2 2)i!i« + |(3 3)^^,_,. 
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n p dE 

2E = x^^ + a;^^~+ ,, 

A J • ^2 

And since, when E is a minimum, 

we see that dEfdx^, dEjdx^,... all vanish, 

• “^“'^) = ^S = (ll)-.» + (12)a,.,. 

It is clear therefore that^l 

the sign of is the opposite of that of x^' positive, 
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Again, supposing Xi, both given, we must have, when. .£J is a minimum, 

dEjdxs) dE/dXi, ... = 0, 

and thus 

2E (min.) = Xi[(l 1)/Bi + (1 2)«J2] 

+ X 2 [(1 2) <33i + (2 2) X 2 + (2 3) x^] 

= (1 1) + 2 (1 2) x,x^ + (2 2) x^^ + (2 3) x,x,. 

As before, 2E might have been 

(1 1) Xi^ + 2 (1 2) X 1 X 2 + (2 2) xi ; 

and therefore the minimum value is necessarily less than this, and accordingly 
the signs of x^ and x^ are opposite. This process may be continued, and 
shows that, however long the series, the initial induced currents are alter- 
nately opposite in sign. In any definite example, the actual values of the 
initial currents are to be found from the solution of the linear equations 

dEjdx^^ = 0 , dEjdXi = 0 , ; 

but the sign of the result does not appear at once from the form of the 
expression so obtained. In order to exhibit it, it is necessary to introduce a 
number of relations which exist between the induction-coefficients, and which 
are the analytical expression of the fact that the energy is always positive, 
whatever may be the values of x^, x^,... 

It has been assumed throughout that the time of rise or fall of the 
current in the primary wire is very small as compared with the time- 
constants of the other circuits. In the case of coils, such as are generally 
used in induction-experiments, and which are not clogged by great external 
resistances, this condition is abundantly fulfilled at the break of the voltaic 
current*. The time of rise depends more on the nature of the circuit, but 
may be made as small as we please by sufficiently increasing the resistance 
in proportion to the self-induction; of course, in order to get an equally 
I; . strong current, a higher electromotive force must be employed. In this way 
I the rise may be made sufficiently sudden to fulfil the condition. Indeed, 

t with a battery intense enough the rise of the current at make may become 

more sudden than the fall when contact is broken. In some of Henry’s 
experiments this seems actually to have occurred. Thus, with a single 
cell as electromotor, he found the shock at make barely perceptible; but 
when the battery was increased to thirty cells, the shock became more 
powerful at make than at break. 

* A rough measurement by Maxwell’s method {Phil. Trans. 1866) gave for the time-constant 
S’ of the circuit composed of the two wires of coil A -0023". The time-constant is the same whether 

p the wires are collateral or consecutive, the greater self-induction of the latter arrangement being 

balanced by its greater resistance. For one wire only, the time-constant would be half the 
I above. [1898 — ^But see next paper,] 
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[Phil. Mag. xxxix. pp. 428—435, 1870.] 

for j“v Tsfit ‘ Philosophical Magazine 

r July, 1869, p, 9 [Art. 1], where it was shown that, within certain limits 
he ma^etemg effect of a break-induced current on steel needlesTi e; 

A' f effect on a galvanometer. The ground 

e distinction is that the galvanometer takes account of the induced 
rament current as a whole ; while the magnetizing-power depends mainlv 
on the magnitude of the current at the first Iment of its forSfou wTtZ^ 
regard to the time which it takes to subside.. Jo™atiou, without 

resufttZhalZZ I would be prepared for the 

liX nZ 6 ^ accustomed to look at electrical phenomena in the 

hght of some dynamical theory. It was for this reason that I considered the 
matter worthy of experimental investigation, the fruits of which were given 

Z- “Vi ■ V ^ ^ with. I mean the mode of 

action of the condenser, which was employed, as in the iuductorium for the 

puipose of rendemg the break more sudden, and which I had found necessary 
or the success of the experiment as then arranged. At this necessitv I was 
not surprised; for according to the indications of theoiy, the effect wL only 

tha^Zr r ‘’‘Z" " Zudden clVrdt 

that pf the seconds^. Now the duration of free transient curreL in a 
circuit vmes cmferMpu„-6us,as the self-induction; so that when the number 
of turns in the secondary is too much reduced, ftere is danger of thH^ 
ition not bemg fulfilled. If it be objected that as much w!uW he 

is nTtTtacTth“*'"Z“ self-induction, I answer this 

the ^ '^«®^teuce varying as the number of turns simply while 

the self-mduction vanes as the square of the same number. BesTdl I had 
reasons for keeping the resistance in all cases invariable. 
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Wishing’, however, to obtain the effect without the aid of a condenser, I 
prepared a quadruple coil by bending into the form of a compact ring a 
bundle consisting of four No. 16 copper wires, each 70 feet long. Into one 
of these the current from a Daniell cell was permitted to flow, subject to 
interruption at a mercury-cup. The secondary circuit consisted of the othei 
three wires arranged consecutively, and of the magnetizing spiral, which 
contained the needle destined to measure the effect of the momentary 
current. The three wires could be joined so that the current circulated 
the same way round them all (a), or so that in one of them the direction 
was the opposite to that in the two others (h). It will be seen that the 
resistance was always the same, the only change being in the coefficient 
of mutual induction {M), and of self-induction of induced circuit (N). In 
the former paper it was shown that the initial induced current, being 
proportional to MjN, is three times as great in (6) as in (a.) (a sufficient 
suddenness of break being assumed), while the total currents are in the 
reciprocal proportion. In carrying out the experiments, I submitted the 
needle (a new one in each measurement) to the action of six break-induced 
currents, always removing it from the spii'al when the battery contact was 
made. In this way a more constant result is obtained than from one 
discharge only, which is liable to vary from slight differences in the 
character of the break. The needle was then swung by a silk fibre and 
the number of complete vibrations in a minute observed. The numbers 
were ; — 

Arrangement (a) 4^, 6, 6 : mean 5. 

(6) 21,19,19: „ 20. 

The superior efficiency of (6) is very conspicuous. 

There is another way in which the subject may be investigated. If the 
secondary current containing a galvanometer be broken so quickly after the 
primary that the induced current has not time during the interval sensibly 
to diminish, the deflection of the needle may be considered to measure the 
initial value of the induced current. To carry out this experiment properly 
would require rather elaborate apparatus, on account of the necessity of a 
constant interval of time between the breaks. The contrivance that I used 
was of home manufacture and very rough, and acted by the almost simul- 
taneous withdrawal of wires from two mercury-cups. The secondary circuit 
in case (a) consisted of the two wires of a large coil, A, joined consecutively, 
and of a short wire galvanometer. Iron wires were inserted in A in order to 
increase the duration of the induced current. In (6) only one wire of A was 
used, the resistance being made up by the substitution of another wire, 
whose self-induction might relatively be neglected. The total currents in 
the two cases would be as 2 : 1, and the initial currents as 1.2. The 
deflections of the galvanometer-needle were rather irregular ; but the sum of 
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ten throws in case (a) was 317°, while in (b) it rose to 480°, so that there could 
he no doubt as to the reality of the phenomenon. 

Eeturning to the experiments with steel needles, I thought it desirable 
to compare the permanent magnetisms developed in two cases where the 
initial currents were equal. With this object the primary current (originating 
in a Grove cell) was passed through two wires, Q„ Q„ of the quadruple coil 
combined for self-induction. The induced circuit included Qs, and the 
magnetizing spiral. The arrangements in other respects being as before 
I obtained — ' 

13, 14, 15, 16 : mean 14^ vibrations per minute*. 

Qi was now removed from the primary circuit (the resistance being made up 
to former value) and from the induced circuit. The numbers now were 

11, 10, 12, 12 : mean 11^. 

Q, being next replaced, but not Q^, there resulted,— 

35, 35, 33 : mean 34. 

In the first two arrangements the initial currents would be equal, while in 
the third they would be doubled. 

On the whole, I think these experiments ‘confirm the view that the 
acquired magnetism depends principally on the initial current. The exact 
laws regulating the connexion between the current and the magnetism 
produced by it are doubtless complicated, and not of much interest. The 
facts here detailed should, however, be borne in mind by any one who wishes 
to pursue this subject, and they do something towards explaining the 
discordant results of previous experimenters. 

And now as to the effect of a condenser. Considering that, in consequence 
of the length of wire in the quadruple coil, the duration of a current in it 
even under arrangement (5), must be much greater than the time occupied by 
the break, or. which is the same thing, the duration of the spark, I did not 
^ condenser (whose plates were connected with the breaking 
points) would have any influence. But to my surprise I found that although 
of course, the superiority of (b) was not disturbed, the magnetic effects wLe 
all increased. The explanation is, I believe, to be found by an examination 
of. what takes place in the two circuits after the primary current is thrown 
on the condenser by the removal of the wire from the mercury-cup. 

The charge (or discharge) of a condenser through a circuit endowed with 
sensible self-mduction was first investigated by Sir W. Thomson (see Phil 
Mag., yol, v. , p. 393, or Wiedemann’s Oalvanismus, vol. ii. p. 1007). There 

■ ““"ve-toce. tal 
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are two oases accordiag to the comparative magnitudes of the three elements 
of the problem, which are (1) the capacity of the condenser, (2) the self- 
induction of the circuit, (3) the resistance of the same. If these, reckoned in 
absolute measure, be denoted by S, L. R respectively, the motion of electncity 
is of an oscillatory character if S< 4L/iP; otherwise the charge is completed 
and equilibrium established without a retrograde motion. The motion of a 
pendulum in a viscous liquid is exactly analogous and may serve as an 
illustration. If the viscosity of the liquid exceed a certain limit the 
pendulum withdrawn from the vertical and then let go will subside gradua y 
Lck again into its position of equilibrium without ever passing it; but if 
the viscosity be small, rest is only attained after a number (theoreticaUy 
indefinite) of oscillations of continually decreasing amplitude To our case 
of currents mutually influencing one another, Thomson’s calculations are no 
immediately applicable; indeed the exact solution would be rather corn- 
plicated*. However, we are concerned principally with the first part of 
the electrical motion, the manner in which the currents wear down under 
the action of resistance being of subordinate importance. Now it appears 
that if the motion be decidedly of the oscillatory type, the first few 
oscillations will take place almost uninfluenced by resistance; and on this 
supposition the calculation becomes remarkably simple. 

L M N being the induction-coeffloients, as before, let the total ^ 
electricity in the two circuits from the moment of the break be r, y, so that 
the currents at any moment are dx/dt, dy/dt. Then t e equa ions o 

currentsare (1), 

+ =0 ( 2 ). 

dt^ ^ df 

where S is the capacity of the condenser. 

Eliminating y, we get 


M’^\ d?x x_ . 


The oscillation in the primary wire is accordingly the same ^ fte 
secondary were open and the self-induction changed from i to /if. 

(2) gives immediately the connexion between a; and y. 




which shows that the currents in the two circuits 

maximum of one coinciding in time with the minimum of the other. Since 
* It would depend upon a cubic equation. 
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[1898— This 


seems to need qualification. 
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It will be seen that, while without the condenser it made little difference 
whether i = 1 or X = 5, the increase produced by the condenser is much 
greater in the latter case. This is so far in agreement with the explanation 
just given ; but I confess I should have been better satisfied had the influence 
of the condenser been less marked when X = 1. In order that the^ reader 
may better judge of the correctness of the view here taken, I subjoin an 
estimate of the period of oscillation in the actual arrangement of the 
experiment. 

The time of a complete oscillation of a current in simple connexion with 
a condenser = 27 r where X and 8 are measured in absolute measure. 

If T be the time-constant of the circuit, L=Rr, JR being the resistance m 
absolute measure. Now the capacity called a [micro-jFarad is [10 c. G. S.J, 
and the B.A. unit is [10«] on the same system. 

If therefore we take as practical units the B.A. unit of resistance, and the 
[micro-] Farad as unit of capacity, 

t and T are here measured in seconds. The condenser employed (made by 
Elliott Brothers) had a capacity of half a [micro-]Farad, so that or 

one wire of coil A or B, 

E = i T = -004t. 

For one of these wires in simple connexion with the condenser the time 
of oscillation would be 


TT 

m 


11 4 

4 ^ 2 ^ 1000 


= about •00014®. 


omparing this with the value of t, we see that the first ten or so oscillations 
ould be comparatively unaffected by resistance. By what has been Proved 
le time, when X = 5 (in different unit of course), must be just double of 

tiis, or '00028®. 

The action of the condenser in the inductorium is very imperfectly 
xplained in the text-books, and is no doubt in many cases rather com- 
licated. From the reasoning of this paper, it appears that it y no 

oeane a complete account of the matter to say that the advantage derived 
rom the use of the condenser depends only on the increased “''denneas 
rith which the primary current is stopped In a 

which I do not mean to enter on here) a d.stmction would prohahly have to 
,e made, according as the secondary circuit when open allows the passage 

* The effect of resietance being neglected, 
t The value of t previously given for coil A is erroneous. 
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of a spark or not, or, as a third case, is completely closed. I would, however, 
remark that a good deal of misapprehension arises in this and similar cases 
from forgetting that a condenser* is powerless to make away with electrical 
energy. Such energy may he disposed of in the form of a spark, or it may 
be converted into heat by the operation of electrical resistance ; but the 
absorption in this way cannot take place instantaneously, requiring as it does 
a time comparable with the time-constants of the circuits concerned. So far, 
indeed, is a condenser from itself absorbing electrical energy, that in many 
cases it^ actually prolongs the duration of motion ; for an oscillatory current, 
in consequence of its smaller mean square, sustains itself twice as long against 
the damping action of resistance as a comparatively steady current of the 
same maximum value. 


[1898~This must be understood to refer to an ideal condenser.] 
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ON THE TALTJES OF THE INTEGEAL f^Qn- d)i, C„. BEING 

Jo 

LAPLACE’S COEFFICIENTS OF THE ORHEBS n, n\ WITH 
AN APPLICATION TO THE THEORY OF RADIATION. 


[Phil Trans, OLX. pp. 579—590; read June 1870.] 

In the course of an investigation concerning the potential function 
rhich is subject to conditions at the surface of a sphere which vary dis- 
ontinuously in passing from one hemisphere to the other, it became 
tecessary to know the values of the integral 

f QnQn' dfl, 

J 0 

Qn' being Laplace’s coefficients of the orders n, n' respectively. The 
expression for Qn in terms -of ^ is 


_1.3.5... (2?i-l) 






n (n — 1) , n( n — l)(n T){n 3) ^ __ 


2.(2n~l)^ 2 .4 (271 - 1) (27i - 3) 




ut the multiplication of two such series together and subsequent mte- 
mtiorwith respect to , would be very laborious even for moderate values 

f n and n'. 

By the following method the values of the iute^als “ ^ 

,e Gained without much trouble. According to the defiumou of the 

auctions Q, 


that 


Vl + - 2e/a 

d/a 




Vl + e® - 2e/i VH- »=o 


= NnQn'd/a.e-e'-', 

ti'=0 J 


0 



ON THE VALUES OP A DEFINITE INTEGRAL 


which shows that / QnQn'dfi is the coefficient of 
J 0 

of the integral on the left in powers of e and e'. 

[1898— By effecting the integration and expansi 
properties were established, of which the most in - 
equation 


expansion 


.2u+a 


=s; / •] \w4-w .0.0... — 1 

2.4.6... 2m 

Substituting m, m + 1 in succession for n, we find 


where F{E) 


position of the point E on the surface,. and 

per unit area at that point, k is the conductivity, 

thp info.- ^ /-Dx (^) is to be satisfied throughout 

the interior and (B) over the surface of the sphere ^ 
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If V be expanded in Laplace’s series, 

r=s, + sj-+s,^, + ...; ^=i(s. + 2S,+3&+...); 

and if „ „ -n 

= i '^0 + Jl + -?2 + ••• 

be the expansion of J?’ in a similar series of surface harmonics, we obtain, on 
substituting in (B) and equating to zero the terms of any order, 

Fn r4 


8,=^, 


.S.= 


.(C) 


h + nk/a 

The mean temperature So is seen to be independent of the conductivity 
and of the size of the sphere. 

The case where the heat which falls on the sphere proceeds from a single 
radiant-point is not only important in itself, but may be made the foui^ation 
of the general solution in virtue of the principle of superposition. Taking 
the axis in the direction of the radiant-point, we have 

F{E) = im 

oyer the positive hemisphere, that is, from 0 = Oto = while over the 
negative hemisphere F(E)^0. It is required to expand m a series 
of spherical harmonics. 

Let F=^iJ^+f, then / is a function of fi, which is equal to over 
the positive hemisphere and to -ia over the negative. The problem 
therefore reduces itself to the expression of iii over the positive hemisphere 
in a aeries of functions Q of even order. The same series will then give - i/i 
ovor the negative hemisphere. 

Assume ^ . a r\ . 

^fjb = Ao -t" A 2 Q 2 d" -^4^4 + • • • 

Multiplying by and integrating with respect to from = 0 to /x = 1, 

^ f QiQ2n dfl = A^n I {QmY 

Jo •'0 

all the other terms on the right vanishing. 

1 

Now J ^ (QsnT = 4 ^ ^ri • 

, (1 + - 1 

I Q^Q,nd/J. = coemdent of in the expansion of ^ 

1.1.3.5...(2yi.-3) 


or 


=-(- 1 ) 


2 . 4.6 ... ( 2 n -p 2 ) 

471 - 1-1 1 . 1 . 3 . ..( 271 - 3 ) 
2 2 . 4 . 6 ... ( 271 -h 2 )' 
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Accordingly 

F{E) = ^ + ^Qi+^Q2 + 


When 


ns^ comp etes the solution for a sphere exposed to the radiation from 
an infinitely distant source of heat situated over the point /a=1. 

If its coordinates are /j,', <f>\ it is only necessary to replace fj, in by 

cos e cos (9' + sin ^ sin 6' cos ((^ - </>'). 

Hence if H denote the intensity of the radiation which comes in direction 
fM, </> , the general value of 8n is 

= — + I 1 . 1 . 3 . 5 . . . (2n — S') 


X J j HQ^n (cos 0 cos 6' + sin 6 sin d' ( 
the integration going all round the sphere. 

Now (4n + l) d/i ' is the same as iTrlds 

“harmonic element of H of order 2n; so that 

^ 2.4.6...(2n + 2)A4-2wA:/a’ 


where JUsn is the 


It IS remarkatle that the .odd terms in 3 (except 3^) are altogether 
mthout rnfluence. The reason is simply that they do not affect the total 
heat tailing on any point of the surface. 

For this is expressed by 

n 2w 

^ fiHndjj,d(j>, 

the point considered being taken as pole of which involves no loss of 
generality. 

Now (Thomson and Tait, Ch. I., Appendix B) 

^ {As cos s<^ + Bg sin s^) ©/, 
where is a function oi jm not containing 0. 
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When the integration with respect to is effected, all the terms will 
vanish except that whose coefficient is For this purpose, therefore, 

we may take 

Sn — -4-0® n® AoQn) 

aad we toow that vanishes if n be odd and different from unity*. 

The same thing is true for an ellipsoid or body of any figure which lies 
altogether on one fide of every tangent plane, namely, that the terms of od 
order in H (except one) are wholly without influence on it, and 

same reason. 

We saw that in the case of a sphere the mean 
pendent of the conductivity, and also of the sise of the “ 

depends on Newton's law of cooling. A comparison, 
which shall hold good whatever he the law of variation 
temperature; for if the conducting-power of any umform J ^ ^ 

not be oval) be increased in the same proportion as its ' 
a corresponding distribution of temperatuie wi sa is y . j „|j fj-om 

Conclusions of interest from a physical point of view 

the forevoinu considerations, but I refrain from pursuing the object at 
ptJ^rrthe physical problem was only brought forward in illustration 

of the mathematical results developed in this paper. 

. The proof glvon is .efficient for the object in 
the ...entinl thing i. that the two eurface "X* point, of the 

both odd or both even. A harmome o even order '>'« 'Xotel 

-he integral over the whole 

apLre, which yanishes by a weU-known property of these functions. 





REMARKS ON A PAPER BY DR SONDHAUSS. 


O ana o oi roggendorffs Annalen for this year there is a 
by Dr Sondhauss “On the Tones of Heated Tubes and Aerial Vibr 
m Pipes of various forms,” in which are given formulge of consid 
generality embodying the results of original and other experiments, 
years ago* Dr Sondhauss had investigated the influence of the siz( 
form of flask- or bottle-shaped vessels on the pitch of the sounds pro 
when a stream of air is blown across their mouth, and had obtair 
an empirical formula for flasks with rather long cylindrical necks, 


where n is the number of vibrations per second, o- the ar 
the neck whose length is L, and S the volume of the 
C is a constant determined by the experiments. On the 
is very small compared with the diameter of the neck, wl 
mere hole, 


or, as I prefer to write it. 


V W^Jc){L + ^o-) 

* Ann. vol. Ixxxi. 
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in which a = velocity of sound, c is a constant, of which Dr ^ondhauss 
it relates to the change in the velocity ^ ^P^e 

from which the sound-waves have only a restricted exit , and its valu , 
as found from the experiments, is approximately 2-324! . 

In (VII.), if ^ 

a /_fl (VIII.) 

’" = ¥7^ V LS 

If, on the contrary, L he very small, 

(ix.) 

4,Vc SS 

If in (VII.) we further put S = 0, 

_a / 1 (X.) 

’‘-4 V Z(i + V<r)’ ■" 

a result which Dr Sondhauss applies to cylindrical tubes closed at one 
tnd Thirbeing admitted, it readily follows that for a prpe open at 

both ends, , 

^ ^ (XL) 

2 V L{L+2A/a-) 

An extension is next made to the case of mxire than one 
will not be necessary for my purpose to repeat the formu ^ y 

before I saw Dr Sondbausa’s work I had myself completed .S' p^P“ 
a similar subject which has since been sent to the Boyal Society . 
LriL the^^^^ were in the first instance obtained theoretically though 

„f h m were afterwards verified by a rather laborious series of expen- 
some ot mem theory on one side, 

and my own. regarded from an experimental point ol view, 
formula corresponding to (VII.) is 

a / O' . (A) 

/S(i + iV'^ Vo-)’ 

'where, however, S has not f ~^:at « 
may be written ^ 

6-0988 fSfiVA + o-i’ 

r* Phil. Trans, for 1871; Art. 6 of this ooUection.] 
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while (A) expressed in numbers is 


If ai be very small against L, 


5-9149 

The rational formula (0) was first given by Helmholtz in his admirable 
paper m Grelle, on Vibrations in Open Pipes ; it is only strictly applicable to 
opemngs of encular form. The difference between (A) and ( VII.) is never 
very great, being on one side when L is small, and on the other when L is 
a^e, and accordingly vanishing for some intermediate value. The greatest 
IS shown in (VUI.) and (B) when I is very large. I therefore 
nsider Dr Sondhausss opinion and anticipation to be in the main justified 
y my jnvffi^tion, when he says, "I remark that I regard the formula 
( U.).,.not' merely as an empirical formula useful for interpolation, but 

theoretical expression of a natural law. 
hrom the seal with which the field of mathematical physics is now cultivated 
^ may expect that the laws which I have discovered experimentally will 

^b^t ^ a series of hm.tetions, which Dr Sondhauss seems scarcely, if 
at aU to have contemplated. All the dimensions of the vessel (with a 
exception of the length of the neck) must be small compared with 
he quarter wave-length, and the diameter of the neck must be sZ" aS 

1 condition exdudes 

of his the application 

tubes, as has been provriT LTmhTte nT 
Br^dhauss refers, but a/parently^ISlt^^^^^^^ 
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comprehended in the same theoretical investigation, yet it is easy to adjust 
(A) so as algelDraically to include (D). Thus 

a (A) 


n = 


27r 




becomes, when S (which now refers to the volume of the body only) is 
put equal to zero, 

„ = 5 ^ r, 

^ Vi (A + . cr^) 4 (i + ^ ) 

supposing the condition fulfilled as to the relative magnitudes of i and 
n!w this form of (A) is perfectly legitimate, the value of temg '405. 
In the formula (VII-) '405 is replaced by 1/c or 430. f /-sr \ 

But Dr Sondhauss will naturally point to the comparison of (Xd 
the experiments of Wertheim, which he justly regards as very 
I have examined the series of twenty-two experiments with cylindrical tu 
of circular form closed at one eud, and have calculated for 
the results of (D). It will he seen from the annexed Table that, good 
as is the agreement of the observations with (X,), it is sidl hetta (on 
whole) with (D). Indeed I must confess that the differences in some cases 
where <rl is by no means small compared with L, are much less than 
should have expected. 


[t^ a in 
mm./sec.j 


3371 

3395 

3413 

3371 

3418 

3413 

3418 


3413 

3427 


L 

[in mm.]. 


785 

500 

355 

280 

157 

1000 

640 

340 

1000 

350 


Diameter 
[in mm.]. 


n, observed by 
Wertheim. 


3390 

206 


116 


208 

3471 

487 


243-5 


121-7 

3390 

305 


500 


80 


60 


48 

"25 

20 

11 

5 

68 

46-5 

43-5 

200 


25 

20 


103-4 

158-0 

219-2 

272-4 

460-4 

83-3 

128 

237 

84 

234-4 

- 238-3 

239-7 

241-5 

243-8 

372-1 

640 

376-5 

154-2 

274-1 

416-9 

270-1 

166-6 


11, calculated 
by Sondhauss 
from (X.). 


71 , calculated 
by me from 

(D). 


102-9 

158-8 

219-4 

268-8 

451-8 

83-1 

128-3 

233-7 

83-6 

231-2 

237 - 4 

238 - 8 
241-5 
243-3 
361-8 
627-6 
374-2 
152-6 
271-1 
455-0 
268-3 
166-6 


103-2 

159-7 

220-8 

270-6 

453-5 

83-3 

128-8 

236 

83-8 

232-3 

238 - 1 

239 - 3 
241-8 
243-4 
364-2 
631-0 
376-4 
153-5 
269-5 
433-4 
269-2 
166-8 


The foregoiug Table shows that although (X.) represents Wertheim’s 
observations with considerable accuracy, yet Helmholtz’s rational formula 
(D) is on all grounds to b^ preferred. 




341260 


342740 

344210 

341260 

344210 
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Dr Sondhauss expresses himself strongly as to the difficulty which exists 
in determining accurately the pitch of the very uncertain sound produced 
by tubes whose diameter is not small compared with their length, an 
opinion^ which I entirely share. It is indeed difficult to understand how 
Wertheim obtained results of such precision. But I cannot agree with 
Dr Sondhauss when he goes on to say that resonance is not a sure guide in 
deterinining accurately the pitch of a pipe; for it was by this method 
exclusively that the determinations recorded in my paper were made. I 
have there given a^t length mj reasons for adopting it, and for doubting 
the results of the method of blowing, although such experiments as those 
of Wertheim go to show posteriori that in his hands at least it was r^ot 
unworthy ot dependence. 

Other experiments of Wertheim are calculated from formula (IX.) and 
show a tolerable agreement. The difference between (IX.) and Helmholtz’s 
t eoretical formula (C) relates only to a constant multiplier, and corresponds 
to a difference of pitch of about a quarter of a semitone. The discordances 
are attributed (no doubt correctly) to the unsuitable form of some of the 
vessels, and consequent imperfect fulfilment of the theoretical condition 
to which (C) is subject. 

We come next to vessels in the form of flasks with a cylindrical neck of 
sensible length. Dr Sondhauss gives a Table containing the results of a 
compirpon of (VII.) with some experiments of his own. The average 
discordance amounts to about a semitone. Although it was evident before- 
hand that in most cases the limitations on formula (A) were grossly violated, 

I thought it worth while to calculate in accordance with (A) the theoretical 
pitch, and have given the results in the form of a Table 


Shape of 
vessel. 


Sphere. 

Cylinder. 


Octagon. 

Sphere. 

Cylinder. 


Sphere. 

Cylinder. 

Sphere. 


N, in j. . 

cubic n, 

centims. niillims. observed. 


17’1 

60-9 

10*7 

97-7 

66-2 

117-8 

654-5 

76-3 

117-8 

132-4 

923 

8920 

178 

1-09 

•80 


n, calcu- n, calcu- 
lated from lated from 
(VII.). (A). 

246-9 251-3 

454-5 453-6 

959 970 

311-2 309-2 

155-2 158-8 

170-4 178-5 

106-7 107-6 

285-6 306-1 

589-5 600-2 

429-2 441-4 

83-2* 83-7 

76-6 76-6 

155-8 159-1 

842-6 825-4 

1926-2 1902 


of formula (TIL) ought evidently here to be greater than that of (A). On a 
recalculation I find 85-8 instead of 83-2. v ; “ a 
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All the columns except the last are copied from Dr Sondhauss’s paper. 
It will he found that the observations are better represented by (VII.) than 
by (A) ; but it must be remembered that (VIL) contains an arbitrary 
constant, c, which acts nearly as a constant multiplier, although, if I under- 
stand Dr Sondhauss aright, its value was not determined from this series of 
experiments. However this may be, it is certain that nearly all the values 
of n calculated from (A) are too great. The fact is that (A) is scarcely 
applicable to the experiments at all. In only five cases is the ratio of 
the diameter of the neck to the dimension of the vessel even tolerably 
small. These are 1, 4, 11, 12, 14 ; but in 1, on account of the extremely 
small diameter of the neck and its considerable length, the influence of 
friction is probably sensible; and its effect would be to lower the pitch. 
The body in 4 is cylindrical, and perhaps too long in proportion to the 
quarter wave-length. In 11, 12, and 14 the agreement is sufficiently good. 
I consider accordingly that there is no evidence in the Table unfavourable to 
formula (A), supposed to be stated with the proper restrictions. In my 
own experiments, made by the method of resonance, I found a very good 
agreement between the directly observed and the calculated pitch, the 
average error being under a quarter of a semitone. Even with formula 
(VII.) as the basis of calculation there would be a fair agreement, certainly 
better than is the case with Dr Sondhauss’s own experiments. The difference 
between (VII.) and (A) is, as I have already remarked, comparatively small, 
and could only be certainly distinguished under favourable circumstances. 
Not finding the necessary data in Dr Sondhauss’s paper, I venture to quote 
some experiments from the paper on Resonance. There are seven obser- 
vations in which the necks were sufficiently long to bring out the difference 
between the formulas, being more than four times the diameter. It will be 
seen that the alteration is in every case for the worse if the formula (VII.) 
is substituted for (A). 


n, observed. 

n, calculated 
from (A). 

n, calculated 
approx, from 
(YII.). 

126 

127-7 

131 

108-7 

107-7 

110 

180 

179-7 

184 

228 

233-7 

239 

204 

201-9 

207 

182 

186-3 

190 

384 

391-6 

400 


These experiments seem to decide the question ; but it would be in- 
teresting to see if Dr Sondhauss obtained a similar result by the method of 
blowing. The difference, amounting in (VIII.) and (B) to half a semitone, 
is far greater than any error to be feared in the measurement of pitch or of 
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Ae dimensions of the vessel, and ought therefore to give a sufficient handle 
to decide between the formulae, if proper attention is given to the choice 
of a suitable resonator. In the foregoing remarks I have naturally dwelt 
meet on my dilSerences with Dr Sondhauss ; but I should be sorry to have it 
supposed that I write in a hostile spirit, or do not recognize the claims 
of one to whom the science of acoustics is so largely indebted. 


Postscript. 

I have since calculated the results of the experiments of Wertheim on 
pipes open at both ends, and find that in this case also the rational formula 

agrees best with the observations : — 




4 (|X + IttjD) 


n, observed 
by Wertheim, 


V, calculated 
by Sondhauss, 


calculated by 
myself. 


202-0 

306-9 

418 - 3 
612-0 
836-6 

164 - 3 
251-0 
450-7 

165 - 6 
462-3 

167 - 6 

168 - 2 

169 - 1 

170 - 0 
182-5 
526-7 
306-2 

419 - 6 
240-6 
468-8 


197-6 

299.6 

406-3 

490-4 

789-2 

162-2 

247-3 

438 - 8 
163-8 

439 - 1 
167-0 
167-7 
169-0 
169-3 
181-8 
521-2 
303-2 
413-1 
239-1 
451-8 


[ 198 - 8 ] 

301-5 

408-4 

491-7 

777-3 

163 - 0 
248-8 . 

441 - 6 

164 - 6 

442 - 0 

167 - 4 

168 - 0 
169-2 
169-9 
182-3 
624-0 
304-3 
415-7 
240-1 
454-6 


■I 
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ON THE THEOEY OF RESONANCE. 

[Phil. Trails, clxi. pp. 77 — 118; Read Nov. 1870.*] 


Introduction. 

Although the theory of aerial vibrations has been treated by more 
than one generation of mathematicians and experimenters, comparatively 
little has been done towards obtaining a clear view of what goes on in 
any hut the more simple cases. The extreme difficulty o anyt mg i e a 
general deductive investigation of the question is no doubt one reason. 
On the other hand, experimenters on this, as on other subjects have too 
often observed and measured blindly without takmg sufficient care to simp i y 
the conditions of their experiments, so as to attack as few difficuUies as 
possible at a time. The result has been vast accumulations of isolated 
Lts and measurements which lie as a sort of dead weight on the scientific 
stomach, and which must remain undigested until theory supplies a mor 
powerful solvent than any now at our command. The motion “f ^ “ 
in cyUndrical organ-pipes was successfully investigated hy Bernoulli and 
Euler, at least in its main features; but their treatment of the question 
of the open pipe was incomplete, or even erroneous, on account of the 
assumption that at the open end the air remains ^ 

during the vibration. Although attacked by many o ^s, i 
was not finally overcome until Helmholtsf, in a paper which I shall have 
repeated occasion to refer to, gave a solution of the problem under certain 
restrictions, free fi^om any arbitrary assumptions as to what takes place 
at the open end. Poisson and Stokes J have solved the problem of the 

. AMilions made daoe the peper tot eehl lo the EojA Stehetj are iaelced in eqaere 

t Theorie der Luftachwingungen in Ehhren mit offenen Enden. Crelle, 1860. 

t Phil. Trans, 1868, or Phil. Mag. Dec. 1868. 
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vibrations communicated to an infinite mass of air from the surface of 
a sphere or circular cylinder. The solution for the sphei'e is very instructive, 
because the vibrations outside any imaginary sphere enclosing vibrating 
bodies of any kind may be supposed to take their rise in the surface of 
the sphere itself 

More important in its relation to the subject of the present paper 
is an investigation by Helmholtz of the air-vibrations in cavernous spaces 
(HohlraUme)^ whose three dimensions are very small compared to the wave- 
length, and which communicate with the external atmosphere by small 
holes in their surfaces. If the opening be circular of area cr, and if S denote 
the volume, n the number of vibrations per second in the fundamental note, 
and a the velocity of sound, 

aa^ 

Helmholtz s theory is also applicable when there are more openings than 
one in the side of the vessel. 

In the present paper I have attempted to give the theory of vibrations 
of this sort in a more general form. The extension to the case where the 
communication with the external air is no longer by a mere hole in the 
^ of greater or less length, is important, not only because 
resonators with necks are frequently used in practice, but also by reason of 
the fret that the theory itself is applicable within wider limits. The 
mathematical reasoning is very different from that of Helmholtz, at least in 
form, and will I hope be found easier. In order to assist those who may 
wish only for clear general ideas on the subject, I have broken up the 
mvesfrgation as much as possible into distinct problems, the results of which 
may many eases be taken for gi’anted without the rest becoming un- 
mtell^ble.^ In Part I. my object has been to put what may be called 
e ;^amical part of the subject in a clear light, deferring as much as 
p^sible special mathematical < calculations. In the first place, I have con- 
sidered the general theory of resonance for air-spaces confined nearly all 
round by rigid walls, and communicating with the external air by any 
number of passages which maybe of the nature of necks or merely holes 
the hnutation that both the length of the necks and the dimensions 

the T^el^ are veiy small compared to the wave-length. To prevent 

mental note of the resonators, for the vibrations corresponding to the 
overtoil are of an altogether different character. There are, however cases 
0 multiple resonanim to which our theory is applicable. These occur’ when 

nhe“— r 

air by necks or otherwise* and are easily treated by Lagrange’s general 
dynamical method, subject to a restriction as to the^ol«.rr^: 
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of the wave-lengths and the dimensions of the system corresponding to that 
stated above for a single vessel I am not aware whether this kind of 
resonance has been investigated before, either mathematically or experi- 
mentally. Lastly, I have sketched a solution of the problem of the open 
organ-pipe on the same general plan, which may be acceptable to those 
who are not acquainted with Helmholtz’s most valuable paper. The method 
here adopted, though it leads to results essentially the same as his, is I 
think more calculated to give an insight into the real nature of the qu^tion, 
and at the same time presents fewer mathematical difficulties. For a 
discussion of the solution, however, I must refer to Helmholtz. 

In Part II. the calculation of a certain quantity depending on the form 
of the necks of common resonators, and involved in the results of Part I., is 
entered upon. This quantity, denoted by c, is of the nature of a length, 
and is identical with what would be called in the theory of electricity 
the electric conductivity of the passage, supposed to be occupied by uniform y 
conducting matter. The question is accordingly similar to that o e er 
mining the electrical resistance of variously shaped conductors— an analogy 
of which I have not hesitated to avail myself freely both in investigation 
and statement. Much circumlocution is in this way avoided on account 
of the greater completeness of electrical phraseology. Passing over the case 
of mere holes, which has been already considered by Helmholtz, and need 
not be dwelt upon here, we come to the value of the resistance for necks 
in the form of circular cylinders. For the sake of simplicity each end is 
supposed to be in an infinite plane. In this form the mathematical problem 
is definite, but has not been solved rigorously. Two limits, however (a 
higher and a lower), are investigated, between which it is proved that the 
true resistance must lie. The lower corresponds to a correction to the 
length of the tube equal to x (radius) for each end. It is a remarkable 
coincidence that Helmholtz also finds the same quantity as an approximate 
correction to the length of an organ-pipe, although the two methods are 
entirely different and neither of them rigorous. His consists of an exact 
solution of the problem for an approximate cylinder, and mine of an approxi- 
mate solution for a true cylinder; while both indicate on which side t e 
truth must lie. The final result for a cylinder infinitely long is that the 
correction lies between -78512 and -82812. When the cylinder is finite, 
the upper limit is rather smaller. In a somewhat similar manner I have 
investigated limits for the resistance of a tube of revolution, which is shown 
to lie between 



where y denotes the radius of the tube at any point a; along the axis. 
These formulae apply whatever may be in other respects the form ot the 
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tube, but are especially valuable ■when it is so nearly cylindrical that dyjdx 
is everywhere small. The two limits are then very near each other, and 
either of them gives very approximately the true value. The resistance 
of tubes, which are either not of revolution or are not nearly straight, is 
afterwards approximately determined. The only experimental results bearing 
on the subject of this paper, and available for comparison with theory, that 
I have met with are some arrived at by Sondhauss* and Wertheimf. 
Besides those quoted by Helmholtz, I have only to mention a series of 
observations by Sondhaussj; on the pitch of flasks with long necks which 
led him to the empirical formula 

o-i 

n = 46705 rx-cri, 

a , L being the area and length of the neck, and S the volume of the flask. 
The corresponding equation derived from the theory of the present paper is 


n = 54470 




which is only applicable, however, when the necks are so long that the 
corrections at the ends may be neglected — a condition not likely to be 
fulfilled. This consideration sufficiently explains the discordance. Being 
anxious to give the formulae of Parts I. and II. a fair trial, I investigated 
experimentally the resonance of a considerable number of vessels which 
were of such a form that the theoretical pitch could be calculated with 
tolerable accuracy. The result of the comparison is detailed in Part III., 
and appears on the whole very satisfactory ; but it is not necessary that I 
should describe it more minutely here. I will only mention, as perhaps a 
novelty, that the experimental determination of the pitch was not made 
by causing the resonators to speak by a stream of air blown over their 
mouths. The grounds of my dissatisfaction with this method are explained 
in the proper place. 

[Since this paper was written there has appeared another memoir by 
Hr Sondhauss§ on the subject of resonance. An empirical formula is 
obtained bearing resemblance to the results of Parts I. and II., and agreeing 
fairly well with observation. No attempt is made to connect it with the 
fundamental principles of mechanics. In the Philosophical Magazine for 
September 1870 [A.rt. iv. above], I have discussed the differences between 
Dr Sondhauss s formula and my own from the experimental side, and shall 
not therefore go any further into the matter on the present occasion.] 

* I^ogg. Ann. vol. lxxxi. 
t Annnles de Ghimie, vol. xxxi. 
t Pogg. Ann. vol. ixxix. 

§ Togg. Ann. 1870. 
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Part I. 

The class of resonators to which attention will chiefly be given m this 
paper are those where a mass of air confined almost all round by rigid wa s 
communicates with the external atmosphere by one or more narrow passages. 
For the present it may be supposed that the boundary of the principal mass 
of air is part of an oval surface, nowhere contracted mto anything li e 
a narrow neck, although some cases not coming under this description wi 
be considered later. In its general character the fundamental vibration of 
such an air-space is sufficiently simple, consisting of a periodical rush of 
air through the narrow channel (if there is only one) in^to and out of the 
confined which acts the part of a reservoir. The 

of may be either a mere hole of any shape in the side of the vessel, 
may consist of a more or less elongated tube-like passage. 

If the linear dimension of the reservoir be small as compared to the 
wave-length of the vibration considered, or, as perhaps it ought rat er o 
be said, the quarter wave-length, the motion is remarkably amenable to 
deductive treatment. Vibration in general may be considered as a periodic 
transformation of energy from the potential to the kme ic, an lom 
kinetic to the potential forms. In our case the kinetic energy is that of 
the air in the neighbourhood of the opemng as it rashes backwards or 
forwards. It may be easily seen that relatively to this the energy 
motion inside the reservoir is, under the restriction specified, very small 
A formal proof would require the assistance of the general equation 
motion of an elastic fluid, whose use I wish to avoid in this paper. Mo - 
over the motion in the passage and its neighbourhood will not (hffer y 

from that of an incompressible fluid, and its energy will depend only on the 
rate of total flow through the opening. A quarter of a period latei this 
energy of motion wUl be completely converted into the ]g)tential energy 
of the compressed or rarefied air inside the reservoir. o soon as 
mathematical expressions for the potential and kinetic 

the determination of the period of vibration or resonant note of the aii-space 
presents no difficulty. 

The motion of an incompressible frictionless fluid which 
rest is subject to the same formal laws as those which regulate the flo 
of heat or electricity through unifoim conductors, and depends on the 
properties of the potential Action, to wh^ «li atoention has ona e 
YPfirs been given. In consequence of this anaiOj^y my . ^ 
oSned in this paper are of as much interest in the theory of electricity 

as in acoustics, w^, on the other hand, known modes of 

former subject will save circumlocution in stating some of the results of 

present problem. 




oo ON THE THEORY OE RESONANCE. [5 

Let Ao be the density, and ^ the velocity-potential of the fluid motion 
through an opening. The kinetic energy or vis viva 


the integration extending over the volume of the fluid considered 

- iAojJ by Green’s theorem. 

Over the rigid boundary of the opening or passage, d^jdn = 0, so that if 
the portion of fluid considered be bounded by two equipotential surfaces, 
and 02 , one on each side of the opening. 


VIS viva 


u. ^ ufcsuoie Tine rare or torai now rnrougn the opening. 

At a sufficient distance on either side <f> becomes constant, and the rate 
of total flow is proportional to the difference of its values on the two sides. 
We may therefore put 


where c is a Linear quantity depending on the size and shape of the opening, 
and representing in the electrical interpretation the reciprocal of the resistance 
to the passage of electricity through the space in question, the specific 
resistance of the conducting matter being taken for unity. The same thing 
may be otherwise expressed by saying that c is the side of a cube, whose 
resistance between opposite faces is the same as that of the opening. 

The expression for the vis viva in terms of the rate of total flow is 
accordingly 

. . KX^ 

. . , VIS viva = -^ — H) 

> ^ • 2 c " 

If ^ be the capacity of the reservoir, the condensation at any time 
inside it is given by Xf8f of which the mechanical value is 


a den oting, as 
The whole < 


> throughout the paper, the velocity of sound, 
energy at any time, both actual and potential, is therefore 
^0 Jiq „ 


and is constant. Differentiating with respect to time, we arrive at 
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as the equation to the motion, which indicates simple oscillations performed 
in a time 

'S 


27r -7- 


Hence if n denote the number of vibrations per second in the resonant 


note. 


a 


o' 


.( 5 ) 


The wave-length A, which is the quantity most immediately connected 
with the dimensions of the resonant space, is given by 





A. law of Savart, not nearly so well known as it ought to be, is in agree- 
ment with equations (5) and (6). It is an immediate consequence of the 
principle of dynamical similarity, of extreme generality, to the effect that 
similar vibrating bodies, whether they be gaseous, such as the an m organ- 
pipes or in the resonators here considered, or solid, such as tuning-for s, 
viL^ate in a time which is directly as their linear dimensions. Of course 
the material must be the same in two cases that are to be compared, and the 
geometrical similarity must be complete, extending to t e ® ® ® 

opening as well as to the other parts of the resonant vessel. Although the 
wave-length A is a function of the size and shape of the resonator only, 
n or the position of the note in the musical scale depends on the nature 
of the gas with which the resonator is filled. And it is important to notice 
that it is on the nature of the gas in and near the opening that the no e 
depends, and not on the gas in the interior of 
does not come into play during yibratrons 

note. In fact we may say that the mass to be moved is the air m the 
neighbourhood of the opening, and that the air in the mtenor 
a STirinff in virtue of its resistance to compression. Of course this on y 
true ufder the limitation specified, that the diameter of the reservoir is 
W1 comUed to the quarter wave-length. Whether this condition is 
fuieild in the case of any particular resonator is easily seen, d postmen, by 
calculating the value of X from (6), or by determimng it experimentally. 

Several Openings. 

men there are two or more passages connectmg the ^ 

resonator with the external air, we n^lrager sufficient. For 

3Lty of expreLn the case of two passage ^ ^ fl': 

Bame method is applicable to any number. Let X., X, 
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through the two necks, Ci, Co constants depending on the form of the necks 
corresponding to the constant c in formula (6) ; then T, the vis viva, is 
given by 

. rp ^ 

”2 Ui cj’ 

the necks being supposed to be sufficiently far removed from one another not 
to interfere (in a sense that will be obvious). Further, 

F = Potential Energy . 

o 

Applying Lagrange’s general dynamical equation, 

A 

dt ’ 

we obtain 


|'+|(Z. + X,) = 0, 


~’ + |(X. + X,) = 0 (7) 


as the equations to the motion. 

By Subtraction, 

Xj/Ci — Xo/Ca = 0, 

or, on integration, 

Xi Xn 


Equation (8) shows that the motions of the air in the two necks have the 
same period and are at any moment in the same phase of vibration. Indeed 
there is no essential distinction between the case of one neck and that of 
several, as the passage from one to the other may be made continuously 
without the failure of the investigation. When, however, the separate 
passages are sufficiently far apart, the constant c for the system, considered 
as a smgle communication between the interior of the resonator and the 
external air, is the ? simple sum of the values belonging to them when taken 
separately, which would not otherwise be the case. This is a point to which 

we shall return later, but in the mean time, by addition of equations (7) 
we find T. \ /> 


so that 


Xi 4- Xa + ^ (Ci 4- Cs) (Xi 4- X 3 ) = 0, 


-sV'( 


Cl 4- Co 


If there be any number of necks for which the values of c are Cj, Ca, c* . . . , 

and no two of which are near enough to interfere, the same method is 
applicable, and gives 

( 9 -) 
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T1,P note is acoordinely higher than if there were only one neck m the 
It of V2 l a feet Lerved by Sondhauss and proved theoretrcaUy by 
for’the case of openings which are mere holes rn the srdes of 

the reservoir. 

Double Resonance. 

Suppose that there are two reservoirs, S.S', communicating with each 
Other and with the external air hy narrow Kg. i. 

passages or necks. If we were to consider 
SS' as a single reservoir and to apply equa- 
tion (9), we should he led to an erroneous 
result ; for the reasoning on which (9) is 
founded proceeds on the assumption that, 

the case perfectly. Denoting by X, X.. X, the total Mows g 

three necks, we have for the vie viva the expression 
and for the potential energy 



Cl . Ca Cs 


(X,-r,y , (X3-x,y l 

^ S + S' I 

An application of Lagi-ange's method gives as the differential equations to 
the motion, \ 


X ,Xi-X,_ 

— - -1- — o 

Cl ^ 


la 

Ca 

1. 


Xa-Xa 


+ a‘ 


'= 0 . 


.( 10 ) 


By addition and integration Xi/ci -h Xa/c2 + Xs/cg = 0. Hence, on e im 

nation of Xj, n r 'S 

l.+|k + o.)X. + 5|'X.} = 0, 


A.+;](C3 + C3)X. + ‘^Z,^ = 0. 
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Assuming Xi = Xs — Be^*, we obtain, on substitution and elimination 
of A : B, 




Cl + C2 Ca + C; 
+ 




8' 


d" {CiCg + C2 (Ci + C3)} — 0 


.(11) 


as the equation to determine the resonant notes. If n be the number of 
vibrations per second, — p®/ 47 r®, the values of given by ( 11 ) being of 
course both real and negative. The formula simplifies considerably if 
C 3 = Ci, ^ = 8 but it will be more instructive to work this case from 
the beginning. Let = Cg = mo^ = me. 

The differential equations take the form 

li + ^{(l + m)X. + Z,).= 0, 


-S'. + ^‘’((1 + «)- 5'3 + JJ= 0 , 


V while Xo = — 


Ai + Xa 


m 


Hence 


(X, + x,)--+ ^ (m + 2) (Xi + Xs) = 0, 

(Xs-X,)-+^‘’m(Xs-X.) = 0, 


Kg. 2. 


The whole motion may be regarded as made up of two parts, for the first 

of which Xj 4- X 3 = 0 ; which requires 
Xg = 0 . This motion is therefore the same 
as might take place were the communi- 
cation between 8 and S' cut off, and has 
its period given by 



a% 


armc 


For the other component part, Xi-Xa = 0 , so that 


X=- 


2X, 

m 


n^~ 


(m + 2 ) c 
47r^^ 


.( 12 ) 


Thus 


, which shows that the second note is the higher. It 

consists of vibrations in the two reservoirs 
opposed in phase and modified by the con- 
necting passage, which acts in part as a 
second opening to both, and so raises the 
pitch. If the passage is small, so also is 
.the difference of pitch between the two 
notes. A particular case worth notice is obtained by putting in the general 






0 that 


Ui -r iV^ = 


3 + \/5 


2-618, 




It appear, therefore that the interval from n. 
r to n,, namely, V(2-618) = WIS. or rather the 

,nnd that whatever the va^e of - “7^^' t^nt an octave and a 
esonant notes cannot he less than > 

ttinor third. The corresponding value of m is 

A similar method is applioahle to any 

leoting passages, no ^ s and wave-lengths ; hnt the 

io the comparative magmtudes o multiple resonance. 

3xample just given is sufficie described which was constructed 

In Part III. a resonator of this sort will wmcn 

for the sake of a 2)^*7m actual measurement, the question 

applymg the formula! (6) ( ) especially when they are rather 

will arise whether the volume of t of rest the air in the 

large, is to be included or no in . reservoir, though not 

neck is compre^ed or -"s welkin must vary continuously 
to the same degree; m fact th , external air. This con- 

between the interior of the resona or which are tolerably 

[In wf 
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produced by a deficient rigidity in the envelope which contains the alternately 
compressed and rarefied air. Taking for simplicity the case of a sphere, let 
us suppose that the radius, instead of remaining constant at its normal 
value R, assumes the variable magnitude R^-p. We have 

kinetic energy = 

potential energy = [X + ^irR^pf + 

where m and ^ are constants expressing the inertia and rigidity of the 
spherical shell. Hence, by Lagrange’s method, 

X + — (X + 4i7rR^p) = 0, \ 

mp + ^ttR? (X + ^ttR^p) + = 0, j 

equations determining the periods of the two vibrations of which the system 
is capable. It might be imagined at first sight that a yielding of the sides 
of the vessel would necessarily' lower the pitch of the resonant note; but 
this depends on a tacit assumption that the capacity of the vessel is largest 
when the air inside is most compressed. But it may just as well happen 
that the opposite is true. Everything depends on the relative magnitudes 
of the periods of the two vibrations supposed for the moment independent of 
one another. If the note of the shell be very high compared to that of the 
air, the inertia of the shell may be neglected, and this part of the question 
treated statically. Putting in the equations m = 0, we see that the phases 
of X and p are opposed, and then X goes through its changes more slowly 
than before. On the other hand, if it be the note of the air- vibration, which 
is much the higher, we must put 13=0, which leads to 

46’irRHiaX — cmp = 0, 

showing that the phases of X and p. agree. Here the period of X is 
dimmished by the yielding of the sides of the vessel, which indeed acts 
just in the same way as a second aperture would do. A. determination 
of the actual note in any case of a spherical shell of given dimensions and 
material would probably be best obtained deductively. 

But in order to see what probability there might be that the results of 
Part III.^ on glass flasks were sensibly modified by a want of rigidity, I 
thought it best to make a direct experiment. To the neck of a flask was 
fitted a glass tube of rather small bore, and the whole filled with water 
so as make a kind of water-thermometer. On removing by means of an 
air-pump the pressure of the atmosphere on the outside of the bulb, the 
liquid fell in the tube, but only to* an extent which indicated an increase in 
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.b. .. bh, M f :t —"t 

of the air-yibration.] 

Open Organ-pipes. 

, , 1,1 /Ml ATI Aro-an-mHes whose diameter is very small 

Although the problem ^ w been fully considered 

compered to their length and to -\7*;^“„7Sre qLstion may 

by Helmholtz, it may not especially 

be attacked from the point of view ty a cLparatively simple 

as some important results m y y between 

analysis. The principal difficulty oonsiste in hndi g 

j:: t r ir;" 

mouth, amounting to 'hV^meter, and in 

;i .rEpiit.™— "'S.'ri'-tis' 

„ .b. 

the au- in the space (o/ inBnitely small thickness) in the tube 

is turned. Imagine a piston (ot m y „f t^e air 

at the place where the waves cease to be pi 

on the free side is entirely 7 "d ty where 

the ms rira mthm ^^^0 place of the piston, and c is, as before, 

X denotes the rate of total ^ pf Q is the section 

a linear quantity dependmg on ® t — Od-^ldx The most general 

of the tube and t ^ ^ 

expression for the velocity-potential of plane waves 

,;, = sin te -I- B cos to) cos 2imi -h 0 cos to sin 2wnf, . . .(13) 

iff = (A cos to - Bh sin fa) cos 2«i« - sin to am ^init, 

doD 


where h = 2w/X = 2«i/“- ® = °’ 

f = BGOs 2'jTnt + ^ sin ^imt. 


d^jr 

dx 


= A cos ’Irmt. 


The variable part of the pressure on the tube side ^inherefore^'’ 
The equation to the motion of the air in the month is therefoie 

Qd djr^ djr^^^ 
c dt dx dt 

or, on integration, 

S^-bblr=0 

cdx 

This is the condition to he satisfied when — 0. 


.( 14 ) 
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Substituting the values of yjr and dy^jdx, we obtain 
! iTTUt ^ ^ sin ^TTUt = 0, 


cos 


which requires 


A ^ + JS = 0, 
c ’ 


/3 = 0 . 


.(15) 


If there is a node at x = — I, A cos Jcl + Bh sin kl = 0] so that 
• k tan ^ ^ 

-D (j/ 

This equation gives the fundamental note of the tube closed at x = — I but 
it must be observed that Z is not the length of the tube, because the origin 
x = 0 is not in the mouth. There is, however, nothing indeterminate in 
the equation, although the origin is to a certain extent arbitrary; for the 
values of c and I will change together so as to make .the result for k 
approximately constant. This will appear more clearly when we come, 
in Part II., to calculate the actual value of c for different kinds of mouths. 
In the formation of (14) the pressure of the air on the positive side at 
a distance from the origin small against \ has been taken absolutely con- 
stant. Across such a loop surface no energy could be transmitted. In 
reality, of course, the pressure is variable on account of the spherical waves, 
and energy continually escapes from the tube and its vicinity. Although 
the pitch of the resonant note is not affected, it may be worth while to 
see what correction this involves. 

We must, as before, consider the space in which the transition from 
plane to sphericaf waves is effected as small compared with The potential 
in free space may be taken 

A' 

y0os{b^ + g-27mt), (16) 

expressing spherical waves diverging from the mouth of the pipe, which 
is the origin of r. The origin of x is still supposed to lie in the region 
of plane waves. 

*/l 2 

dr ~ ®f total flow across the surface of the sphere whose 
radius is r . , 

= - 47rJ.' [cos 27rnt {cos (kr +g) + kr sin (kr + g)] 

+ sin 27rnZ {sin (kr +g') — kr cos (]cr ^)}]. 

* Throughout Helmholtz’s paper the mouth of the pipe is supposed to lie in an infinite plane, 
so that the diverging waves are hemispherical. The calculation of the value of c is thereby 
simpMed. Except for this reason it seems better to consider the diverging waves completely 
spherical as a nearer approximation to the actual chcumstances of organ-pipes, although the 
sphere could never be quite complete. 
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If the compression in the neighbourhood of the mouth is neglected, this 
must be the same as 


Accordingly 


0 = 


Q cos 27mt. 

dx = 0 


■ 47rA' (cos {kr + g) + kr sin (kr + pf)}, 
sin {kr 4- g) ~ kr (cos kr + g\ 


These equations express the connexion between the plane and spherical 
waves. From the second, tan {kr + g)=^ kr, which shows that ^ is a small 
quantity of the order {krf. From the first 


A' = 


AQ 

4'7r ’ 


so that 


~ cos 27rnt — sin ^irnt, 
“ ' 47rr 4Tr 


tlie terms of higher order being omitted. 

Now within the space under consideration the air moves according to 
the same laws as electricity, and so 


Q df 

c dx — 0 


d'jr 
dx = 0 


= A cos ^Trnt, 


cos -P iS sin 2mit. 

Thcrofore on substitution and equation of the coefficients of sin27r»?i, 
COR ^irnt, wo obtain 


AQ 


.G 47rf/ 


.-B, /3 = - 


AQk 

47r 


When the mouth is not much contracted c is of the order of the radius 
of the mouth, and when there is contraction it is smaller still. In all cases, 
therofon^ th(i term l,/ 47 rr is very small compared to 1/c ; and we may put 


AQ__ 


B, 13 = 


AQk 

4nr 


.(17) 


which agree nearly with the results of Helmholte. In ^ 
quantity a is used defined by the equation - = cot 7ea so that 

IteitanM by (1.5), or fc({ + a) = K2» + l) -i “ “"I accordingly be 
considered as J correction to the length of the Who howeve. 

in our method only on the negative side of the origin), and will be given by 

cot ka = ~ ojkQ. 
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The value of c will be investigated in Part II. 

The original theory of open pipes makes the pressure absolutely constant 
at the mouth, which amounts to neglecting the inertia of the air outside. 
Thus, if the tube itself were full of air, and the external space of hydrogen, 
the correction to the length of the pipe might be neglected. The first 
investigation, in which no escape of energy is admitted, would apply if the 
pipe and a space round its mouth, large compared to the diameter, but 
small compared to the wave-length, were occupied by air in an atmosphere 
otherwise composed of incomparably lighter gas. These remarks are made 
by way of explanation, but for a complete discussion of the motion as deter- 
mined by (13) and 17, 1 must refer to the paper of Helmholtz. 


Long Tube in connexion with a Reservoir. 

It may sometimes happen that the length of a neck is too large compared 
to the quarter wave-length to allow the neglect of the compressibility of the 
air inside. A cylindrical neck may then be treated in the same way as the 
organ- pipe. The potential of plane waves inside the neck may, by what has 
been proved, be put into the form 

= A' sin A; (a? — a) cos 

if we neglect the escape of energy, which will not affect the pitch of the 
resonant note. 

d-y^jdt — — 2*7rnA' sin h{x — a) sin 27r??^, 
d-y^fdx = hA' cos k{x~a) cos 
where a is the correction for the outside end. 

The rate of flow out of Q d-y^fdx. 

m j 1 n fd^t^ , j . , sin ^imt 


the reduced length of the tube, including the corrections for both ends, 
being denoted by L. Thus rarefaction in 8 

, A'QcosfcX sin 27 ^^^^ 1 27 rnA'sinA;X . _ 

L* -_!l L_ — OTn Vjrr/ny- 


This is the condition to be satisfied at the inner end. It 


S kS 


When kL is small, 
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n = 


27r 


/Qf-] — a/- 


Q 


.( 19 ) 


L{S + iLQy 

In comparing this with (5), it is necessary to j 

hich is OIL. (5) will accordmgly give the same result as ( ) 

f ;t — s'of the neck be included in S The ; lo^t 

I often produced by blowing in preference to the ^ 

ponds approximately to the length L of a tube open at both ends, modifi 
an extent which may be inferred from (IS) by the fimteness of S. 


The number of vibrations is given by 


a /I 

2II 




.( 20 ) 


[The application of (20) is rather limited, because, m ^ 

.nLnsation within S may be uniform as has been 

imension of S must be considerably than the Tiart g . 

bile on the other hand, the method of approximation by which (20) 
otained from (18) requires that S should be large in comparison with QL. 

A sliffht modification of (18) is useful in finding the pitch of pipes which 
ret;intlrthrough mosi of their length but at the o end ^xpand 
ito a bulb 8 of no great capacity. The only change require 
::d “a the length of the^pe down to the 

.egins, with a correction for the outer end. Or if L denote the long 
if the tube simply, we have 


r A Q 

tan k{L + ct) = 'j^> 

id a = l'rrR approximately. 

If 8 be very small we may derive from (20 a) 


.(20 a) 


n = 


4 (Zi + + 810) 


.(20 h ) 


, this form the interpretation is very simple, namely, that at the closed 
JtZ shal is of no consequence, and only the volume need be attended 

The air in this part of the pipe acts f 

)ming into play. A few measurements of this kind wu g 

art III. 

The overtones of resonators which have not long necks are 
igh Wfthin the body of the reservoir a nodal 

le air on the further side vibrates as if it was contained in a comp y 


R. I. 




Lateral Openings. 

In most wind instruments the gradations of pitch are attained by means 
of lateral openings, which may be closed at pleasure by the fingers or 
otherwise. The common crude theory supposes that a hole in the side of, 
say, a flute establishes so complete a communication between the interior 
and the surrounding atmosphere that a loop or point of no condensation is 
produced immediately under it. It has long been known that this theory is 
inadequate, for it stands on the same level as the first approximation to the 
motion in an open pipe in which the inertia of the air outside the mouth is 
virtually neglected. Without going at length into this question, I will 
merely indicate how an improvement in the treatment of it may be made. 

Let '^1, '^2 denote the velocity-potentials of the systems of plane waves 
on the two sides of the aperture, which we may suppose to be situated 
at the point ^c = 0 . Then with our previous notation the conditions evidently 


the escape of energy from the tube being neglected. These equations deter- 
mine the connexion between the two systems of waves in any case that 
may arise, and the working out is simple. The results are of no particular 
interest, unless it be for a comparison with experimental measurements, 
which, so far as I am aware, have not hitherto been made.] 


* Professor Stokes informs me that he had himself done this at the request of the Astronomer 
Eoyal. [1899. See Theory of Sound, \%% 330, 331.] 
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Part II. 

Iix order to complete the theory of resonators, it is necessary to determine 
the value of c, which occurs in all the results of Part I., for diiferent forms of 
mouths. This we now proceed to do. Frequent use will he made of a 
principle which might be called that of minimum vis viva, and which it may 
be well to state clearly at the outset. 

Imagine a portion of incompressible fluid at rest within a closed surface 
to be suddenly set in motion by an arbitrary normal velocity impressed 
on the surface, then the actual motion assumed by the fluid will have less 
vis viva than any other motion consistent with continuity and with the 
boundary conditions^. 

If u, V, w be the component velocities, and p the density at any point, 

vis viva jlj P dxdydz, 

the integration extending over the volume considered. The minimum vis 
viva oorrespouding to prescribed boundary conditions depends of course on p ; 
but if in any specified case we conceive the value of p in some p 
diminished and nowhere increased, we may assert that 

is less than before ; for there will be a decrease if u, v, w remain unaltered, 
and therefore. & fortiori, when they have their actual 

by the minimum property. Conversely, an ^ ^ ^ Hrid 

raise the value of tbe minimum vis viva. The introduct g 

Er -i- r:s 

accompanied by a fall of the note in the musical 

Long Tubes. 

The simplest case that can ^ 

form of a cylindrical tube, so lo g ^ ^ length be L and area of 

corrections for the ends maybe negleo ed If the leug 
section cr, the electrical resistance is L/<t, 


For a circular cylinder of radius B 


c = 


cr 

L’ ■ 
ttB^ 


.( 21 ) 


.( 22 ) 


* Thomson and Tait’s Natural Philosophy, § 317. 
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Simple Apertures. 

The next in order of simplicity is probably the case treated by Helmholtz, 
where the opening consists of a simple hole in the side of the reservoir, 
considered as indefinitely thin and approximately plane in the neighbour- 
hood of the opening. The motion of the fluid in the plane of the opening is 
by the symmetry normal, and therefore the velocity-potential is constant 
over the opening itself. Over the remainder of the plane in which the 
opening lies the normal velocity is of course zero, so that (f> may be regarded 
as the potential of matter distributed over the opening only. If the there 
constant value of the potential be called (j)i, the electrical resistance for 
one side only is 


the integration going over the area of the opening. 

Now 

jj^d(r — 2'Tr X the whole quantity of matter ; 

so that if we call M the quantity necessary to produce -the unit potential, 
the resistance for one side = 

Accordingly 


In electrical language M is the capacity of a conducting lamina of the 
shape of the hole when situated in an open space. 

For a circular hole M=2Iil7r, and therefore 


When the hole is an ellipse of eccentricity e and semimajor axis R, 


where F is the symbol of the complete elliptic function of the first order. 
Eesults equivalent to (23), (24), and (25) are given by Helmholtz. 

When the eccentricity is but small, the value of c depends sensibly 
on the area (o-) of the orifice only. As far as the square of e. 
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that 




( 26 ) 


. , r . Rp-inry nee-lected — a formula which may be applied 

^ittotaudinL'rghboaAood of the minimum the variation is slow. 

Ne.t, consider the case of two ^ 

they act independently of each o ei, a either from the law of 

the simple sum of the separate values,^ae between the 

multiple arcs by considering ^ internretation of M in (23). 

outside and inside of the reservoir, or ^^th or without necks. 

The first method applms ,, ,„,y suppose equal) 

As the two oirc e ( ^ diminishes steadily until they touch, 

approach one another, ‘he va followed by con- 

The change in the character of ‘he “ „|.Lht angles the line joining 

sidering the plane of symmetry w lo plane precluding 

,he two centres, and t^I l^on oi, we^ecognize 

normal motion. Fixing our ^ and at each step more 

the plane as an obstacle oontmna y aja pfocpiar opening, 

and more obstructing the l,e carried further; 

After the circles come into J shape themselves into a 

but we may infer that, as ‘h®y.^” ^ constant), the value of o 

single circle (the total area remaining Ipi^uni value, which is less 

still continues to diminish till it approaches ^ 

than at the commencement m the ratio o ^fo^fotion of Jtf or c 

very few forms of opening indeed f” f “ft tL formula (26) 

can be effected. We must for the present o knowledge that the 

as applying “m^pared to m 

more elongated or broken p ms of orifices c varies as the linear 

In the case of similar orifices or systems of onhees 

dimension. 

Gylindrical Necks. 

Most resonators used in practice ^;2rrLZ!irthZnZs 

even where there is nothing ‘ * he neglected. For simplicity 

of the side of the reservoir could n , ^ ° ends lie on an 

we shall take the case ’f .f .^^ggel and whose outer ends 

approximately plane part of the si e o ^ 

are also supposed to he in an m m p . ’ cylinder. Even 

dimensions are considerable compare o e ^ ^ solution ; but 

-nroblem does not seem capable ot exact 
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we shall be able to fix two slightly differing quantities between which the 
Tj. , true value of c must lie, and which 

Jbig. 4, , . * ii 

determine it with an accuracy more than 

O sufficient for acoustical purposes. The 

object is to find the vis viva in terms of 

\ the rate of flow. Now, according to the 

A B principle stated at the beginning of Part 

' II., we shall obtain too small a vis viva 

if at the ends A and B of the tube we 
infinitely thin laminae of fluid 


imagine 

of infinitely small density. We may be 
led still more distinctly perhaps to the 
same result by supposing, in the electrical analogue, thin disks of perfectly 
conducting matter at the ends of the tube, whereby the effective resistance 
must plainly be lessened. The action of the disks is to produce uniform 
potential over the ends, and the solution of the modified problem is obvious. 
Outside the tube the question is the same as for a simple circular hole in 
an infinite plane, and inside the tube the same as if the tube were indefinitely 
long. 

Accordingly 

resistance = ~ + A = (27) 


The correction to the length is therefore that is, for each end, 


^~L + \TrR " 

Helmholtz, in considering the case of an organ-pipe, arrives at a similar 
conclusion, — that the correction to the length (a) is approximately ^irR. 
His method is very different from the above, and much less simple. Pie 
begins by investigating certain forms of mouths for which the exact solution 
is possible, and then, by assigning suitable values to arbitrary constants, 
identifies one of them with a true cylinder, the agreement being shown to be 
everywhere very close. Since the curve substituted for the generating 
line of the cylinder lies entirely outside it, Helmholtz infers that the 
correction to the length thus obtained is too small 

If, at the ends of the tube, instead of layers of matter of no density, we 
imagine rigid, pistons of no sensible thickness, we shall obtain a motion 
whose vis viva is necessarily greater than that of the real motion ; for the 
motion with the pistons might take place without them consistently with 
continuity. Inside the tube the character of the motion is the same as 
before, . but for the outside we require the solution of a fresh problem : — 
To determine the motion of an infinite fluid bounded by an infinite plane, 
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the normal velocity over a circular area of the plane ^ bneKaXd”^ 

and over the rest of the plane zero. The potential may g 

due to matter confined to the circle, but is no ““f f/t, the 

hut the density of matter at any point, being proportional t <#>/ 

normal velocity, 18 constant. rr 

r xi +■ integration 

The vis viva of the motion = t jj 9 dn^ ^ dnjJ^ 

going over the area of the circle. ^ 

The rate of total flow through the plane = ^ dn' 

2 vis viva (29) 

(rate of fl“^" d<j>ldn ‘ 

We proceed to investigate the value of jj which is the potenticd on 
itself of a circular disk of unit density. 

Potential on itself of a uniform circular disk. 

r denoting the distance between any two points on the ^ 

to he evaluated is expressed hy 

If-ffT- ■ f .A 

The first step is to find the potential at any point — h “"V' J ~ 

P_ or jj f . Taking this point as an origm of f ^ 

polar coordinates, we have 

Now from the figure ^ = sin^ 6, 

■ -U r f- no nf the noint P from the centre of the circle whose 
where c is the distance ot the poim jt 

radius is B. Thus potential at P ^ ^ 

= V' - 

Hence potential of disk on itself 

= 4!7rB’> ^do! f ^ 

Jo Jo 

if for the sake of brevity we put c^lB^ = a^. 
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In performing first the integration with respect to 6 we come upon 
elliptic functions, but they may be avoided by changing the order of 
integration. 


so that potential on itself 


This, therefore, is the value of jj(f)dcr when the density is supposed eq 
to unity. The corresponding value of d(f)Jdn = 27r, and so from (29) 

2 vis viva _ 8 

(rate of flow)® 

This is for the space outside one end. For the whole tube and both ends 


2 vis viva 


Whatever, then, may be the ratio of L : R, the electrical resistance 
to the passage in question, or 1/c, is limited by 


In practical application it is sometimes convenient to use the quantity a 
or correction to the length. In terms of a (34)) becomes 


or in decimals 

«t>(l-5Vlie = 2x-785iJ)| 

«<(l-697Je=2 x-849il)i 

The corrections for hath ends is the thing here denoted by a. Of course 
for one end it is only necessary to take the half*. 


■* ThougR ncft immediately connected with our present subject, it may be worth notice that if 
at the centre of the tube, or anywhere else, the velocity be constrained (by a piston) to be constant 
across the section, as it would approximately be if the tube were very long without a piston, 
the limiting inequalities (34) still hold good. For large values of L the two oases do not sensibly 
differ, but for smaR values of L compared to JR the true solution of the original problem tends 
to coincide with the lower hmit, and of the modified (central piston) problem with the higher. 
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I do not suppose that any experiments t^erto made with organ-TO^s 

could discriminate with certainty between the irong by 

adopt the mean provisionally, we may be sure that we are not w g y 

“ «-"limitto vi'e of a expressed in (34') was found by con- 
sidering t” hypothetical case of a uniform velocity over the 
mouth and we fully determined the non-rotatxonal motion both for the 

“S. i a. — .1 ». 

a- -fv 

™.5, i. i tb. !.m . . I--. •• “a “ ■"“‘'■'If, ■ 1„ ,J ,b. 

much better approximation to the true ms mm. P 

honS oVa 0 *:^^^^^^^ shall yet make the whole ms for ^ 

nside and outside together less than that previously obtained. AUh^ 
time this uis vim is by Thomson's law necessarily greater than the 

we seek. 

Motion'in cylindrical tube, th^ aaial velocity at tU plane mde 

(a} = Q and (» = 0 being ^ ^ ....OS') 

^ 'l6 = Wo + Xv)» 

'inhere . 

f r%(r)dr=0, W 

r being the transverse coordinate, and the radios of the cylinder being 
put egual to 1. 

If u, V be the component velocities, the continuity equation is 

.......(37) 

dx r dr 

™ = dt/dr, (3’') 

where f is arbitrary so far as (37) is concerned. 

Take 

^ ^ Wor® + 4 > (®) j Q ^ ^ 


so that 




It is clear from (38) that if 

<^(0) = <|>(0=i. 

, /„,\ 0 , V a = 0 for all values of x. 

Wa;=o='Wo + X(^) = ^»“*’ 
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Tims (38) satisfies tlie boundary conditions including (35), and (f> is 
still arbitrary, except in so far as it is limited by (39). 

In order to obtain an expression for the vis viva, we must integrate 
u^ + v"^ over the volume of the cylinder. 

Twice vis viva = u^irl + 2% [ d> (x) dw f % (r) 27rr dr 

Jo Jo 

+ j (a!)}2 do! . J (r)}® 27rr dr + J \<f)' (a?)}^ doc . j 27rr-^ dr (^) • 



' The second term vanishes in virtue of (36), and we may write 

Twice vis viva= + f {Ay'^ + By^)dx, (40') 

Jo 

where A and B are known quantities depending on %, and y — ^{x) is 
so far an arbitrary function, which we shall determine so as to make the 
vis viva a minimum. 

By the method of variations 

y ^ + a'Q+<t>/{AlB) . ( 41 ) 

and in order to satisfy (39), 

1 = G+G\ 1 = ; (42) 

(41) and (42) completely determine y as a function of x, and when this value 
of y is used in (40) the vis viva is less than with any other form of y. On 
substitution in (40'), 

l_g-2JVU/J5) 

Twice vis viva = u^rrl + 2 V(-4i5) 

The vis. viva expressed in (43) is -less than any other which can be derived 
from the equation (38) ; but it is not the least possible, as may be seen 
by substituting the. value of t/t in the stream-line equation 

d^y^ 1 d’yjr d^ _ ^ 
da^ r dr dr^ ’ 

which will be found to be not satisfied. 

The next step is to introduce special forms of %. Thus let ^*=0 = 1 -t- 

Then Uo = l + ^fi, % = /^ (- i 

Accordingly 

^ = B = = yW£) = 4; 



5] 

and (43) becomes 
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2 vis viva = 'rrl (1 + 


TT/A^ 1 — e 

”24 1 +e-^' 


(44) 


We have in (44) the vis viva of a motion within a circular cylinder which 
satisfies the continuity equation, and which makes over the plane ends 
u = l+/Ar®. If/A = 0 we fall back on the simple case considered before; 
and this is the value of /a for which the Fig 6. 



where 


Qp/2 _ g3 4. p2 q. 2cp cos 6 ; 


so that 

potential P = M l^p + ip^ + cp’ cos 9} ; 

or if previonsy to integration with respect to 0 we add together the elements 

from Q to Q', 

^p,jyff(PQ + -PQ')j^‘ + 


+ 0 cos e (PQ - -PQ')' 

3 


/,r— T-ra PO _ PO' =- 2c cos d, pq.pV = -B’-<^- 

P(3 + PQ' = 2 -PQ 

./i.. T. .B. B- '-.ttrSri. 

found previously, and the resu m iiitegration being changed as 

and integrated agam ‘^-’:;^t’::t"th respect to c. In this way 
before so as to take first the ^ g ^ long to he given here, 

fnnctions are avoided , but tne p 



Thus if for brevity we put E = 1, we may express the vis viva of the whole 
motiou (both extremities included) by 

2 vis viva = tt? (I + , Isj + (1 + tI/^ + 


which corresponds to the rate of flow irih — ir 


2 vis viva I 1 

(rate of flow)** tt Stt 


where 


The second fraction on the right of (46) is 
by variation of jjb. Putting it equal to z and 
following quadratic in fi ‘. — 


* [Mr Clerk Maxwell has pointed out a process by wbicb this result may 
more simply. Begin by finding the potential at the edge of the disk whose 
Taking polar coordinates (p, 6), the pole being at the edge, we have 

j^^zp^+a^ — 2ap cos 6 

and 

V= f [{1 + ft (p^ + a^-2apcoB 0)} dddp, 


the limits of p being 0 and 2a cos and those of 9 being -^ir and + ^7r. We get at once 

V=ia+^p,a?. 

Now let us out ofl a strip of breadth da from the edge of the disk, whose mass is accordingly 
. 2ira (1+ fia^) da. 

The work done in carrying this strip oft to infinity is 

27rada (1 + /ra“) (4a + ^^p-a ^) . 

If we gradually pare the disk down to nothing and carry all the parings to infinity, we find for 
the total work by integrating with respect to a from 0 to E, 


p being written for pR^. This is, as it shotdd be, the half’ of the expression in the text.] 
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«... o„ — .1* 

V . A K-1 A 




^ + 518 — I 

■8 21t 4j 


2r = ' 


8192 

^^■*‘l5757r 


Att 


rhus 


-U 

8 

2 'W'is 


2A + 1-6556 
^3927AT^34^ 


3-6556 - 
‘^735^ 


= 0 , 


•3444e"®* 


i 1 3- 6556 -‘3444e-^ ^ 

-7356 


.(47) 


•04986-®*’ 

iiauc <ji. 0-1'.'"/ 

tn II G In terms of a (including both ends) 

This gives an upper limit to 1/c. 

„ 10-615 (47') 

a < 2-305ic 

4 -iy + +ViP limit for a is smallest when J = 0, and gradually 
I'rom (47 ) we see that the Limit tor 

iLcreases with 

When Z = 00 , it becomes 

1-6665 jR = 2 X *828212. 

A nnp pud of an infinite tube is limited by 
Thus the correction for one en 

• 8282 E> a > 

men I is not infinitely great the “W® [‘“f 

the lower limit are sensible It is to he remarked 

of Z that the exponential term L. ; gradually increases to 

that the real value of a m least when ^ J, 

its limit when J = « . Far const middle piece of the tube is 

of 1. The vis viva of the motion S therefore 

greater than “erely h^ ^ 

he removed and the en s continuity and the vis viva will be more 

to continue without °(““fof the piece cut out. 4/ortion 

diminished than corresponds J^t in the shortened tube 

,ill this be true of the real mo i» ,,til when i = 0 it 

Thus a steadily decreases as the tube 

coincides with the lower limit ^ tube-like neck cannot be said 

In practice the outer end snonosed in the above calculation. 

generaUyto -d in an infinite pla^. - --ppos^^J^ 

On the contrary, there could ^ to diminish a It would 

edge of the tube, the effect of whic ^ ^ ^^t,e projecting 

be interesting to know the cKact the thickness of the 

into unHmited space free from J * f U Helmholtz has solved 
cylindrical tube being regarded as vanishingly 




Nearly Cylindrical Tubes of Revolution. 

The noh-rotatioaal flow of a liquid in a tube of revolution or of electricity 
in a similar solid conductor can only in a few cases be exactly determined. 
It may therefore be of service to obtain formulse fixing certain limits between, 
which the vis viva or resistance must lie. First, considering the case of 
electricity (for greater simplicity of expression), let us conceive an indefinite 
number of infinitely thin but at the same time perfectly conducting planes 
to be introduced pei’pendicular to the axis. Along these the potential is 
necessarily constant, and it is clear that their presence must lower the 
resistance of the conductor in question. Now at the point « (axial coordinate) 
let the radius of the conductor be y, &o that its section is 'wy\ The resistance 
between two of the above-mentioned planes which are close to one another 
and to the point x will be in the limit dx-i-7ry\ if dx be the distance 
between the planes, the resistance of the unit “cube being unity. Ihus 


resistance = 


Upper Limit 

Secondly, we hnow that in the case of a liquid the true vis viva is less 
than that of any other motion which satisfies the boundary conditions and 
the equation of continuity. Now u, v being the axial and transverse 
velocities, it will always be possible so to determine v as to satisfy the 
conditions if we assume u = constant over the section, and therefore 


* [It is easy to show formally that no error can arise from neglecting the effect of the curved 
r im . Imagine the planes at x and x + dx extended, and the curves in which they cut the surface 
of the conductor projected by lines parallel to the axis. In this way a cylinder is formed which 
contains the whole surface between x and x + dx, and another cylinder which is entirely contained 
by the surface. The small cylinder may be obtained by supposing part of the matter not to 
conduct, and therefore gives too great a resistance. On the other hand, the real solid may be 
obtained from the large cylinder by the same process. The resistance of the slice lies accordingly 
between those of the two cylinders which are themselves equal in the limit. Hence, on the 
whole, the parts neglected vanish compared to those retained.] 


what may be called the correspondiug problem in two dimensions ; but the 
difficulty in the two cases seems to be of quite a different kind. Fortunately 
our ignorance on this point is not of much consequence for acoustical 
purposes, because when the necks are short the hypothesis of the infinite 
plane agrees nearly with the fact, and when the necks are long the correction 
to the length is itself of subordinate importance, 
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This may be seen by imagiamg rigid pistons “‘f "f J^n ttHch 
the axis To determine « it is convement to use the fanotron f. 
is related to u and n according to the equations (37), 
ru = dfldr, n^-d^jda:. 

These forms for u and r secure the fulfilment of the continuity equation. 
Since 


and therefore 


u 

(a?) _ ^ d 


r 2 ' 7 r dx \y^J 


But since u cannot be infinite on the axis, but must, on the contrary, he 
zero,^}r'o(x) = 0, and we have 

, = (51) 

^ ^ ^TT dx Vyv 

1 nn wliifh these were obtained, they must satisfy the 

From the manner in which these wei« ^ 

IS acKUd-uj- J... on Tn find the vis viva, 

necessary for our purpose to do so. io ti 


fy 

27rrdr = 

J 0 

jv’^ 27rrdr = 


Try 


t2’ 


Jw® ^Tvrdrdx = 


«o' 


TT J f 


<y\ 

Sir 


rA 


dx 

wu ’ ^ 


Wo 


1 ’idy\ 


27 r J 2 /^ [dxj 


■ ] dx. 


Thus 


• ' „ '^ 0 ^ f ii ll + i 1 dx. 

VIS viva = ^ J ^2 ^ \dx} ] 

The total flow across any section is Tryu-Uo. 

2 .is vim + 

(StThTfl^ ■yrlfl tdWI 


.(52) 


This is the quantity whi^ of thVvtSrit ^e' 

“ “ r:; s“ - ™ 


1 r n 
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In a nearly cylindrical tube dyjdx is a small quantity, and so the result 
found by this method is closely approximate. It is not necessary that the 
section of the tube should he nearly constant, but only that it should vary 
slowly.. The success of the approximation in this and similar cases depends 
in great measure on the fact that the quantity to be estimated is a minimum. 
Any reasonable approximation to the real motion will give a vis viva very 
near the minimum, according to the principles of the differential calculus. 


Application to straight tube of revolution whose end lies on two infinite 

'planes. 


Tubes nearly straight and cylindrical but not necessarily of revolution. 

Taking the axis of x in the direction of the length, we readily obtain by 
the same process as before a lower limit to the resistance 


where o- denotes the section of the tube by a plane perpendicular to the 
axis at the point x, an expression which has long been known and is some- 
times given as rigorous. The conductor (for I am now referring to the 


For the lower limit to the resistance we have 


Ifdx 1 1 

JKi, Ka being the radii at the ends ; and for the higher limit 


'n-J y" 1 ^ \c 


1 1 




The first expression is obtained by supposing infinitely thin but perfectly 
conducting planes perpendicular to the axis to be introduced from the ends 
of the tube inwards, while in the second the conducting planes in the 
electrical interpretation are replaced by pistons in the hydrodynamical 
analogue. For example, let the tube be part of a cone of semivertical 
angle 6. 


The lower limit is 


and the higher 


1 1 

tan 6 \jRi JR, 
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electrical interpretation) is conceived to be divided into elementary slices by 
planes perpendicular to tbe axis, and tbe resistance of any slice is calculated 
as if its faces were at constant potentials, which is of course not the case. 
In fact it is meaningless to talk of the resistance of a limited solid at all, 
unless with the understanding that certain parts of its surface are at constant 
potentials, while other parts are bounded by non-conductors. Thus, when 
the resistance of a cube is spoken of, it is tacitly assumed that two of the 
opposite faces are at constant potentials, and that the other four faces permit 
no escape of electricity across them. In some cases of unlimited conductors, 
for instance one we have already contemplated — an infinite solid almost 
divided into two separate parts by an infinite insulating plane with a hole 
in it— it is allowable to speak of the resistance without specifying what 
particular surfaces are regarded as equipotential ; for at a sufficient distance 
from the opening on either side the potential is constant, and any surface 
no part of which approaches the opening is approximately equipotential. 
After this explanation of the exact significance of (53), we may advantageously 
modify it into a form convenient for practical use. 

The section of the tube at n difjferent points of its length I is obtained p- 
observing the length X of a mercury thread wHoh is caused to traver^ tlm 
tube. Replacing the integration by a summation denoted by the symbol 

we arrive at the formula 


resistance = 


which was used by Dr Matthiessen in his investigation 

electrical resistance, and was th^ -bj-t o ,, 

!:f:::^d:rriimR r— (53, 1../, o.y » 

• See Sabine’s Mric TeUgrarh, p. 329. To pro™ (51), we have 

resistance = - 

and crX= constant = K (say), so that So- <c SX. 

But volume = So- = -kSX"S so 

S<r-i=-^SX.SX-h 

fLnd. 7iV 

1 iihv Siemens is erroneous, being calculated on 

The correction for the ends of the tube employ y of a 

the BPpposition that the dirergenoe of the j, tantamoupt to asentnipg a MMtot 

hemeptee of radius elual to that ot the tuto. Tta is t. gi,es ot course 

Si over the solid hemisphere eon-ved “ which probahly i. 

rresult too small-B tor both ends together The piope^^^^ „th 

much importance (t” »■>"> 

the terminal cups, but oanno , 1 ^;^ uo^ection.) 

since found that Siemens was aware of the small g 




In applying (53) to such, cases, we are at liberty to take any straignt inie 
we please as axis ; but if the tube is much bent, even though its cross section 
remain nearly constant, the approximation will cease to be good. This is 
evident, because the planes of constant potential must soon become very 
oblique, and the section a used in 1 
effective section of the tube, 
formula is necessary, 
all perpendicular to a 

which may ] 

middle of the tube. 

through the centre of curvature of the 
plane. 

The resistance between two neighbouring equipotential planes is 
limit 


the formula much gi'eater than the really 
To meet this difficulty a modification in the 
Instead of taking the artificial planes of equal potential 
straight line, we will now take them normal to a curve 
have double curvature, and which should run, as it were, along the 
Consecutive planes intersect in a straight line passing 
axis” and perpendicular to its 


where W is the angle between the planes, and r is the distance of any 
element da of the section from the line of intersection of the planes. Now 
86 = ds p, if ds be the intercept on the axis between the normal planes, 
and p the radius of curvature at the point in question. The lower limit to 
the resistance is thus expressed by 


In the particular case of a tube of revolution (such as an anchor-ring) 

Jlr~^pda is a constant, and the limit which now coincides with the true 

resistance varies as the length of the axis, and is evidently independent 
of its position. In general the value of the integral will depend on the 
axis used, but it is in every case less than the true value of the resistance. 
In choosing the axis, the object is to make the artificial planes of constant 
potential agree as nearly as possible with the true equipotential surfaces. 
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A still further generalizatiou is possible by taking 
iquipotential surfaces those represented by the equation F-oo . 

For all systems of surfaces, with one exception, the “ 

this assumption will be too small. ° surfaces, 

surfaces F = const, coincide with the i. 

The element of resistance between the surfaces Jf and + 


no- 


where *1 is the distance between the surfaces at *1- 

integration goes over the surface F as far as the edge ol the tube. Now 


dn = dF 

Eind limit to resistance 




diy 

dy) 


+ 


d^\\ 

dz) ‘ 


dF 


da 


dxj 




\dz 


,..(56) 


an expression whose form remains unchanged when f{F) is written 
j£ jP—r, so that the surfaces are spheres, 

t{dFldxf = {dF(dry^l] 


and 


limit 


f— = f 

1 (Ida- .1 


dr 


This form would be suitable for approximately conical tubes, the vertex of 
the cone being taken as origin of r. _ 

The last formula, (56) and (56). are perhaps “ 

required in the present state of acoustical science, and i is ra 
theory of electricity that their interest would ^ they 

selves so readily as generalizations of previous results { 

nrP not altogether out of place in the present paper. In all these cases w 
have the advantage that the quantity sought is determined 
property, and is tLefore subject to a much smaller en-or than exists in the 

/uATlfll f.inns which determine it. 


Part III. 


Experimental. 


The object of this Part is to detail some 
instituted with a view of comparing some of the 
with observation. Helmholtz in his paper on 


experiments on resonators 
formulse of Parts I. and II. 
organ-pipes has compared 
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his own theory with the experimeBts of Sondhauss and Wertheioa for the 
case of resonators whose communication with the external atmosphere is by 
simple holes in their sides. The theoretical result is embodied in (5) 
and (23), or for circular holes (24), and runs, 


CL / 2-Z^ CL j / K ^ \ 




or when the area of the opening is approximately circular and of magnitude tr, 

ri 


n — 


acs^ 




.(58) 


On calculation Helmholtz finds^ n = 56174 the unit of length 

being metrical. 

The empirical formula found by Sondhauss is n = 524^00 which 

agrees completely with theory as regards its form, but not so well in the 
value it assigns to the constant multiplier. The difference corresponds 
to more than a semitone, and is in the direction that the observed notes are 
all too low. I can only think of two explanations for the discordance, 
neither of which seems completely satisfactory. In the first place, Sondhauss 
determined his resonant notes by the pitch of the sound produced when he 
blew obliquely across the opening through a piece of pipe with a flattened 
end. It is possible that the proximity of the pipe to the opening was such 
as to cause an obstruction in the air-passage which might sensibly lower the 
pitch. Secondly, no account is taken of the thickness of the side of the 
vessel, the effect of which must be to make the calculated value of n too 
great. On the other hand, two sources of error must be mentioned which 
would act in the opposite direction. The air in the vicinity of the opening 
must have been sensibly ■ warmer than the external atmosphere, and we saw 
in Part I. how sensitive resonators of this sort must be to small changes 
in the physical properties of the gas which occupy the air-passages. Indeed 
Savart long ago remarked on the instability of the pitch of short pipes, 
comparing them with ordinary organ-pipes. The second source of disturbance 
is of a more recondite character, but not, I think, less real. It is proved in 
works on hydrodynamics that in the steady motion of fluids, whether com- 
pressible or not, an increased velocity is always accompanied by a diminished 
pressure. In the case of a gas the diminished pressure entails a diminished 
density. There seems therefore every reason to expect a diminution of 
density in the stream of air which plays over the orifice of the resonator, 
which must cause a rise in the resonant note. But independently of these 
diflficulties, the . theory of pipes or other resonators made to speak by a 

* The velocity of sound is taken at the freezing-point ; otherwise the discordance would be 
greater. 
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•ream of aii- directed against a sharp edge is not sufficiently understood 

; make this method of investigation satisfactory. For ^ ““ 

ntirely abandoned the method of causmg the resonators 

meriments and have relied on other indications to fix the pitch. The o y 

, u •’ that I have met with on the subject of the present paper 

ither experiments that i nave meu wiuu . i • „«v«vplhn 0 - the 

,re also by Sondhauss, who has been very successful in uniavellmg tne 
lomplications of these phenomena without much help from eory . 

:iasks with long necks he found the formula 

n = 4670o 

as applicable when the necks are cylindrical and not too short, corresponding 
to the theoretical 

ct O'* (59) 



obtained by combining (5) and (21). or, in numbers with metrical units. 




The discrepancy is no doubt to be attributed (at least in great measure) 

0 the omission of the correction to the length of the neck. 

In the experiments about to be described the pitch of -tesonator was 
letemined in various ways. Some of the larger ones h,d ^h»r tub 
Itted to them which could be inserted in the ear. By trial on the piano 
r?an the n“te of maximum resonance could be fixed without difficulty 
Xbrto a quarter of a semitone. In most of the expenments a grand 
liano was used whose middle c was in almost exact unison with a for 
if 256 vibrations per second. Whenever practicable the harmonic iinder- 
onl werralso used as a check on any slight difference which might be 
posik in the quality of consecutive notes. Indeed the determination was 
^reraUy easier by means of the first undertone (the octave), or even the 
second (the twelfth), than when the actual note of the resonator was iise^^ 
The explanation is. I believe, not so much that the overtones belongi g 
any note on the piano surpass in strength the fundamental tone, a though 
thit is quite possiblef, as that the ear (or rather the attention) Is mor 
sensitive to an increase in the strength of an overtone than 
mental. However this may be, there is no doubt J* 
greatly exalts the power of observation, many persons on ^ 

annarmtlv incapable of noticing the loudest resonance. Another plan very 
convenient though not to be used in measurements without caution, is 

t InlhifirBplofpMuoa, even by to same maker, Uilier greatly. 
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to connect one end of a piece of india-rubber tubing * with the ear, while 
the other end is passed into the interior of the vessel. In this way the 
resonance of any wide-mouthed bottle, jar, lamp-globe, &;c. may be approxi- 
mately determined in a few seconds ; but it must not be forgotten that the 
tube in passing through the air-passage acts as an obstruction, and so lowers 
the pitch. In many cases, however, the effect is insignificant, and can be 
roughly allowed for without difficulty. For large resonators this method 
is satisfactory, but in other cases is no longer available. I have, however, 
found it possible to determine with considerable precision the pitch of small 
flasks with long necks by simply holding them rather close to the wires 
of the piano while the chromatic scale is sounded. The resonant note 
announces itself by a quivering of the body of the flask, easily perceptible by 
the fingers. Since it is not so easy by this method to divide the interval 
between consecutive notes, I rejected those flasks whose pitch neither exactly 
agreed with any note on the piano nor exactly halved the interval. In some 
cases it is advantageous to sing into the mouth, taking care not to obstruct 
the passage; the resonant note is recognized partly by the tremor of the 
flask, and partly by a peculiar sensation in the throat or ear, hard to 
localize or describe. 

The precision obtainable in any of these ways may seem inferior to that 
reached by several experimenters who have used the method of causing the 
resonators or pipes to speak by a stream of air. That the apparent pre- 
cision in the last case is greater I of course fully admit; for any one by 
means of a monochord could estimate the pitch of a continuous sound within 
a smaller limit of error than a quarter of a semitone. But the question arises, 
what -is it that is estimated ? Is it the natural note of the resonator ? I have 
already given my reasons for doubting the aflSrmative answer; and if the 
doubt is well grounded, the greater precision is only apparent and of no use 
theoretically. I may add, too, that many of the flasks that I used could not 
easily have been made to speak by blowing. If they sounded at all it was 
more likely to be the first overtone, which is the note rather of the neck than 
the flask ; see equation (20). In carrying out the measurements of the 
quantities involved in the formula, the volume of the flask or reservoir was 
estimated by filling it with water halfway up the neck, which was then 
measured, or in some cases weighed. The measurements of the neck were 
made in two ways according to the length. Unless very short their capacity 
was measured by water, and the expression for the resistance (54) in a simpli- 
fied form was used. The formula for n then runs. 


n =- 


a/- 


vol. of neck 


27rL V vol. of flask x (1 -|- ^TrRjL) 


(60) 


* The black French tubing, about J inch in external diameter, is the pleasantest to use. 
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When, on the other hend, the necks were short, or simply holes of sensible 
tiicknesa, the following formula was used, 

n = la(r, + r,)['rrLS[l+7r{n + r;)im]-K 

nr halves of the diameters, as measured at each end. 

.t is sclrfely necessary to say that imloZihll to 

gnoranoe of the — -I r.nlt ; ^ 


Table I. 


No. of 

observation. 


1 

2 

3 

4 

5 

6 

7 

8 

10 

12 


S, 1.'^- 

in cub. in cub. 
centims. centinis. 


805 

1350 

7100 

405 

180 

785 

210 

312 

6300 

54-69 


68 

126-7 

430 

49-9 

21-26 

36-84 

32-5 

29-32 

270 

11-6 


L, 

in inches. 


311 


M, 

in inches. 


by cal- 
culation. 


H 


2 :» ijp 

Tir> 

i 

i 

M 

f 

not recoraecl 


127-7 

107-7 

122-3 

179-7 

233-7 

174-3 

201-9 

186-3 

104-2 

391-6 


n, 

by obser- 
vation. 

Difierence, 
in mean 
semitones. 

126 

108-7 
120 ' 
180 

228 

176 

204 

182 

102-4 

384* 

+ -23 
--16 
+ -33 
-■03 
+ •42 
-■16 
-■18 
+ •41 
+ -29 
+ -34 


In Table I. the first oolnmn gives the the 

econd the volume of the reservom, tha_ and the fifth their 

-olume of the necks themse ves,^ e column is given 

■adii measured, when necessary, at both en . velocity of 

be number of vibrations per second 60 ° F., about the 

lound being taken at 1123 feet P- Column V 

temperature of the room in w lo * ^ r the pianoforte, while in 8 is 
contains the values of n estimated by means of the pia , 

vivenfor convenience the discrepancy between the observed an 
values expressed in parts of a mean semitone. 

1, 2, 4, 5, 6, 7, 8, 12 were glass Of to ! and 2 

necks, the body of the flask Jted in the ear ; the 

had small tubes cemented into t eui, w ic ohiivering to the resonant 

c 1 s r,tr,s:— SES 

Ind their pitch was fixed * j ® h“Vo' 

passed through the neck. goo ear "'°’i struck with the soft part of 

t rard^ri— 

IV. o+ +Vio miTTibGr in tLe Table is tlie 

* 12 was originally estimated an octave too ow, so 
double of what was put down as the result of observation. 
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than I expected, having regard to the difficulties in the measurements of 
pitch and of the dimensions of the flasks. The average error in Table I. m 
about a quarter of a semitone, and the maximum error less than half a semi- 
tone. It should be remembered that there is no arbitrary constant to be 
fixed as best suits the observations, but that the calculated value of n ^ is 
entirely determined by the dimensions of the resonator and the velocity 
of sound. If a lower value of the latter than 1123 were admissible, the 
agreement would be considerably improved. 


Table II. 


No. of 
experiment. 

S, in ouh. 
centims. 

L, 

in inches. 

d, 

in inches. 

n, by 

calculation. 

n, by 

observation. 

Difference, in 
mean semitones. 

9 

1245 

m 

14 15 

THi Tir 

107-3 

108 

- -11 

11 

216-6 


1 IB 
■*•) XTS 

1 

526 

538 

- -39 

13 

' 1245 

1 

163-2 

170 

- -71 

14 

1245 


1. H 

2-]^ 

219-4 

213 

-t- -51 

15 

3090 


218-1 

227-5 

— *Y3 

16 

3240 

114 ; 

If 

131-3 

142 

— l'3(i 

17 

3240 

1 

Ixj Ifir 

149-1 

153-5 

- *50 

18 

3240 

A 


153-2 


- -03 

19 

3240 


1 

129-1 

132 

- -38 

20 

3040 

neglecte 1 


128-6 

128 

-j- '08 

21 

3240 


1*. 

101-5 

103-5 

- -34 

22 

3240 

* 

2/ir 

216 

229 

- 1-01 


Table II. contains the results of the comparison between theory and 
observation for a number of resonators whose necks were too short for the 
convenient measurement of the volume. The length and diameter were 
measured with care and used in formula (61). In 9, 13, 14 the reservoir 
consisted of the body of a flask whose neck had been cut off close, and which 
was fitted with a small tube for insertion in the ear. In 9 and 13 there was 
a short glass or tin tube fitted into the opening^, while in 14 the mouth was 
covered (air-tight) with a piece of sheet gutta-percha pierced by a cork 
borer; 11 was a small globe treated in the same way. 15 to 22 were 
all experiments with a globe of a moderator-lamp, which also had a tube 
for the ear, one opening being closed by a piece of plate glass cemented over 
it. Sometimes a little water was poured in for greater convenience in 
determining the pitch, whence the slightly differing values of 8. In 15 the 
opening was clear, and in 16 fitted with a brass tube ; in 17 it was covered 
with a gutta-percha face, in 18, 19, 21 with a wooden face bored by a centre- 
bit, and in 20 with a piece of tin plate carrying a circular hole ; 22 contains 
the result when the other opening of the globe was used clear. 

On inspection of Table II. it appears that the discrepancy between theory 
and observation is decidedly greater than in Table I., in fact about double, 

* Gutta-percha softened in hot water is very useful for temporary fittings of this sort. 
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whether we consider the maximum or the mean error. The cause of some 
of the large errors may, I think, be traced. 13 and 16 had necks of just the 
length for which the correction may not be quite applicable. A decided 
flow back round the edge of the outer end must take place with the effect of 
diminishing the value of a. In order to test this explanation, a piece of 
millboard was placed over the outer end of the tube in 16 to represent the 
infinite plane. A new estimation of n, as honest as possible, gave n = 13 , 
which would considerably diminish the error. I fancied that I could detect 
a decided difference in the resonance according as the millboard was in 
position or not; but when the theoretical result is known, the difficulty 
is great of making an independent observation. In 15 and 22, where the 
apertures of the globe were used clear, the error is, I believe, due to an 
insufficient fulfilment of the condition laid down at the commencement ot 

this paper. Thus in 15 the wave-length = 1123 - 227 - 4*9 feet ; or i 
feet, which is not large enough compared to the diameter of g 
(6 inches). The addition of a neck lowers the note, and then the theory 

becomes more certainly applicable. 

It may perhaps be thought that the observations on resonance J;- 
and II do Mt extend over a sufficient range of pitch to give a satisfeto^ 
verificaln of a general formula. It is true that they are for the m<^ 
confined within the limits of an octave, but it must be 
the theory is true for any resonant air-space it may be extended to ind 
all simt Jr air-spaces in virtue of Savart’s law alone-a law h^ “ 

. foundations so deep that it hardly requires “P-"— ' “f ™X ,ery 
this be admitted, the ° ^hen the pitch is much higher 

wide. e^rimental difficulties are increased, 

or much lower than in the Tables, th P sensitive while in the case 

For much lower tones the ear is no s ’ ^ 

of the higher tones some of the indications relied on to tix p 

'Tr^riments were next made with the moderator globe and two 
openings. The theoretical formula are 

^CoTca _ . 

S’ L + 


a 


Table III. 




■ 1 

' 

No. of 

experiment. 

in cub. 
centims. 

.^1’ 

in inches. 

Co, 

in inches. 

Cl ^2 , 

in inches. 

n, 

by calcu- 
lation. 

n, 

by obser- 
vation. 

Difference, 
in mean 
semitones. 

1-95 

1-01 

1-01 

3-95 

3-01 

1-725 

303-4 

264-8 

1 200-4 

320 

282 
j 204 

1 - 

•92 

1-09 

•31 

23 

24 

25 

3240 

1 3240 

3240 

2-00 

2-00 

•715 


J ^ 
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In 23 both holes of the globe were clear, and in 24, 25 they were covered 
with wooden faces carrying holes of various diameters. The error in 23, 24 
is to be ascribed to the same cause as in 15 and 22 above. 

The last experiment that I shall describe was made in order to test the 
theory of double resonance, but is not quite satisfactory, for the same reason 
as 15, 22, 23, 24. Two moderator globes were cemented together so as 
to form two chambers communicating with each other and with the external 
air. The natural openings were used clear, and the resonance (which was not 
very good) was estimated by means of a tube connecting the ear with one of 
them. The observations gave for the values of n, 

High note = 384, Low note = 213. 

The result of calculation from the dimensions of the globes and openings 
by means of the formulse of Parts I. and II. was 

High note = 360, Low note =212. 

The error in the high note is about a semitone. 

[The two moderator globes were fitted up again as a double resonator, 
only with bored wooden disks over the holes, so as to lower the note and 
render the theory more strictly applicable. The pitch was much better 
defined than before, and gave 

Low note = 152’5. High note =240. 

Cl = C3 = 1008 ; Ca - •’7152. a = 1133 (70° F.). 


Thus 


?ii = 


1133 X 12 
6-28 

1133 X 12 
6*28 


v/-- 


39 X 1-008 


3200 


= 155’6, 


/ 16-39 X 2-438 
V 3200 


The agreement is now very good. 

One of the outer holes was stopped with a plate of glass. The resonance 
of the high note was feeble though well defined; that of the low was rather 
loud but badly defined. 

The high note was put at 225, low note at 90. 

5=3150, 5' = 3250, 

Ca=*7152, Cl = 1-008, Cl + 02 = 1-7232. . 

Calculating from these data, we get 

^1 = 225-2, n2=90-5. 

The agreement is here much better than was expected, and must be in 
part fortuitous. 




: 


1 
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I will now detail two experiments made to verify the formula marked 
(20a). A moderator [lamp] chimney was plugged at the lower end with 
gutta-percha, through which passed a small tube for application to the ear. 
The bulb was here represented by the enlargement where the chimney fits 
on to the lamp. On measurement, 

Sja = 4-16 inches, L = 5-367 inches, a = lirR = -471. 

Thus 

tan ix 9-611 


from this the value of k was 
Finally, 


calculated by the trigonometrical tables. 
n = 251‘4. 


As the result of observation n had been estimated at 252, 


In another case, 

^^ 5-767, a = -537, or = 3-737, n by observation =351. 

The result of calculation is n = 350-3. These are the only two instancfs 

■ « » — rr ss: rr r 

on multiple resonance, hut ^ suhstantial agreement 

results obtained I" ^ understood that those here pre- 

het-ween theory and fac . .plucted out of a large number, but 

eented are not favourable ^ ^tternpL. There are 

include, with one eEoeption, all t resonators, 

many kinds of on which our theory reste 

which do not se-tisfythe fundamen ^ 

The deductive treatment of P encountered in this paper. Until 

difficulties of a “ j resonators refen-ed to are of no use to an 

they are surmounted the ctos o ; though they may be of 

exact comparison between ‘heory mid on 
great service as aids to mvestigation m other 



CoROJSTAS are formed whenever, between the eye and the source of light, 
a. large number of small opaque bodies, regular in size but irregular in 
distribution, are to be found. By a principle known as Babinet’s, it is 
permitted to substitute for the layer of obstructing globules an opaque 
screen having apertures, which admit the light precisely where before it 
' was stopped. From each aperture diverges a secondary wave, whose phase 
is arbitrarily related to those of the other waves on account of the irregu- 
larity in the distribution of the centres from which they emanate. In 
the theory of coronas, the intensities of the partial waves are supposed to 
be equal. 

Any vibration may be represented by a straight line drawn from a given 
point, whose length is proportional to the amplitude, and angular position 
depends on the phase. When several vibrations affect the same point, the 
resultant may be found from the representative lines, according to the 
ordinary rules for compounding directed magnitudes. We have, therefore, 
to consider the resultant of a great number of lines radiating from an origin 
whose lengths are all equal and directions thoroughly irregular. From this 
statement, it appears at once that the question is perfectly indeterminate, 
and that no conclusion whatever can be drawn as to the probable value 
of the phase of the resultant, while all that could be inferred as to the 
amplitude relates merely to the order of its magnitude. Nevertheless, 
Verdet (vol. i., p. 297) comes to the conclusion that, the number of partial 
vibrations being n, the resultant is definitely ^/n times greater than each 


NOTE ON THE EXPLANATION OF COBONAS, AS GIVEN IN 
VERDET’S LEgONB B’OPTIQUE PHYSIQUE, AND OTHER 
WORKS. 


[Proceedings of the London Mathematical Society, Vol. III. pp. 267 — 269, 

1871.] 


gi note on the explanation of coeonas. W 

component provided, of course, that « is a large number. As to phase he 
ITS and, if asked the question, would, I think, have found it difBcult to 
explain how a resultant vibration could have a definite amplitude “ 
Sil Jth an indeterminate phase. I propose to 
conceive to be the error which vitiates his reasoning, and afterwards 
show that, after all, his theory is substantially correct. 


The component vibrations may be expressed by 
in2w(;), sin2w(^ + |), sin2w(S| 


The intensity of the light corresponding to the sum of these is 

S. a ^ , V + f sin 2'7r — 4 sin 2-71;^ + .. 

I + COS 27r — + cos Stt ^ + j ^ V ^ ^ 


or 


B ^2 

n + 2 cos 27r ^ + 2 cos 27r ^ + 


4 - 2 cos 27r -^-r — + 2 cos 2?] 


-> 9 ^2 ■“ ^3 

' 4 - 4- 2 cos 27r — r 


+ 


According to Verdet, this reduces to n when « f 
»nsequence of the tendency oyhe^seri^ I'lftLd to say is, that when 

greXthrsum of wtoMs'rf thrordT^: 

with n, as the argument requires. ^ 2S5') In Verdet’s book 

^e ^ 

need not further refer to. 

I conclude therefore, that the effect of the diffraction of a plane wave 
ro”ic%7veH^ Y!r"rdiip“^ fn'the'appuclon to t^e theory of 

— 1 “ rr. Sf ; 

hat *e;e^° vibrations, are to be compounded. As it 

■'°™ mnnlv though not very correctly expressed, there is to he no intei- 
fLeZ. fL to the sensible apparent magnitude of the sun, or other 
source of light, is an amply sufficient cause. 

At nave 106 of his excellent lectures, Verdet shows that the disturbance 
f thZZn Innot be considered as a system of plane waves over a space 
from the sun ca , millimetre diameter. Between the vibrations 

ofr8£itGr thaiii ^ ciiclG oi ^ 4 -v»o-n +V»ici thprp is no 

It two points whose mutual distance is much greatei than this, there 
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permanent relation of phase. This shows that the vibrations corresponding 
to two holes in the imaginary screen cannot interfere regularly, but behave as 
if they were due to thoroughly independent sources of light. 

[1899. One or two further remarks may be made. The assumption 
that the phases of the components due to the various apertures are dis- 
tributed at random can be justified only when two restrictions are admitted. 
The first is that the direction in which the effect is sought must be much 
more oblique than corresponds to any important part of the diffraction 
pattern due to the entire aperture. If we consider a direction corresponding 
to an extreme relative retardation of only a wave length or two, we see 
that a central diffraction pattern is formed upon the same scale as if the 
aperture were complete. This shows that the screening entails no loss of 
resolving-power, as regards the direct image of the source of light. If 
the number of apertures of small area a each be n, and if the whole 
aperture be denoted by unity, the amplitude at any point of the central 
diffraction pattern is diminished by the screening in the ratio na\l, or the 
brightness in the ratio <n?a^ : 1. 

The second restriction is that na must be small. Otherwise apertures 
situated - at random will sensibly overlap. The calculation according to 
which the mean intensity in a sufficiently oblique direction is n times 
that of a single aperture then fails, since each aperture is supposed to 
produce its full effect, whereas in practice the common part can act only 
once. If we suppose that overlapping is precluded, the calculation still 
fails, since the phases are no longer distributed at random. It is easy 
to see that the calculated result then becomes an overestimate. 

The subject of random vibrations is further considered in a subsequent 
paper {Phil. Mag. Vol. x., p. 73, 1880).] 
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SOME EXPERIMENTS ON COLOUR. 


{Nature, III. pp. 234 — 287, 264, 266; 1871.] 

The theory of colour perception, although in England it has not yet made 
its wav intoThe text-hooks, still less into the popular works on serene 
fully established with regard to many important points. It k ^ 

our perception of eolour is threefold, that is, that any colour 

rJrrs :;r “rTS-t : 

of the other three There are various optical contrivances by whic i 
mixture of the ot tier tiiree. x Tn tho vear 1857, Mr Maxwell 

„d bi™, dim .1 “ ™^'ri z.V’i.,'' ™t .< 

'S- ^d ul* --.b«i .iib . -I— •< “f 

T, The Ibtli dim of the three coleaT ete tahen ood eUpfod on te oaeh 

r I dX- - s-tbtr 

srxxxx - “• -■- *■“ 

and those of the small, each into a uniform tint. 
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and luminosity with that of the outer rim. The quantities of each colour 
exposed may then be read off on a graduated circle, and the result recorded. 
For instance (the circle being divided into 192 parts), eighty-two parts red 
mixed with fifty-six green and fifty-four blue, match thirty-seven parts white 
mixed with 155 black. In this way Maxwell observed the colour equations 
between each set of five, in all six sets, formed by leaving out in turn each of 
the six colours. Moreover, for greater accuracy each set was observed six 
f times, and the mean taken. But according to the theory these six final 

= equations are not all independent of each other, but if any two of them are 

; supposed known, the others can be found by a simple calculation. Accord- 

ingly, the comparison of the calculated and observed equations furnishes a 
test of the theory; but in practice, in order to ensure greater accuracy, 

( instead of founding the calculations on two of the actually observed equations 
chosen arbitrarily, it is preferable to combine all the observations into two 
equations, which may then be made the basis of calculation. In this way, a 
system of equations is found necessarily consistent with itself, and agreeing 
as nearly as possible with the actually observed equations. A comparison of 
the two sets gives evidence as to the truth of the theory according to which 
the calculations are made, or if this be considered beyond doubt, tests the 
accuracy of the observations. In Maxwells experiments the average differ- 
ence between the calculated and observed systems amounted to '77 divisions 
of which the circle carried 100. So good an agreement is regarded by him 
as a confirmation of the whole theory ; but it seems to me, I confess, that 
only a very limited part of it is concerned. The axioms, in virtue of which it 
is permitted to combine the colour equations in the manner required for the 
calculations, are only such as the following If colours which match are 
mixed with colours which match, the results will match. It is difficult to 
imagine any theory of colour which will not include them. What proves the 
threefold character of colour — the most important part of the doctrine — is 
simply the fact that with any five coloured papers whatever a match can be 
made, while with less than five it cannot (except in certain particular cases). 
In regard to this point the value of the quantitative experiments is rather 
that they show of what sort of accuracy the eye is capable in this kind of 
observation. Those to whom the subject is new may think at first that if 
colour be threefold a match ought to be possible between any four colours. 
And so it is possible if there is no other limitation ; but in experiments with 
revolving discs we are subject to a limitation, being obliged to fill up the 
whole cucumference somehow. The difficulty will clear itself up, when it is 
remembered that one of the five colours may be black, so that with any four 
colours and black a match can be made with revolving discs. 

It was rather for my own satisfaction than with the hope of adding 
anything new to a subject already so fully and ably treated by Maxwell, that 
I commenced a repetition of his experiments. The colours used were, roughly 
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speaking, the same as his, as was also the general plan of the observations. 
The agreement of the calculated and directly observed equations was very 
good, the average error being only ’24 divisions, of which the complete circ e 
contained ninety-six, or one-third of the corresponding average error in 
Mr Maxwell’s Table. A second set of observations and calculations made 
after a year’s interval with a different set of colours gave about the same 
result. I am inclined to attribute the considerably greater accuracy of my 
observations rather to an excellent perception of minute differences o 
(to which I have always found my eyes very sensitive) than to greater care 
in conducting the experiments. One precaution, however, I have found so 
important as to be worth mentioning. Unless the small discs are very 
accurately cut and centred, a coloured rim appears on rotation between the 
two uniform tints to be compared and adjusted to identity which is 
exceedingly distracting to the eye, and interferes much with the accuracy 
of the comparison. One set of observations made with the same care, an 
apparently as satisfactory as any of the others, puzzled me or some ime on 
account of the great discrepancies with the others which ® ‘ 

have no doubt that the cause lay in the different character of the 1 g 
the day in question, which came from the unusually blue sky which some- 
times accompanies a high wind. On the other days the light came principally 
from clouds. I have had no opportunity of confirming this opinion y 
repetition of the experiment with a sky of the same degree of blueness, but 
that the disagreement was not the result of unusually large errors o o serva 
tion, is, I think, to be inferred from the fact that the observations under the 
blue sky were as consistent among themselves as any of the ot er se s. 
the point is of some interest, I give the figures in full. 


July 23, blue sky. 


+ 94 
+ 91-6 


White. Red. Green. Yellow. 

+ 30 + 122 + 40 - 77 

+ 32-2 + 120-8 + 39-1 - 78-8 

0 - 132 - 60 + 55 

0 _ 133-5 - 58 -5 + 54-4 

_ 54 0 + 24 + 50 

_ ,53-7 0 + 23*1 + 49-5 


- 138-3 - 53-7 0 

+ 92 + 50 + 50 

+ 94-1 + 49-5 + 48-5 


- 66 
- 65-2 


- 154 - 38 + 86 + 52 

- 154-6 - 37-5 + 84-6 + 53-1 

+ 139 - 128 

+ 138-5 + 19-7 - 127-5 


— 64 + 65 

- 64-5 + 33-9 


_ 115 obs. 

— 113-2 calcd. 

+ 43 obs. 

+ 45-9 calcd. 

+ 118 obs. 

+ 119-5 calcd. 

— 126 obs. 

— 126-7 calcd. 

+ 54 obs. 

+ 54-3 calcd. 

0 oba. 

0 calcd. 
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SOME experiments on colour. 

1 A Tnv +Lp Wo- tliscs are written with the sign + prefixed, 

The numbers read off for t g 1 _ 

and those oorrespondmg to the 1 ttle disos w t 

be f of each pair represents the actual 

yellow and 115 blue. The pp ^ equation calculated from two 

observation, and the is ^ifferele between the two sets of 

in the manner described, ihe aver g ^ inaccuracy of the 

numbers which from the observations 

n <* . 


Black. 

0 

White. 

+ 30 

Red. 

+ 117 

Green. 

+ 45 

Tellow, 

-79 

Blue. 

- 113 

0 

31-1 

116-2 

44-8 

79-9 

112-2 

+ 90 

0 

- 128 

— 64 

+ 56 

+ 46 

85-9 

0 

128-4 

63-5 

57-0 

49-0 

^136 

137 

- 66 

56 

0 

0 

+ 22 
22-3 

+ 62 

50 

+ 118 
119-6 

' + 100 
99*2 

4- 50 

51 

+ 42 
41-9 

^0 

0 

- 64 

65 

- 128 
127-1 

+ 135 

+ 21 

- 123 

- 69 

+ 36 

0 

135-7 

21-5 

122-7 

69-3 

34-8 

0 

- 152 

- 40 

+ 80 

+ 56 

0 

+ 66 

162-6 

39-5 

81 

66 

0 

55 


The average error is here •95. showing only a tnmng “ 

the former set, so that the blue sty observations are ^ 

as those made with oloud-Ught. a 

being decidedly better than Maxwell's, though his calculations 

mean of six sets of observations. 

■While therefore there is no reason to distrust the results of 
more than of July 20, the differences between them are much gieatei thm 
ThfLld t^ eriors of observation. It will be 

nrinoipally to the quantities of red, the numbers under that head being 
considLhly greater for the case of the blue light fmm the sky. I am not 
aware whetZ the difference of sky and doud light has 
subject of direct investigation, bnt it would seem a fair luference that it im 
consist mainly in a relative deficiency of the red rays. If ^e so as I 
have other grinds for suspecting, the light of the sky would be similar m 
composition^ that of dilute solutions of copper, which acquire their light 

. These cetalationa were mede by mean, of Prof. Bveielt-e Proportion table, wbieh .eeme 
admirably adapted to work of this sort. 


■ 
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3 lue tint by a partial suppression of the extreme red*. 

that the colour equations are dependent on the character of the S ’ ^ 

=asilv be proved by taking an observation looking all the time through a 
fir of cdoured liquid. It is not. however, the most brilliantly colorired 
soLions that cause the most disturbance, for an^hing hke - 
stoppage of all the rays which are capable of exciting one of the pntna^ 
coll sensations would affect both the mixtures to be compared in nearly 
le same manner, putting the observer in feet very much into the p^on of 
a colour-blind person. Those liquids will be most efficient which have 
different action on parts of the spectrum allied in colour. 
aqueous infusion of litmus has a strongly marked action on 
stonninff it with great energy, even in rather dilute solutions. J 

trace tL effect ^of looking through this on most of the colour 
Consider, for example, the fifth equation of July 20 (‘hat from which th 
blue is absent) wherein red and green are matched 

yellow. The red and green will for the most part escape absorption but th 
white and yellow will be shorn of a part of their yellow rays. “atch 

Zposed to have been adjusted without the Utmus must evidently be 
^Iled the red and green mixture becoming strong^ yellow in compsns™ 
with the other. In order to restore equivalence ^ 
siderably increased. On trial I found that 124 black + 19 white + 49 yellow 

matched 121 red - fYI green. 

It is only the impurity of the colours on the discs that prevents efert 
being still more strongly marked, for ™th *e pure f 

the most violent alterations are possible. When a maton m 
the simple yellow and that compounded of pure 

coloured liquid acts unequaUy on the two parts and ' 

The simnle vellow of course, retains its colour under any absorbing influence, 
Ind rtly be «d in luminosity. Chloride of copper extinguishes the 
red component of the compound yellow, which according y S'® ^ 

Litmus would leave the compound colour nearly unchanged, while 
guishes the simple yellow. It is needless to multiply instances. 

Before leaving the compound yellow, of whose very existence manyjre 

incredulous, I will mention an easy way of obtaining i , w i 

ilaUe a; the use of the pure spectral colours is not very convenient. In 

. Pirec. ob^rvaflons, wad. aince .he above 3;*- 

deficiency at the red end of the spectrum, but a gene g intensity at the line C in 

from one end to the other. If lights from sky and cloud are o e^al mten^ ^y^ 

the red, the first will be somewhere about twice ^ allowance, enough 

[or a well-developed blue light taken from e colour dieo obBervations. 

diflorenoe remaiue to account for the disorepau particles to eoatter the raje 

I have lately found from theory that the P”™ fourth power of the wave- 

belonging to different parts of the spectrum vanes a. the mveise fourth p 

length. 
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/x-P +Vip ‘^npctruin bv alDSorp 

,rderto isolate the red an capable of removing the intermediate 

;i„n. the first thing IS to hnd^d^ the alkaline 

yellow and orange, to the yellow, and particularly to the orange, 

solution of litmus, whose 0P“i‘y tL blue and bluish green, 

rays is so marked. The nex J ■ t than the chromate of potash. A 
for which nothing is rtLs easily found by trial, 

mature of these considerable perfection, and 

isolates the green and extreme r y Trichromatism. According to 

exhibits in a high degree the u g^een predominates, and 

the thickness traversed by the Z strength of the 

there is no difficulty with a given ic notice in confir- 

solution so as to give a full ““f f'^haracL of the sky-blue, that 
mation of the opinion ^ full yellow, or even orange, 

when a cloud seen through the liquid ^ Wow 

the former, if at all intense, acqui across a room through the 

hacked by well-lighted clouds, w en isolated on 

Hquid and ^ other ' '"whUe the 'intermediate space, where 

one side, and the green on t a’ in ffreat perfection. Another 

the two overlap, shows answers^the same purpose, may he 

liquid, in some respects preferab , bichromate of potash. Through 

made by mixing chloride of chromium P 

either of them the sodium flame is to obtain a liquid 

to correspond with it in colour ^ success. The 

capable of isolating the pure ye 0 ' y, of potash with a salt of 

JstwasamixtureefUch— and« 

copper (sulphate or chloride). ^ +Vnis the yellow is isolated in 

second the is wry Unstable. The comparison of the 

considerable purity. T matched) was interesting. One 

simple and compound yellow ( completely opaque to it. 

was transparent to the that the light has to traverse both, 

When the two are brought toother so 7 ^ ligh^ n 

irr"’'';." .:%««•- •< 

" - a™ 5-'' -“'jvrir.s 

oan rival them in brilliancy. . • i. 

Impartial observers, unprejudiced by the results of “ 

nfbpr hand hv experiments on the spectrum, see, so far as I can make 
out no connection between the four principal colours— red yellow, green, and 
' hluk It seems to them quite as absurd that yellow should he compounded 
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of rod and green, as it most nnquestionably rs, as green shouW be a 

compound of blue and yellow, thongb many have accepted 
tive on tbe authority of painters, and some have even • 

tbe belief that it is only necessary to look at the colours m ord ^ 

tbe compound nature of green. My own prejudice would ^ 
side, the result of experiments on the compound yellow, whi^ is seen so 
easily to pass into green on the one side or red on the other. The ” 
impm-tial opinion that I can form is that there is no real ^lot 

any of the four, and if this he so it is certainly a most remarkable, if 
unaccountable, fact. The difficulty is not so much that we are unable to 
analyse the compound sensation, as to explain why oiir inability is limited to 
;:;!fwid wnte). For everyone. I imagine, sees in purple a resemblance 
its components red and blue, and can trace the primary colours in a m^ure 
of green and blue. Sir John Hersohel even thinks that our inahility o 
resolve yellow leaves it doubtful whether our vision 

chromic but this seems to me to be going much too far. Suiely the feet 
that the most saturated yellow can be compounded of red and green, depriv 
it of any right to stand in the same rank with them as primaiy , 

howeverWe resemblance it may bear to them and blue. B-des-^f 
is to be considered primary, why not also white, which m quite “ 
sensation as any of the others? Undoubtedly there is much that is 
obscure in the mutual relations of the colours— why, for instance, ^ me - 
tioned by Sir John Herschel, a dark yeUow or orange suggests its chaiactei 
!o httte ^ to be oaUed by a new name (brown), while a dark blue is blue 
stil L difficulties such as these should make us all the more determined 
to build our theories of colour on the solid ground that normal vision is 
threefold, and that the three primary elements of colour correspond neaily 

with red, green, and blue. 


Yellow. 

It was not from any experiments of my own, but on the authority of 
Helmholts, that I asserted [supra, p. 84] the identity 

vellow or orange He found that the pure red and yellow of the spectrum 
gave the various shades of brown when seen ^ the side ^ J 

Ighted white surfaces, (f —I although 

short of it. 1 -ir 

In Nature of Jan. 26, ^ 7 --"" rffiffi^rof 
and saturation of many natural yellows as accounmng 
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resolving them into their components. It is, no doubt, qu 
yellow could not be compounded of such reds and greens a 
kily life, but it is equally certain that a drab or dilute ye 
yet no one recognises the fact by his unaided senses, or 
but strange and unlikely when told of it. And after a 
said that natural yellows are more saturated than other o 
approach more nearly the corresponding tints in the sp( 
but is that test a fair one? It seems to me that the 
itself must be considered as dilute when brought into ( 
nearly primary red and green. 

I have another difficulty in accepting Mr Munro’s exp 
mixture of any red, green or blue will give a neutral g 
within our every day experience ; but such a result see 
after Newton proved it, a paradox of paradoxes ; and i 1: 
Gated minds it seems so still 

Mr Munro has ingeniously shown from the colour eq 
no more primary blue in my blue disc than about 2^ as 
dus U as much as in tbe green — a conclusion w ] 
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ON THE LIGHT FROM THE SKY, ITS POLARIZATION AND 

COLOUR. 



[Phil. Mag. XLi. pp. 107—120, 274—279 ; 1871.] 

Tt is now I believe generally admitted that the light which we receive 
i the Z; Ly it duel one way or another *0 -dl eusp^ded ^ 
lioh divert the light from its regular course. On this point 

ents of TyndaU with precipitated clouds light emitted 

e uarticles of the foreign matter are sufficiently hne, tne ugni 
terS is blue in oolourlnd. in a direction perpendicular to that of the 

oident beam, is completely polarized. 

About the colour there is no prima fade difficulty; for as scon as the 

SlcVlXi 11^010“ called small, is the wave-length of^ligK 

1“ aiS7oit^"« f rmf: 

Lot agree with that of the sky. , i. 

on the other hand, the P"u itffi W 

t 7:“-,... •“ r 

law of Brewster does not app y ® “ 'Whenever the precipitated 

with the 1 the substance forming the 

particles are sufficiently fine, virtlnri nation is at right angles 

particles may be, the direction of this condition 

to the illuminating beam, the polarizing angle tor matter in 
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ou 

• n i>;° This I consider to be a point of capital importance 
being invariably *5 ■ This , importance there will 

with reference ^ ^ think that the difficulty is imaginary, 

not be two ^ f the word reflection. Of course there is 

and ^ caused ’’J “f ^fl^^tion or refraction to forbid their application 

nothmg in « acquired technical meanings, and become 

^“h^Ltainwelhkno 

.asideration o^the they have no 

-Srir’ihe^aee o/the ffisturbing Jiody i-^r^ « 

sqLe wave-lengths, whereas the Pf or els; the 

to owe its ^The idea of polarization by reflection 

explanation of the colour hr Brewster does not apply 

;; ~ >. -i - -rw - 

been inferred from the principles of the wave theory. 

t, rt^ctrvrep 

plane-poized ^hX^n — deler 

Tn ar m:;\e supZd t C the *ther so as to increase its ir^t.a 
wShout’ altering its resistance to distortion, provided ™ ® 

neglect effects analogous light wouU be emitted 

r~“S »’ ■.»- »' •>■” “*7 » s 

medium otherwise free from disturbance; and it only remains to 
the effect of such forces would be. 

On account of the smallneas of the particles, the forces acting throughout 
the TOlume of any one ai-e all of the same intensity and direction, and may 
bt considered as I whole. The determination of the motion in the eetUei 
due to the action of a periodic force at a given point, requires, of course, the 
aid of mathematical analysis; but very simple 
a couclusiou ou the particular point now undei discussi . 
place there is a complete symmetry round the direction of the force. T 
disturbance, consisting of transverse vibrations, is propagated outwards in 
all directions from the centre; and in consequence of the symmetry, the 
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direction of vibration in any ray lies in the plane containing the ray and the 
axis ; that is to say, the direction of vibration in the scattered or diffracted 
ray makes with the direction of vibration in the incident or primary ray the 
least possible angle. The symmetry also requires that the intensity of the 
scattered light should vanish for the ray which would be propagated along 
the axis; for there is nothing to distinguish one direction transverse to 
the ray from another. We have now got what we want. Suppose, for 
distinctness of statement, that the primary ray is vertical, and that the 
plane of vibration is that of the meridian. The intensity of the light 
scattered by a small particle is constant, and a maximum for rays which lie 
in the vertical plane running east and west, while there is no scaMered ray 
along the north and south line. If the primary ray is unpolarized, the light 
scattered north and south is entirely due to that component which vibrates 
east and west, and is therefore perfectly polarized, the direction of its 
vibration being also east and west. Similarly any other ray scattered 
horizontally is perfectly polarized, and the vibration is performed in the 
horizontal plane. In other directions the polarization becomes less and le^ 
complete as we approach the vertical, and in the vertical direction itse 

altogether disappears. 

So far, then, as disturbance by very small particles is concemeci, theory 
appears to be in complete accordance with the experiments of Tyndall and 
others. At the same time, if the above reasoning be valid, the question as to 
the direction of the vibrations in polarized light is decided m accordance 
with the view of Fresnel. Indeed the observation on the plane of polan- 
zation of the scattered light is virtually only another form of Prof^or 
Stokes’s original test with the diffraction-grating. In its present shape 
hLever it fs free from certain difficulties both of theory and expenment 
wS have led different physicists who have used -thod^ ^ 

contradictory conclusions. I confess I cannot see any roo 
the result it leads to*. , . -u- -u 

The argument used is apparently open to ^ ™ 

L:::ti:“u:rtotnTrtrsSrer^^^^^^^ 

rpTosoTtrbe" drt"t t such a distance that the 

polarization. There is unqnestionahly a J vibrations of Hght 

extending over a very wide range ; u having mechanical properties (with reference 

are really and truly to-and-fro The fact that the theory of elastic soU^ 

to small vibrations) like those of refraction of polarized light seems amply 

led Green to Fresnel’s formula for the re e gtion whether the analogy is more than 

sufficient to warrant its employment here, while tne q 

formal is still left open. 
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body subtends only a small solid angle. Now we know that when light 
vibrating in the plane of incidence falls on a reflectmg surface at an angle 
of V, fight is Lt out according to the law of ordinary reflection whose 
direction of vibration is perpendicular to that in the incident ray. no 

only is this so in experiment, but it has been proved by Green to be a 
“Sequence of the very same view as to the nature of the difference between 
media of various refrangihilities as has been adopted m ^ ^ 

apparent contradiction, however, is easily explaine . , j i ..j 

disturbance due to a foreign body of any ske is the same as ^ 

by forces acting through the apace it fills in a direction parallel to that in 
which the primary light vibrates; tvt these forces must be supposed to Mt 
on the medium us it aetually is-that is, with the 

the supposition of complete uniformity would it follow that no lay cou 
be emitted parallel to the hne in which the forces act. hen, however, the 
sphere of Isturbance is small compared with the wave-length, the wm 
of uniformity is of little account, and cannot alter the law regulating t 
intensity of the vibration propagated in different directions. 

Having disposed of the polarization, let ns now consider how the intensity 
of the scattered light varies from one part of the spectrum to another, still 
supposing that all the particles are many times smaller than the wave- 
length even of violet light. The whole question admits of analytical 
treftment; but before entering upon that, it may be worth while to show 
how the principal result may be anticipated from a consideration of the 
dimensions of the quantities concerned. 

The obiect is to compare the intensities of the incident and scattered rays; 
for these will clearly be proportional. The number (i) expressing the ratio 
of the two amplitudes is a function of the following quantities :-T, the 
volume of the disturbing particle; r, the distance of the point under 
consideration from it; X, the wave-length; 6, the velocity 
of light; D and D', the original and altered densities: of which e i 
three depend only on space, the fourth on space and time, while the hith 
ancl' sixth introduce the consideration of mass. Other elemnnte o e 
problem there ai?e none, except mere numbers and angles, which do not 
depend on the fundamental measurements of space, tme, and mass. 
the ratio i, whose expression we seek, is of no dimensions in mass, it o ows 
at once that J) and B' only occur under the form B : B', which is a smip e 
number and may therefore be omitted. It remains to find how ^ vanes with 

T, r, X, h 

Now, of these quantities, h is the only one depending on time; and 
therefore, as i is of no dimensions in time, h cannot occur in its expression. 
We are left, then, with T, r, and X ; and from what we know of the dynamics 

♦ Gamb. Phil. Trans, vol. vii. 1837. 
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of the question, we may be sure that % varies directly as T and inversely as r, 
and must therefore be proportional to T-^X^r, T being of three dimensions 
in space. In passing from one part of the spectrum to another X is the 
only quantity which varies, and we have the important law ; — 

When light is scattered hy particles which are very small compared with 
any of the wave-lengths, the ratio of the amplitudes of the vibrations of the 
scattered and incident light varies inversely as the square of the wave-length, 
and the intensity of the lights themselves as the inverse fourth power. 

I will now investigate the mathematical expression for the disturbance 
propagated in any direction from a small particle which a beam of light 
strikes. 

Let the vibration corresponding to the incident light be expressed by 
A cos {^TrhtlX). The acceleration is 

A /^TT jY 27r , 

6) cos-6i, 

so that the force which would have to be applied to the parts where the 
density is D', in order that the wave might pass on undisturbed, is, per 

unit of volume, 

To obtain the total force which must be supposed to act over the sp^ 
occupied by the particle, the factor T must be introducei .The opi«^ 
of this conceived to act at 0 (the position of the particle) gives the -am 
disturbance in the medium as is actually caused by presence o e 
particle. Suppose, now. that the ray is incident along 0 L “d that the 
Lection of vibration makes an angle a with the ans of ir, who 
of the scattered ray under consideration— a supposi ion w 
loss of generality, because of the symmetey which we ha™ shown to^e^ 

Ttht dt®“Vof AHistobLlTpr^^^ the either by a given periodic 

the resulting disturbance in the ray propagated along OX 

cos^(if-r). 

^ ^'rrlYDr X 
* Camh. Phil- Trans, vol. ix. p. 1, 1^49. 
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Substituting for F its value, we have 

.D'-D'TtT . 27r , 

sin« cos-^{ht-r) , 

an equation which includes all our previous results and more. 

One reservation, however, must not he omitted. Since we have supposed 
the medium uniform throughout, whereas it really has a different densi y a 
the place where the force acts, our investigation does not absolutely corre- 
spond to the actual circumstances of the case. As before remarked, no error 
is on that account to be feared in the law determining the intensity of 
the vibration in different directions; but it is probable that the coefficien , 
so far as it depends on D : D', may be changedf, and there may be a 
change in the phase comparable with (27r/\) x the linear dimension o 
the particle, which is of importance when the scattered and primary waves 
have to he compounded. 

So much for a single particle. In actual experhnents,^ as, for instance, 
with Professor Tyndall’s “ clouds,” we have to deal with an immense nuinber 
of such particles; and the question now is to deduce what their effect 
must be from the results already obtained. Were the particles absolute y 
motionless, the partial waves sent out in any direction from them would have 
permanent relations as to phase, and the total disturbance would have to 
be found by compounding the vibrations due to all the particles, buch a 
supposition, however, would be very wide of the mark ; for, in consequence 
of the extreme smallness of the slightest motion of any particle will cauRe 
an alteration of phase passing through many periods in a less time than the 
eye could appreciate. Our particles are, then, to be treated as so many 
miconnected sources of light; and instead of adding the vibrations, we must 
take the intendties represented by their squares. Only in one direction is a 
different treatment necessary, namely along the course of the primary light. 
I mention this because it would not otherwise appear how the reduction 
in the intensity of the transmitted light is effected; but we do not require 
to follow the details of the process,' because, when once we know' the intensity 
of the light emitted laterally, the principle of energy will tell us what the 
primary wave has lost. 

The intensity of the light scattered from a cloud is thus equal to 

.AD'-Df . , 

* [1898. The factor ir was omitted in the original paper.] 

t I find that no alteration of any kind is needed.— Jan. 20. [1899. See Phil. 3Iag. xni. 

p. 452, 1871 ; This Collection Art. 9 below.] 
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c 11 fL/a esniifirpcs of T Tf be uiiderstood to deiiote 

where XT' is the sum of all the squares ot i. n i 

the mean square of T {not the square of the mean value of T), and 

the number of particles, 2P = to P. 

If the primary light be unpolarked, the intensity in a direction making an 
angle /9 with its course becomes 

Backwards from the cloud the light is thus twice as bright as normally. 
To ®he Ught scattered nearly in the direction of the pnmary ray our 

expression does not apply. 

^ Uig. 1. 



~c B 1000 A 


E)UU r. - - 

Fig 1 shows the curve representing the intensity of the scattered light 
for el art of the specJm. referred to ” 

light as a standard. The abscissa bemg Over 

renresents the diffraction-spectrum with the pnncipal fixed li ^ 
the brighter portion of the spectrum from B to 0 the curve differs but 

mtle^frL a steaight Une, while the small curvature is turned downward , 

indicating a deficiency in the green and yellow. 

Before making out the theory, I had endeavoured to ascertain by obser- 
vation the actual prismatic composition of ^ 

rii n-rsrt 

a ferv good one) taken from the neighbourhood of the zenith was compared 
with Lnlight diffused through white paper. About ^ 

rcIL^Tope'beforeUg to complete and conarm tbe^bservations ; but 
the following numbers will give an idea of the results. 


0 . 

26 


D. 

K 

F. 

40 

63 

80 

41 

71 

90 


from frg. 1. 
observed. 
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The upper line gives the theoretical intensities for the fi-xed lines 
G D hs F while the lower gives the observed ratios between the lights 
(sky and diffused sunlight), the two sets of numbers being made to agree 
at G Considering the difficulties and uncertainties of the case, the two 
curves agree very well ; and it should be noticed that the sky compared with 
diffused light was even bluer than theory makes it, on the supposition that 
the diffused light through the paper may be taken as similar to that whose 
scattering illuminates the sky. It is possible that the^ paper was slightly 
yellow ; or the cause may lie in the yellowness of sunlight as it reaches us 
compared with the colour it possesses in the upper regions of the atmosphere. 

It would be a mistake to lay any great stress on the observations in their 
present incomplete form; but at any rate they show that a colour inore 
or less like that of the sky would result from taking the elements of white 
light in quantities proportional to 7."^ I do not know how it may strike 
others; but individually I was not prepared for so great a difference as 
the observations show, the ratio for F being more than three times as great 
as for G. 

There is one point in which our calculations do not exactly meet the 
case of the sky. In the experiments with precipitated clouds the total 
quantity of light scattered is quite insignificant compared with the incident 
beam ; but it is by no means so clear that the same is the case with the sky. 
Each particle is thus struck, not only by the direct light of the sun, but also 
by that scattered from others. It does not seem that the chromatic effects 
would be much affected by this consideration; but it is worth notice that the 
conclusion as to complete polarization perpendicular to the incident ray 
would have to be modified. To see this, imagine, as before, the light 
(unpolarized) incident along OF upon a particle 0; we have seen that 
the ray diffracted along OX contains no vibration parallel to OF. By the 
aid, however, of another particle F in the xy plane such a vibration may 
be communicated to it ; for in the ray diffracted from P to 0 there is a 
component vibration in the xy plane perpendicular to PO, which, when 
again diffracted along OX, will give a component parallel to OF This 
is perhaps the explanation of the incomplete polarization of sky-light at 
right angles to the solar beams; but it must be remembered that an 
insufficient fineness in some of the particles of foreign matter would have 
a like result. 

By many physicists, from Newton downwards, the light of the sky has 
been supposed to be reflected from thin plates, and the colour to be the 
blue of the first order in Newton’s scale. Such a view is fundamentally 
different from that adopted in this paper, though it might not at first seem 
so. In support of this assertion, it may be sufficient to notice that the 
two theories are at variance as to the law connecting the intensity with 
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wave-length. By an argument from dimensions similar to that already 
used, it is easy to find how the intensity of the light reflected from a thin 
plate (thin, that is, compared with any of the wave-lengt s) varies wi . 
Instead of our former quantities, T, r, \ we now have merely and S t 
thickness of the plate. Since the reflected vibration necessarily vanes as S 
it must also be proportional to X-, and so the intmnty of the reflected 
light OCX.- instead of X-. The ordinary analytical expression “r the 
reflected light leads readily to the same conclusion (Airy’s -» )■ 

There can, I think, be no question that the composition of the light ot the 
sky agrees more nearly with the latter than with the former law. 

The principle of energy makes it clear that the light emitted laterally is 
not a new creation, but only diverted from the main stream. I” f Pf 
the intensity of the primary light after traversing a thickness m of the turbid 

medium, we have 

dl - - Jcllr* dec, 

where Jc is a constant independent of X. On integration, 

7 = 

if /. correspond to ir = 0,-a law altogether similar to that of ‘>''>sorption 
and showing how the light tends to become yellow and finally red as the 
thickness of the medium increases. Fig. 2 shows a senes of curves repre- 
senting the composition of the originally white light after passing throu 
thicknesses in the ratio of 1, 2, 4, 8, 16, 32. The re^er 
little of the violet light remains when the red is still in nearly ong 
fo... T ca.nnot but think that this rapid diversion of the rays of short 


Fig. 2. 



wave-length has a good deal to do with the absence of hght of the Hgh^st 
refrangibility from the direct rays ot the sun. For the line A at the extreme 
red Jd R Lar the upper limit of the photographic spectrum the wave- 
lengths are 7617 and 3108. The ratio of the fourth powers ^ ’ 

so fhat whatever the “Taut, 

its 36th power will give the transmission 
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i throuKli only '018 of R would be able to penetrate, 
ftill Ugbef refrangibility. wMcb Professor Stokes found 
electric light but missing in the solar rays, the fraction 
itill; but I am not aware of any measurements of smaller 
aich to found a calculation. 

.ri,n sunnosed that the light scattered by the finely divided 
modification, and we have taken no account 
ion of the primary light before diffraction. 
*h’of‘the path of the ray through the turbid medium, 
the’auality of the light in terms of for it makes nc 
the lateml leakage takes place before diffraction or after 


if -9 of the ray 
For the rays of 
abundant in the 
would be smaller 
wave-length on ^ 

We have hitl 
matter reaches the eye 
of any change in the 
If x be the total lengi 
we may express 
difference whether 
In fact 
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+ 

where stands for d^jda^ + + d^jdz^-, and h- are constants de- 

nendinR on the nature of the medium supposed to be isotropic hor 
the luminiferous aether, Green has shown that a is to be regarded as 
indefinitely great f. 

To represent the periodic force, write for Z, 2 e“. Similar traMforma- 
tions will then apply to f. ?, and 8; so that on substitution m (A) and 
dividing out the common factor there results 

(^2 V 2 + rd) ^ + {a?- IP) dBldoc = 0, 

( y 2 ^ 4. (^2 _ Jf) dB/dy =0, (®) 

(62 V 2 + ^2) ^ (a2 _ 6^) dB/dz = - Z. . 

Writing 

= & 0 ., 

dy dx 

we obtain from (B) by differentiation and subtraction, 

(&2V2 + w*')w3 = 0, 

(62 V 2 + ^2) = dZjdy, • 

(6^ V 2 + iP) = - dZ/dx. 

nr., -nr, are the rotations of the elements of the medium round axes 
parallel to those of coordinates. 

The disturbance which we are investigating is that caused ^and mam 
tained by the force Z acting within the space T. According y.,. 


-OTg = 0, 




d^e^ 

dy r 


dxdydz, 


r being the distance between the element ^dyd. and the point where 

is estimated, and ,y.-. 

k = 27r/A = h/6 ^ ' 

* Thomson and Tait’s Natural Fhilosopliy, § 698. 
t Ganib. Fliil. Trans, vol. vii. 

J Helmholtz, Grclls’s Journal, 1860. 
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4!'7rh^R 
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.,1 1 c* 11 vvMiiti-i-klipfl V»v and. tlic disturbance wbicb we 
arHi” th I propagated feom T. it is evident that the lower 

sign is to be employed. Now 

.1 ,hi.h a. f. ~»i" !■«“ “““* 

finite within the space T. Thus 

1 rrc „ d 


The factor 


d (e-^^ 


_ _ 1 _ [[f Z-— (- — ) dxdydz. 

M^JjJ dy\ r J 

■) within the space T is sensibly constant, so that, if ^ 


stand for the mean value of Z over the volume T, 


dy\r 


TZ _^/6^ 
4i7r¥ dx\r 


/ U/ 

flJ'GTi + ^/'sr^cc dx 


And if jR = Vfl!® + y~, 

so'VTz — y^i _ 

CT = 


TZ d €~‘^^ TZ sin a d e_^' 

"" " 4^ dR ■ ~ ' 47r&' dr ' r 

where a denotes the angle between r and 

The resultant rotation at any point is thus about an axis perpendicular 
to the plane passing through the point and the axis of Z -, and its magnitude 
is given by vi. In differentiating (r-e-*) with respect to r, we may 
neglect the term divided hy as altogether insensible, kr being an ex- 
ceedingly great quantity at any ordinary distance from the origin of dis- 
turbance. Thus 


ik. TZ sin a e 


which completely determines the rotation at any point. For a given dis- 
turbance it is seen to be everywhere about an axis perpendicular to r and 
the direction of the force, and in magnitude dependent only on the angle 
between these two directions (a) and on the distance (r). 

The intensity of the light, however, is more usually expressed in terms 
of the actual displacement in the plane ol the wave. In order to find the 
connexion between the two quantities, it will be more convenient to suppose 
the scattered ray parallel to ir, and that the force F ffor Z is no longer 


8 ] 


ITS POLARIZATION AND COLOUR. 


99 


appropriate) acts in the plane of « at an angle a with 0.. - ^omes 

identioal with ; that is, with ; for ? as well as v is seio , 


^ = j 'sxdr = 


y^sina 

47rb^ ' 


Restoring the factor we have 

TF sin a . 

4!7rh^~’ r 

or throwing away the imaginary part, 



^ 46Trh^r ^ 

This corresponds to a total accelerating force equal to 

Ilnlt whlh agrees with that of Professor Stokes’s -- complete rn- 

vestigation, with the exception of a sUght ' difference of notation. 


.(F) 


T It. Fehriiarv Number of the Philosophical Magazine I have pro- 

.'S i ». W. 11 rtVS?. -s; 

series of papers in Poggetidorffs Anwdc^ and Crelles Jmnml . 

in sufficient quantity to send u g considerable 

instead of appearing as a point would be dilated ^ k 
magnitude. Bnt the requirements of the case are f f " J® 

the'spheres hollow, like bubbles; for then, on ^ light, 

the surfaces, but little effect is - reflected from it 

At the same time, if the film be sufficiently t in. g apparently 

will be the blue of the first order, and so the colour of the sky app y 

accounted for. , 

Apart from the difficulty of seeing how such g^he (Pogg! 

there's a formidable objection to this 

. Pogg. Ann. vol.. Lxxu. 1.11XV.. ixxxvin. CrsUe. ,ol». xxxw. xxxvi. 
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X\J\J 

j ■ l^ALrnarv NumlDer, and from the theoretical 

measurements <iuoted m y ^ 

composition of the ter part of the light from 

difficulty by supposing, with ISincire, rn g 

the sky has been reflected more than once. 

Brhohe 

“nh* nfrerarfathat it is impossihle to suppose that the particles 
of mastic are in the form of hubbies. 

he in the form of h.^ e. 

small the ordinary laws argument he still holds 

that therefore this ^ J ^ in the shy, 

“f “s “.t T"z: ... - 

riid"...- .1... v"“ h t i 

la. 1 v,r. iVL l-iiPrnach kurz SO zusaminenfassen. boweit man cue 

traehtungen k Keflexionsgesetze als gtlltig anerkennt, glauhe 

festhilten zu milssen, nhmlioK d^ass m 

ursacne ae Atmosphare wirksamen Korpej'chen seyen 

auch diese Schltisse ungultig. Aut diesen lai vielmehr 

rlpr Farben dunner Blattchen nicht mehr anwendbar, und er becUrt yieimen 
einer neuen Entwickelung, bei welcher noch besonders berucksichtig wei ei 
Zss in wiefern diese Aunahme mit der Polarisation des vom Himmel 
kommenden Liohtes und mit der angeniihert bekannten Grbsse der in den 
Wolken Torhandenen Wassertheilehen vereinhat ist. 

. 1 ..d « I .0 explain why il " f 

BO much richer a hue than that r^eo e originating in the elementary parte of the 

= •z =;=.? ^ sri-rr 

integration the long waves gain an advantage which diminishes the original preponderance o 
’ their quicker-timed rivals. 

J In^Lny departments^ of science a tendency may be observed to extend the field of 
laws beyond their proper limits. Thus the properties of gross matter are often assumed to hold 
■ equally good for molecules. An example more analogous to that which suggests this remailc is to 
^ he Lnd m the common explanation of the-mode of action of the speaking-trumpet. 
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Clrasius does not seem to have followed up the line of rese^oh 
indicated. My investigation (written, it so happens, before seeing C^u^s 
papers) shows in the clearest manner the connexion between the 
of the particles and the polarization of the light scattered from them 
Indeed I must remark that in this respect there is an advantage over 
theory of thin plates, according to which the direction of complete polarizatio 
would be about 76“ from the sun. It would be 
the action of secondary causes were to augment this ang e 
observed magnitude. It seems, therefore, not too ^ay tha if the 

illumination of the sky were due to suspended water-bubbles, neithe 
colour nor its polarization would agree with what is actually observe . 

In his celebrated paper on Fluorescence*, Professor Stokes mates the 
following significant remark Now this result appeam to me to have no 
remote Loxiug on the question of the direction of the 

light. So long as the suspended particles are large compared mth the waves 
of light reflection takes place as it would from a portion of the surface 
Ssolid immersed in 'he fluid, and no conclusion can be drawn eithe 
way. But if the diameter of the particles be small compared ^ 

length of a wave of light, it seems plain that the vibrations in a reflected 
rav cannot be perpendicular to the vibrations in the incident ray. This 
the o“y W Lt I have met with in which the theory of the reflection 
of light from very small particles is touched upon. 

If it be assumed, as in the theories of Green and Cauchy of reflection 
at plane surfaces, that the effect of dense matter is merely J^d the 
ethfr, it follows rigorously that the direction of vibration ^ 

through a right angle when light is scattered from small particles But 
all we know in the first instance is that the velocity of propagation o 
luminous waves is less in ordinary transparent matter than in vacuum , an 
this may be accounted for as well by a diminished rigidity as ^ » mcrea ed 
density.^ In the first case a scattered ray might be composed of vibiatio 
perpendicular to those of the incident beam ; so that the matter is not qui e 
so dear as it would seem from the argument of Professor Stokes. I 
however, that good reasons may be given for rejecting the view that the 
difference between media of varying refrangibility is one of rigi i y. 
point is an important one, and I propose to recur to it later. 

The experiments of Professor Tyndallt with precipitated clouds exhibit 
more clearly than had been done by Briloke the relation between *e sme of 
the particles and the nature of the dispersed hght. The observation that t e 
notation is complete perpendicular to the track of the incident light is in 
L„if efficient to disnrove the theory of bubbles. As the particles increase 


* FUl. Trans. 1852, p. 526. 

t Phil. Mag. vol. xxxvii. p. 385. Phil. Trans. 1870, 
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in maanitude, the azure and polarization are gradually lost. Durmg the 
transilon a different and more complicated set of phenomena present them- 
selves which will famish a test for the theory when it is extended so ^ to 
faclSe the consideration of particles which are no longer very small in 
comparison with the waves of light. 

All who have written on this subject seem to have ‘aken for granted 
that the foreign matter in the atmosphere is water or ice. Even lyndall, 
who expressly says that any particles, if small enough, will do, still believes 
in the presence of water-particles. But this view is encumbered with con- 
siderabfe difficulty ; for even if, in virtue of its transparency to radiant heat, 

the air in the higher regions of our atmosphere is at a If wZrwhTch 

it would still be capable of absorbing the very small quantity of wata whic 
is ILeut to explain the bine of the sky. At any rate it is ffifficult to 
imagine particles o( water smaller than the wave-length endowed with any 
stahihty.^ These difficulties might perhaps be got over if there were any 
strong argument in favour of the water-particles; but of the existence o 
such I am not aware. Every one knows that a blue haze evidently akin o 
the azure of the sky obliterates the details and modifies the colonr of a 
distant mountain; and this, when it occurs on a hot day, cannot possibly b 
attributed to aqueous particles. On the face of it, there is no 
supposing that near the earth’s surface the foreign matter is of one kind a 
a/^grit altitude another. If it were at all probable that the particles 
are all of one kind, it seems to me that a strong case migh e ma e 
out for common salt. Be this as it may, the optical phenomena can give 

US no clue. 

The apparatus by means of wHch the comparison was made between sky 
light and that of the sun diffused through white ^ paper, was originally 
arranged for measurements of the absolute absorption of coloured fluids 
for the various rays of the spectrum, and had been applied rather extensive y 
in experiments having that object. In the shutter of a darkened room were 
placed two slits in the same vertical line, each about three inches long,^ 
and a foot apart. At the other end of the room was an arrangement of 
prisms and lenses for producing a pure spectrum on a screen in the ordinary 
way. At first only one prism was used; but I soon introduced another, 
and the number might probably be further increased with advantage. It is 
even more important to have a great dispersion in these experiments than in 
the ordinary spectroscope. Two spectra would thus be thrown on the screen 
one over the other, but by means of a very obtuse-angled prism situated 
iu front of the dispersion-prisms they are brought together so as exactly to 
overlap. The double spectrum thus formed passes through a horizontal slit 
in the screen placed so as to receive it. Close behind is an opaque card 
carrying a small vertical slit, which can be slid along so as to allow any 
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.t *. » P- it 

:L-ii=“r,ti-=S'i ir;,u- .,- «- - 

horizontal aperture. 

When the experimenter looks through the eye-slit in the direction o 
the Tenrhe seethe two parts of the obtuse prism illuminated with light, 
t L’ case homogeneous, and, if the “hfrleadt; 

the Ihtlj'ett'bt to^mlL'^'r ctTplftT comparison between 

arbitrary and then by s i g observations on the light 

"r tf wei-rmat Tl give an idea'lf the degree of accuracy to which 
^ • TYiav be made I may mention that in my experiments on 
the “ observaLs were usually correct to about one 

L sTor ea 

he somewhat greater. . , , i 

The difficulty, however, of getting a satisfactory result wit e 
of tie s5 doe/;ot lie in the inaccuracy of the measurements bu in the 

« .1 «. 

test the theory in a strict “■ Now tle^sky is lit not only 
composition to that which lights p y 

received y > • .u i>,r A nearer annroximation to what we 

lir.” Aiv; txi. 

ir A.r— - i 

— ,1— Ai’iii., 

tr:A r »r“ “i-i ->■ “■• 

clouds on another. 



ON THE SCATTERING OF LIGHT BY SMALL PARTICLES. 


[Phil Mag. xli. pp. 447 — 454, 1871.] 


The investigation of the diifraction of light by small particles, contained 
in the February Number of this Magazine [Art. viii.], proceeds throughout 
on the assumption that the difference between two media which differ in 
refractive power is a difference of density and not a difference of rigidity. 
]y[y object in the present communication is to attack the problem moie 
generally, and to show that the more special hypothesis is in no degree 
arbitrary, but forced upon us by the phenomena themselves. The words 
“density,” “rigidity” need not be interpreted literally, but are used in a 
generalized sense analogous to that given to “ velocity ” and “ force in the 
higher mechanics. 

The first step is to find the equation of motion of an isotropic elastic 
medium whose density and rigidity may vary from point to point. If D 
denote the density and n the rigidity, a process similar to that used in 
Thomson and Tait’s Natural Philosophy, § 698, leads us to the following 


d, — = 0 ( 1 ) 

dx dP dx dy dx dz ^ dy dx dz dx 


and two similar equations, where f , 77 , f are the displacements parallel to the 
coordinate axes, 

~ dx'^ dy dz ' 


V„ = 


f d\ 

d 1 

d \ 

. d , 

( d\ 

(”s) 

1 + 

dy' 



\dz) 


If n and JD were constant, equations (1) would be satisfied by 
‘ | = = 


.( 2 ) 
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In the application that we have to make, « and Z) may be supposed to he 
constant except within a small space T at the origin of coordinates, where 
they assume the values n + ^n, D + AD. In consequence of this variation 
the equations of motion are no longer satisfied by (2) ; but "w® “^■7 ® ® 

the true values of the displacements, f, v. ?. + f. 

quantities of the order T, which are to be neglected when ^ 

Aw, AD*. Substituting in equations (1) and dropping the factoi i elating 

the time, we get 


(mS) + Dk^h^r) 


= 0 , 
= 0 , 


and 

or, since 

and 


A 

dy 

— (mS) + + D¥l)'^+ % ^0 + Dk‘^Ho = 0, 

jfe = 2w/X, ¥ = njl), 

v.r.= An 

i)^„=(D+AD)ro=i)ro+^^- ^0. 

% to + ^^'^0 = 0, 


.(3) 


(wiS) + V 'z; ■^k^'f) 


1 ^ 
w dco 

\£ 

n dy 


= 0 , 
= 0 . 


i ^ (mS) + V ? + + i n,= 0. 

ndz^ ^ 

Hence if w,= df/dy - dy/rte &c. be the rotations of the medium, 

1 d (dn^\, =0, 

= 0 , 


+ dir 

d (1 d / K d^\ ^D 
dx)'^ B ' 


L.(4) 


V CTa + /c ^2 + ^ |n da; V dir / D ®) w d^ [d^; d,? j 
Accordingly 




i * - .vjr-ft !('?) * 


=- — fil 

47r?i j J J 


An. 


fjy (72 7 AwDd^o y^ _^(i 


dx dydz \ T J 


* The effect of this is subsequently considered. 
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higher powers of (1/r) being neglected. By similar reasoning, 

T AD , y ^ (LUL"] 

” 47r D r dr\r) ^ir n dx dr^ \ r ) ' 


or, since 


would be rather complicated, and is not wanted for our purpose, 
seen to be about an axis perpendicular to the scattered ray, inas 

X'STi -I- y-OTa 4- iS'TUs = 0. 

Let us consider the particular case of a ray scattered noi 
incident light, so that x = 0. Denoting for brevity the commoi 
we have 

A7^2/^ AD 2/ 

/m = 'll =-— — . ^0 -—A/ ft > • 


whence 


Here we have reached a result of some importance and one which can be 
confronted with fact. For from the value of ^ it appears that there is no 
direction in the plane perpendicular to an incident ray of polarized light in 
which the scattered light vanishes, if An and AD be both finite. Now 
experiment tells us plainly that there is such a direction, and therefore we 
may infer with certainty that either An or AD vanishes. So far we have a 
choice between two suppositions; either we may assume, as in my former 
paper, that there is no difference of rigidity between one medium an 
another, and that the vibrations of light are normal to the plane of polariza- 
tion, or, on the other hand, that there is no difference of density between 
media, and then the vibrations must be supposed to be in the plane of 
polarization. The former view is the one adopted by Green and (virtua ly) 
by Cauchy in their theories of reflection ; while the latter is that of 
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Suppose then that AT) = 0. Reverting to the general values of w,, *7, 

in (5), we have ^ a o o 

An vz ^ ^ • 

= = — n 1 - ’ 


.( 7 ) 


which show that there are in all six directions from 0 along which there is 
no scattered ray-two perpendicubx to the plane of original vibration, 
and four in that plane inclined at angles of 4-5° to the original ray and its 
prolongation. No vanishing of the dispersed light in these oblique directions 
is known from experiment ; but before unreservedly discardmg the theory 
which indicates it, we ought to inquire how far our approximation is su&cient 
to warrant such a step. In neglecting the products of ^ v, ? with A^i, we 
have in reality omitted terms from the result which involve the square and 
higher powers of An, and it may be that the light corresponding to them 
would not vanish in the specified directions. I have not been able to satisfy 
myself whether this would be so or not; but I think that, in spite ot 
ignorance on this point, the inference may be safely drawn that the 
is untenable; for the terms in question, depending on the square ot the 
difference of rigidity, are proportional to (where fj, is the refractive 

index), and become of less and less importance as the media approach one 
another in refrangibility. In the case of particles of mastic suspended in 
water, the indices are TS and 1-33, and terms depending on the square ot A^ 
must be comparatively small. Yet I could find no indication of a falling oft 
of intensity in the predicted directions in some experiments that I made 
with precipitated mastic and soap, and accordingly conclude that the hypo- 
thesis of a constant density and variable rigidity must be rejected. The 
only alternative is to suppose, as in the February number, that the aether 
preserves its statical properties unchanged when associated with matter, 
whose effect is therefore merely to increase the inertia of the vibrating parts 
in greater or less degree. 

It may be worth notice that, according to the theory here combated, 
there would be two polarizing-angles, of 22^ and 67| respectively, wheii 
light vibrating in the plane of incidence is reflected from the boundary of 
two media which differ but little in refrangibility, as may be seen from the 
reasoning of this paper by remembering that the square of An may be 
netdected. I need scarcely say that in such a case the polarizing angle is 
really 45°, and that the reflected light does nob tend to vanish^ at the two 
first-mentioned incidences, whichever way the light may be polarized . 


In equations (5), putting An = 0, we have 

D'-Dy D' -Dx 

cr3 = 0, P 



* There is a sense in which 46° is the first approximation to the polarizing-angle for all 
substances. The difference between the true value and 46° may be looked upon as a coirecUon 
depending on the square and higher powers of the difference of optical density. 
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whicli corrBspond to tho rosults alroady obtaiuod. Since the optical density 
is proportional to the square of the refractive index, 

= (^) 


In a note to my previous paper I mentioned that no change is required 
in (8), even though the terms containing the square and higher powers of 
{B' -D)jD are retained. As I there showed, the density of a medium may 
always be supposed to be changed, even in the most arbitrary manner, if 
suitable bodily forces proportional to the variation of density and to the 
actual acceleration are conceived to act upon it, while the motion remains 
absolutely the same as before. The waves thrown off from a small particle 
which lies in the path of a beam of light are those due to a set of forces 
proportional to D' — D and parallel to the actual vibrations acting through 
the space T occupied by the particle. In calculating the effect of the forces, 
the variation of density is to be taken into account, unless we are content to 
neglect the square of B' — D. But by a second application of our principle 
we see that the density within the space T may be supposed to be D instead 
of D\ provided we introduce a second set of forces proportional to D' — D and 
to the acceleration at T. Now it may be proved (Thomson and Tait, § 730) 
that the effect of a bodily force applied through a small space T to an elastic 
medium diminishes without limit with T even within the region of application. 
Accordingly the acceleration at T caused by our first set of forces is of a 
higher order of magnitude than the forces themselves, and thus, whether 
D' - D be small or not, the effect of the second set is to be neglected. The 
error caused by taking in the calculation of the first set the undisturbed 
instead of the actual acceleration is evidently smaller still *. 

If it were desired to continue the approximation, some further supposition 
would be necessary as to the shape of the disturbing particles. The leading 
term, we have seen, depends only on the volume ; but the same would not be 
true for those that follow. However, little exception could be taken to the 
assumption of a spherical form, and in that case there is no difficulty in 
proceeding further; but I have not arrived at any results of interest. 
Without calculation, we may anticipate that, as the diameter of the particles 
approaches in magnitude the quarter wave-length, the amplitude of the 
diffracted vibration will begin to increase less rapidly than T, and that about 
the time the half wave-length is passed an absolute diminution will set in. 
Of course, when the incident light is compound, the more refrangible 

* [1899. The result that the secondary disturbance is proportional to the volume and 
involves D' and D in the form (D'-D)/Z>, whatever maybe the sha^e of the obstacle provided 
only that it be small enough, is peculiar. In the electromagnetic theory {Phil. Mag. xii. p. 81, 
1881) the disturbance is proportional to the simple volume and to {K'-K)IK only so long as 
{K'~K) is small. Otherwise, however small the obstacle may be, its shape enters into the 
question. In the case of a sphere {K' -K)jK is replaced by 8 {IC -K)I{K' + 2K).] 
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3lements will be the first to show a sensible deviation from the more simple 
law. 

In his interesting experiments with precipitated vapours. Professor 
Tyndall* found that when the particles of the cloud illuminated hy un- 
nolarized light from the electric lamp had attained such a size that the light 
discharged normally had lost most of its power of affecting the naked eye 
with the sensation of colour, even then by analyzing the light with a JSiool 
placed in its position of minimum transmission the azure could be revivea 
in increased splendour. Professor Tyndall calls this the " residual b ue. 
Experimentally it is doubtless more convenient to analyze the light after 
diffraction from the cloud ; but in theoretical explanation and deduction it is 
simpler, and comes to the same thing in the end. to consider the origma 
beam as polarized before it falls on the cloud. The residual blue is then the 
light discharged from the cloud in a direction parallel to that in which the 
incident Ught swings. The complete explanation of this md other allied 
phenomena is yet to be made out; but one thing we leam from our theory, 
if indeed it is at all to be depended on. However large the particles may be, 
the light scattered or reflectedt parallel to the primary vibrations depends 
on the square and higher powers of (H' - or, in expenmental language 

of (u" - /a’V/i’. It is easy to see, too, that the first term in the expression o 
the amplitude must contain a much higher inverse power of X thanb.-*, and 
that if it stood alone it would correspond to a compound light oi a muc 
richer colour than that due to very small particles acting in the ordina^ 
way. Still I cannot honestly say that the residual blue is pre*c e y 
theory: before the light discharged in this unfavourable direction could 
become at all sensible, the particles must have grown to such a 
their diameter would bear no inconsiderable proportion to the waves of light, 
and then we have no right to suppose that the first term in the 
proceeding by powers of the diameter may be taken as representing with 
Lfficientipproximation the entire series. Indeed the residual blue appeare 
to be rather capricious in its appearance, and to depend on conditions not yet 
fully known. I may mention that I have not been able to detect any 
unusually intense coloration in that part of the light from the sky which 
vibrates in a plane passing through the sun. This is the more remarkable 
because it might be supposed that a part at least is ig w ic “ 
undergone diffraction, in which case the intensity wodd vary as X if other 
wise midisturbed. But we must not forget that, of the '“direct light ^ 
nating the higher strata of our atmosphere, a very considerable fraction must 
come from the earth itself; and this certainly is “'.Tf 
It would be interesting to observe whether the residual light from paits of 

; Z :: •Jverr.Uh the iaten.i.y cl the UgM re.vl„l, 

realotea when the plane o£ polarization and plane of inoidenee inotade a right angle. 
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the sky 90“ distant from the sun is in any way dependent on the character of 
the earth’s surface— whether, for example, it is the same as usual over water 
or when the ground is covered with snow. I presume that with the precipi- 
tated clouds there is no question of light diffracted more than once. 

Theory would lead us to anticipate that the optical density of the 
particles of foreign matter may have a large influence on the development 
of the residual blue. If the particles and the medium in which they are 
suspended have nearly the same refrangibility, the light emitted parallel to 
the original vibrations may be expected to be very feeble, not only abso- 
lutely, but in comparison with that emitted in other directions. Professor 
Tyndall’s method of precipitating organic vapours (some of which may have 
a high optical density) in air is then more favourable than the suspension of 
mastic or other moderately dense solids in water, as used by Brlicke and 
other physicists. 

I take this opportunity of referring to the observations of Roscoe on the 
photographic power of skylight, with which I have only lately become 
acquainted. The comparison of photpgraphic with luminous intensities is 
well adapted to exhibit differences of quality related in a simple manner to 
the wave-length. The very small chemical action of the direct solar rays, as 
compared with what might have been expected from their intense action on 
the retina, is a striking verification of the theoretical results developed in the 
February Number of this Magazine [Art. viii.]. 

[1899. The electromagnetic theory of the scattering of light by small 
particles is treated in Phil. Mag. vol. xii. p. 81, 1881 ; vol. XLIV. p. 28, 1897. 
In a recent memoir {Phil. Mag. vol. XLVII. p. 375, 1899) I have given 
reasons for the conclusion that a large part of the light of the sky may be 
dispersed from the molecules of air themselves.] 


ON DOUBLE REFRACTION. 


[Fhil Mag. XLI. pp. 519—528, ISTl.] 


In a former paper* I have shown that, of the various hypotheses which 
might be made to explain the diminished velocity of light in transparent 
matter, only one can be reconciled with the observed laws regulating the 
intensity of polarized light scattered in different directions from an as- 
semblage of particles whose diameters do not exceed a small fraction of the 
wave-length. We are forced to suppose that the difference between media 
which is the cause of refraction is a dynamical and not a statical difference, 
that the rigidity or force with which the aether resists distortion is absolutely 
invariable. In this view there is nothing novel. Fresnel distinctly adopts it 
in the investigation of his celebrated formula for the intensities of reflected 
light; and, what is more important, Green’s rigorous mechanical theory 
of reBectionf is based on the same assumption. Cauchy also, to whom 
much of the credit really due to Green has been transferred, sterts from 
the principle of continuity of movement, which asserts that in the pa^e 
from one medram to another there is no break in the continuity of the 
values, either of the displacements or of their diferentuU coefficients. I 
believe that Cauchy has nowhere explained the ground or siguto of 
his principle ; but it is easy to see that to assume the contmmty of stain 
equivalent to asserting a complete continuity of statical J ' 

as has been pointed out by HaughtonJ, Cauchy’s theory is essentially the 

same as Green’s. . . 

On the other hand, MacOullagh and Neummm 
vostigations of reflection on the 
media is statical and not dynamical, ihe , 

* Phil. Mag. for June 1871, p- 447. [Art. K.] 
t Camh. Phil. Trans. 1838, or Green’s Math. Papers. 

$ Phil. Mag. S. 4. vol. vi. P- 81- 
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showing that their hypothesis is as inconsistent with the phenomena of 
regular reflection as it is with those of diffraction from small particles, as 
I may perhaps explain in detail on another occasion. But there is one 
argument urged by them against the rival view which deserves the greatest 
attention. How, they ask, can double refraction he accounted for if the 
elastic forces brought into action by a given deformation of the aether are 
the same in all cases? It is well known that all the theories of double 
refraction hitherto given by Fresnel and his followers assume expressly that 
within a doubly refracting medium the elasticity varies in different directions. 
How is it possible, in investigating the laws of reflection from the surface 
of isotropic media, to suppose that the statical condition of the aether is 
invariable, and then, when we come to double refraction, to turn round and 
say that in them the aether has a rigidity dependent on the direction of 
displacement ? I am not surprised at the importance attached by MacOullag 
and Neumann to this objection. Fresnel and Green’s investigatmns of re- 
flection are indeed absolutely inconsistent with the received views as to 
the cause of double refraction. We find ourselves then in this position; 
either we must give up Green’s theory of reflection, which is the only one 
hitherto proposed, or easily conceivable, capable of meeting the facts of the 
case ; or else we must abandon the ideas of Fresnel as to the mechanical 
cause of double refraction. 

MacCullagh and Neumann were consistent, though, as I believe, con- 
sistently wrong. They rejected the hypothesis of a constant rigidity and 
variable density as incompatible with the existence of double refraction. 
How, indeed, conceive a density different in different directions ? 

Fresnel and Green were inconsistent. The latter has given two rigorous 
theories of double refraction* which differ from one another in important 
points, but agree in this, that neither of them can be reconciled with his 
explanation of reflection; for both assume that the forces which resist 
displacement within a crystal vary according to the direction of displace- 
ment. Precisely the same remark applies to the investigations of Cauchy. 

It will readily be anticipated that, having the strongest grounds for 
believing that the rigidity of the sether is constant whether it be free as in 
vacuum or entangled with the molecules of matter, I adopt the latter of the 
two alternatives already mentioned, and look in another direction for the 
explanation of double refraction. In taking a step which may seem retro- 
grade, I would remark that we are not abandoning a theory in itself very 
complete or satisfactory. Fresnel’s explanation of double refraction will 
always be considered worthy of his great genius ; but it is well known that 
as a rigorous mechanical theory it will not bear criticism. Nor do the 
attempts that have been made to improve upon it carry the mark of truth. 

* Ca?nb. Phil. Trans. 1837. Green’s Math. Papers. 
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On this point I refer to the excellent report donble 

Professor Stokes in the Brim o»’s lai^l^a tLle whioh 

say that the analogy ^. 7 ^- oWres to 
may take place in solids, so striking g 4 -^ onnsider tke 

ordinary media, rhlthTeCticity of a crystallised 

rediixitis iiyer ori^ — 

hy “mpi“om“ L ob- 

LZarstkCL^S in hrUef the true theory of double 

refraction is yet to be found. ~ r.- -u 

We hare then, to consider this question: Can double ^ 

explained if ’the statical properties is a 

associated matter? Can ^ I answer yes. The absurdity is 

function of the direction of vibration? i answer, y _ I am 

apparent only, and W-7;XU“e^i^hT^t oa^ 

“•"“th^tirklrweTl r a:«n^ f comparatively simple 

upon it, I thinK it g - +v>ia inmiirv and which 

cLaoter which occurred to me at an ttf the nossibW’of the Knd 

was of great use in showing me m a general way the possibility 

of explanation I was in search off. ^ ,r i. •+ 

Let a solid body, such as an ellipsoU, be so -pported - 

centre of inertia is free to move in any ^y^for'^e symmetrical all round 

otherwise *°™7„7Xl»emer“ The arrangement may be supposed to 

r.*s’"bS s. i. 

stances, a vibration may be performed in result 

same in all oases. If the inertia of the body '’^f^'-^V^ri^longer. 
can he that the motion will become more slugg suppose 

Here we have the analogue of singly re W mei. Jut jw suppo^^ 

that instead of moving in free ^^^heorLs in hydrodynamiost the 
sensible density. According to known ^ ^ 

inertia of the fluid adds itself to tj inertia ^ 

manner dependent on ‘^"^^^“.crttes into a circular disk of 

SZttt sJa.. A. Vb-i- b. " 

earlier by EanMne {PMl. Mag. i. p. 441, 1861).j 
J Thomson and Tait, § 331. 

E. I. 
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a line perpendicular to the disk, the fluid, which cannot readily pass from 
the one side to the other, will greatly impede the motion that is, increase 
its period; for there is no question here of a loss of energy from friction or 

viscosity. 

It is equally evident that if the motion be in the plane of the disk, the 
fluid has no effect and might as well not be there. We see, then, that, to all 
intents and purposes, the disk has a density, or rather inertia, of variable 
magnitude dependent on the line of vibration and symmetrical round an 
axis, and are reminded of a uniaxal crystal. Next suppose that we try 
to make the disk vibrate in a line oblique to itself. It would at once appear 
that such a vibration cannot be performed without an additional constraint, 
which we may suppose applied. The system would then perform pendulous 
vibrations whose period is a function of the position of the line in which 
the centre of inertia is made to move. Lagrange’s general method leads 
immediately to a solution of the whole problem: — 

T = kinetic energy = \ [Px~ + Q 
Y = potential energy = + z '^) ; 

whence the equations of vibratory motion, 

Px-\- fisG = o, = Qz + 

showing that vibrations along x cannot be performed synchronously with 
vibrations along y or . 2 . This is on the supposition that the body is free ; 
but if it be constrained to a line | making an angle 6 with a?, we have 
T = ^ p (p cos=* ^ + Q sin^ 6), V = 

whence 

(P cos- 0 + Q sin^ 0) ^ = 0, 

so that the period r is 


P cos® 0 + Q sin® 0 


When ^ = 0, let t = ; when 0 = 90°, let r = Ts ; then 

T® = Ti® cos® 0 + Ta® sin® 0. 

There is, of course, one case which does not bring out the peculiarity for 
whose sake the illustration is brought forward, I mean when the ellipsoid 
becomes a sphere. The only effect of the fluid is then to retard the motion, 
just as if the mass of the sphere itself had been increased. 

From the problem generally we may infer that there is nothing absurd 
in the idea of’ an inertia varying with the direction of motion, and that the 
want of symmetry causing double refraction may be attributed with as great 
probability to the dynamical as to the statical conditions of the question. 
We know nothing about the real nature of the sether, and, if possible, 
still less about its relations to ponderable matter; and it is therefore the 
merest assumption to say that the energy of motion within a crystal is 





115 

ON DOUBLE EEFRACTION. 

leoesaarily a symmetrical function of the velocities of 

rZ virtually been done in all the theories hitherto given. I would 

Iven go further. Ld ask whether, when we consider the enormous 

ightiud the magnitude of the forces which resist 

whole more probable that the relatively considerable effwt of 

matlerTZ to its action rather on the small quantity (the mertia) than 

on the great quantity (the rigidity)? 

Instead, then, of assuming for the energy of the medium 

2^= [[[ p (f + + r-) 

let us take the most general quadratic ^ ^;““be’tZ Z 

constants. Even this “7ZZsumtfparts corresponding to the 

energy cannot be ^ dispersion and rotatory 

various elements of * 0 jothen Orii y 

polarization, restricted to a distance which may be 

mutual influence of the pa-^s ^ wave-length; and 

regarded as vanishingly small P ^etion is supposed 

although in Cauchy s theory of dispers dispersion in 

to be of a statical character, yet the fact t paper leads 

vacuum, when regarded from the P“f dylmicab by which 

rather to the oonclusion that the ^ "of tie kin;tiJ rather 

refZCw^rtrt dlnfrren^t Vo-. very 

'V a suitable choice of axes the terms involving the products of the 
velocities may be got rid of, so that 


2r = III (paiP + PvV- + Pzt) dv, 


o are positive quantities representing the densities corre- 
.here p. Py, P. ,,es. The expression of the potential 

ponding to the ^ in vacuum; and thus by 

uiergy I suppose to be e y equations of motion, 

[.agrange’s general method* we find for the equar 




rton.0.. «n<i 0. Green, Caml. Trms. 1838. 





ON DOUBLE REFRACTION. 


On account of the incompressibility of the aether, B is very small ; but it 
does not follow that the terms containing it are to be omitted, for a® is 
correspondingly great. We may, however, write p for a^B, and p may then 
be compared to a hydrostatic pressure. The problem of double refraction 
is solved so soon as the laws are known which regulate the possible directions 
of vibration and corresponding velocities of propagation for every position 
of the wave-front. 

Let us consider a plane wave whose front is at any time given by 

Ico 4- my + nz — Vt, 

so that I, m, n are the direction-cosines of the wave-normal, and V the 
velocity of propagation. Also let 6 denote the actual displacement in the 
plane of the wave, and X, u,, v its direction. Thus 


J 

Now let 

0 = ^^g<(fa!+mj/+nz — p -- p^^Ulce+my+nz-rt) ^ 

where 0^ and po are complex constants. On substitution in 

XBo ( = - ip^l \ 

= i 

v6o{V^pz~y^) = -ipon\ J 

and since IX + m/x ■\-nv = 0, 


or if, as in the ordinary notation, a, h, c are the principal velocities of 
propagation* 


l^he equations determining the directions of vibration are 


The meaning of b is here changed, 
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Equations (5) and ( 6 ) constituto 
I had originally expected to reproduce m ^ ^ ^ 

of Fresnel; hut a slight examination will show that, m or 
( 6 ) and ( 6 ) with Fresnel's equations, we must write, foi ... - 

7-S a-^ l-\ c-% 

respectively. The directions of vibration axe parallel to the axes of the 
section of the ellipsoid ^ ^ ^ ^ 

by ‘he plane of the i Aoctd” the wave-surfa^ 

f ''thh of the ais Fresnel's surface is the locus of points situated on 
lengths of the axes, nres ellinsoid and at the same distances. 

the normals to the sections .i ,i„rl to Fresnel’s in the following 

We see, therefore, that ‘h« " plane ^Sendicular to the 

way.-Through any pom f 1^^^ 

a^^ari ;l principal planes of a hiax. crystal “ 
the ordinary law. 

In ordinary media the transversal vibrations can 

any tendency to produce °Se"ot the ellipsoid is 

so here. Suppose in our illus ra i abould find two directions of 

constrained to move in a certain plane. We should find ^ ^ 

f r" - “.ns vb«" . i” “» •“ 

is the answer. Any part of the ffither dur g P ^ 

wave over it tends “3 the same sheet parallel to the 

tendency is ^ha^^^ ^7 ^ performed, because it 

wave-trout ^he “otac j ^,dium, which by hypothesis requires an 

would involve a compresaon _ wiHn nut effect; for it modifies 

infinite force. The pressure p, it is probably 

the refieotion and refraction when I'S^ the interior. 

closely connected with the t^e IZurfaoe, jnst as in 

The actual direction of a ray is to be touna irou 

Fresnel’s theory reference 

I had got about as far as thi y ° allusions to a 

to Professor Stokes’s report, I was ^ physically, identical with 

theory of double refraction mathematically, it not pnysi y, 
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that here advanced. After insisting on th 
ments, he says: — “To make my meaning 
construction, in which the laws of poh 
determmed by the sections, by a diametrai 
of the ellipsoid 

aV + + c2^! 

where a, 6, c denote the i 

of the section determine by their direction 
polarization, and by their magnitude the 
wave-velocities. Now a 
proposed leads to a const 
the planes of polarization 
by a diametral plane parallel to the 

the principal semiaxes of the section dete: 
normals to the two planes of polarization, 
corresponding wave-velocities. The law tha 
the two waves propagated in a given direct 
supplemental dihedral angles made by plar 
normal and the two ontic axps 


principal wave- velocities. The principal semiaxes 
'■ normals to the two planes of 
• magnitude the reciprocals of the corresponding 
pertain ^other physical theory which might be 
iffering from Fresnel’s only in this, that 
-velocities are determined by the section, 
wave-front, of the ellipsoid 


passing inrougn the wave- 
as before ; but the positions 
as determined by the principal indices of 
3nt; the difference, however, is but small 
are a good deal smaller than the quantities 
tion of the wave-surface, instead of being 
e and an oval, to which an ellipse is a neai* 
between the inclinations of the optic axes 
aordinary refraction in the principal planes, 
all, are quite sensible in observation, but 
ations are made with great precision. We 
iat advantage for the advancement of theory 
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internal conical refraction is no proof of 

of waye-surface assigned by Fresne ra er . excressed for example, 

theory would conduct. Were (12). 

by the construction already mentioned ha g f 
tL waye-surface (in this case a surface of the 16th degre 
plane curves of contact with the tangent-p , h h 
L in the wave-surface of Fresnel, are, as I find, circles, thoug 

should be circles could not have been foreseen. 

-Xhe existence of exter^l conical r^rac.» — 

of a conical point in the that of a plane 

the exterior. The existence of a co ^ „g.gm.faoe. Still it will readily 
curve of contact, a necessary proper y o undoulDtecily is, at least 

be conceived that f Ire ^„e- 3 urface, and if the latter have, 

a near approximation to the tr tangent plane, the mode by 

moreover, plane curves of ““*“* ** ^^tSsT into the 

wii" Thenit :iu 

been made rigorously by a conical point. observation 

Between the theory here advanced an experiments hitherto 

made are competent do ene calculation should refei 

measurements which are otherwise an element of uncertainty 

to the same specimen of the cry , . j test ambiguous, 

is introduced sufficient to render ‘I*® ^ ,, it is hard to 

Should the verdict go against the hich shall embrace at once the 

r -■ •” " "a-airS i-. — ■ 

laws of scatter g, g ^ 

[1899. Shortly after the were Sufficient “absolutely to 

lished the results of hia theory thich makes double refraction 

^aSrofa 

vol. 20, p. 4)43, 1872).] 





reflection of light from 
matter. 


transparent 


-r investagataoBs on light I had oocaaio 

erent hypotheses which have been mad 
in tmusparent matter. Although, as I 
amved at have been already given by Lo, 

1 man present paper may not be without 
many important points, and great misap 
'ue subject generally. ^ 

rigidity is the same in the 
1 . normal to the plane of pol 

reflected 

-IS given Dy the expressio: 
tan (0, ~ 0) 
tan(^;'+^’ 

_ primitive polarization coincides with oi 
m^denoe. The process by which the fi 

legaid to the second, tlia 


»iedia,a;S%hatT^X7P*““ *bat the 
nation, Fresnel was led to thT 
represented by unity, the . 

plane of 

Whh- to' th^ plane of 
Jtola is obtained is 
ai explanations. With 

although, as", 

»ed (that the vibraW in i 

■lately ‘he 

wMchj,> we now know fi-orSf 
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Greens important work “On the Laws of Reflection and Refraction of 
Light at the Common Surface of Two Non-crystallized Media, re^ 

before the Cambridge haa never 

si^ie c"i— f- To:]^ 

gates the equations of motion of an 

rorhl;1rne^tC^E!:s“a;;Sle iro„giont the interior and the 
Lnditions which must be satisfied at the surface of separation of two media 
The statical properties of an isotropic medium are defined by two con^ants 
“ tSond expressing the rigidity, and the 

“l^it rsw " must be indefi'nitely great, or that the medium 
resists change of volume with an infinite force. During motion the inertm of 
the medium comes into play, and a constant 

added to the two statical constants already mentioned. In all ““ 

added to the two 

to te oLrat the hounding surface is so rapid that it may be treated 
as abrupt. 

But in the application to the question of reflection further 

hi the ratio of /a : 1, hut this consideration alone is not sufflcien o ea 
definite solution. From the equation 


?> 

Pi 


IB 

' p? p 


■ far rmthme- as to the relation between B and B„ which must 
to knwn before further progress (other than tentative) can be made.^ From 
the fact that in all the known gases A is mdependen o ® 
gas. Green argues that we may assume 

we consider those phenomena only ^ ,Hch certainly 

of the same medium, as is . ^Tu^h rail known gases 1 

rxr^rrrrnr^fr 

rather^oo far to assume that in the luminiferous ffither the constau 
ri a^ B must always be independent of the state of the mther as found 

. lleptoled in Green’. edited by Ferrers, MeemiUen and Oo. 1871. 
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m different refracting substances. However, since the hypothesis greatly 
simplifies the equations due to the surface of junction of the two media, and 
IS Itself the most simple that could he selected, it seemed natural first 
to deduce the consequences which follow from it before trying a more 
complicated one, and, as far as I have yet found, these consequences are in 
accordance with observed facts.” 


wild criticism of this theory, at the end of an otherwise sound 
paper , Kurz, having mistaken the meaning of A, B, attributes to Green the 
absurd assumption that the wave-velocities are the same in the two media, 
and metaphorically holds up his hands in amazement. I need hardly point 
out that Greenes conditions A=A„B = B, are something quite different, 
and imply simply an identity of statical properties in the case of the two 
L shown, however, that the first (A =Af) is unnecessary, a 

act which Green does not seem to have perceived. The cause of the 
reraction is a variation of the dynamical property (density). The rest 
ot Green s reasoning is rigorous, admitting of no cavil. When the vibrations 
are normal to the plane of incidence, the amplitude of the reflected vibration 
IS expressed accurately by Fresnel’s sine-formula; but the tangent-formula is 
only applicable to _ vibrations in the plane of incidence as a first approxi- 
mation. ^ It is evident that, in order that theory may at all agi’ee with 
observation, the vibrations of light must be supposed to be performed 
normally to the plane of polarization ; indeed the two assumptions of constant 
rigidity and normal vibrations are closely bound up together in all parts 
of optics. The effect of the hypothetical relations A=A„ B^B, is greatly 
to simplify the bounding conditions which then express the equality of the 
component displacements and their derivatives on the two sides of the 
separatmg sinface. In this form they become identical with the so-called 
Principle of Continuity of Movement stated by Cauchy, who does not appear 
to have seen that a continuity of strain implies necessarily a continuity of 
^atic^ properties across the surface of - separation, as is evident in a moment 
^om em ert s principle. So far there is absolute agreement between 
Ureen and- Cauchy, the only difference being that Green went deeper into 
e matter and gave the interpretation, if not the justification, of the 
prinople assumed straight off by Cauchy. The divergence which eKists 
between the results of the two theories takes its rise in their treatment 
ot the longitadinal wave produced when the vibrations are in the plane 
ot mcidence, whose consideration cannot be dispensed with, although its 
irect effect is confined to within a few wave-lengths of the surface. Green 
merely supposes that the velocity of propagation of disturbances depending 
on change of volume is infinite in both media, and accordingly arrives at a 
lesult which contams only one constant— the refractive index; while Cauchy, 


* Pogg. Ann; vol. cviii. p. 396. 
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n the other hand, imagines a sort of opacity to longitudinal vibratio 
a virtue of which the waves are damped, and introduces a new cons a 
ailed the coefficient of extinction. Cauchy, I believe, never publis e e 
f of his formulse • but the want has been supplied by German physicists . 
« of the processes by .hich they axe obt^ed 

doubt that Cauchy’s formulae agree very well with the 
here can j • . the same cannot be said of Green’s as they 

ffiservations of Janiin, wh ^tfied form of the latter, however, has 

.tand in “ iicH t it^Ld to adhere. He thought 

hl^bCpS the inLpressibihty. though great, to be still finite, the 
bhat, by supposing introduced without which an agreement with 

second — ‘ ’“i the difficulty of explaining what 

Observation IS l^^itJdinal Lve when the incidence is nearly normal, 

rXch ca. 

to the neighbourhood of the polarizing angle; but accoidmg to 
K^r^wll oCaW extended over a wider -ge, the latter has a 
decid:d advantage as an empirical repreaentatron of the f«ts. 

Quite different from the foregoing is the theory of 
Neumann, which is given in an accessible form in ^ oy s 
Light.’ The following principles are laid down 

gation : — pi- 

I. The vibrations of polarized light are parallel to the plane of po an- 

zation. 

II The density of the ffither is the same in all bodies as .a vacuo. 

TTT The vis viva is preserved ; from which it follows that the masses of 
the "her putTlt^^^^ multiplied by the squares of the amplitudes of 
vibration, are the same before and after reflection. ' . , 

TV The resultant of the vibrations is the same in the two media ; 
ther^^rel refracting media the refracted vibration is the resultant of 

the incident and reflected vibrations. 

When the vibrations are normal to the plane of incidence, and therefore 
parallel in all three 

fhlfotth^ripeipWone leads to ^rt- for'TwethS 

that the fourth principle is inconsistent with the others, for, 

wnTT Eisenlohr, Pogg, Ann. vol. oiv. p. 346. 

* Beer, Pogg. Ann. vols. xci. and xcii. Lisenionr, yy 

t Phil. Mag. S. 4, vol. vi. p. 81. 

X Pogg. Ann. vol. ovin. 
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see, unexceptionable reasoning founded on I. and II. leads to an altogether 
different result. The very particular case of IV. required when the vibrations 
are normal to the plane of incidence happens to be correct. In order to 
prevent misapprehension, I should say there is a sense in which IV. is 
perfectly true. If the vibrations, belonging to the longitudinal surface- 
waves be included, it expresses merely the continuity of displacement, a 
condition which must necessarily be fulfilled according to any view of the 
subject. But understood in this true sense, it does not carry the con- 
sequences deduced from it. It remains then to be seen what the magnitude 
of the reflected wave would be according to principles I. and II., when the 
light IS polarized in the plane of incidence. Let us take up the question 
after the method of Green, and inquire what are the consequences of the 
various suppositions which may be made: and first for light vibrating 
normally to the plane of incidence. 

The plane of separation of the media being ai = 0 , let the axis of 
be parallel to the fronts of the waves, so that a = 0 is the plane of incidence. 
The displacements in the two media are in general denoted by rj, 

V,, ; but in this case nr}, ^,,7},, all vanish. For the general, equation of 

motion we have 


dP jD \o5aj3 




dt^ U \dx^ dy^J’ 

(1) 

i x = 0. 


dx dx’ 

(2) 


n, n' are the rigidities; D, D' the densities. 

Assume 

^ = /(ax +by + ct) + F(— aa)+ by + ct), 
^r=fi(^,‘«+by+ct), 

the^ coefficients b and c being necessarily the same for all three waves, since 
their traces on the surface must move together. Hence from (2) 

/ + n(qf'-ar)=n'a/;, 

‘I , . F' _ g/o, — n'/n 

' f 4- n* jn ’ 

or, since 6/a = tan 6/a, = tan 

tan^, n' 

F' tan ^ n 


f tan d, n‘ ' 
tan 6 '^~n 


an equation giving the ratio of the reflected and incident vibrations. 
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l1] on the reflection of light from transparent matter. 

Gase I (Green’s) n = n': 

F' cot 6 — cot 6, _ sin {6, — 9) 
f ~ cot 6 + cot 6f sin {6, + 6 ) ' 

‘Gase 11. (MacGullagh’s) D-D'. 

Since generally n/D : n'D' = fF : 1, we have 

n' _ 1 sin’^ 6, 
n ^ sin ^ ’ 

and then (3) gives 

F' tan {d, — 6) 
f tan \d, + B) ‘ 

If we assume the complete accuracy of Fresnel’s expressions, either case 
agrees with observation ; only, if n = light vibrates normally to the plane 
of polarization; while it’ D = i)', the vibrations are parallel to that plane. 
But we know that Fresnel’s tangent-formula is not accurate, and that there 
is in general no angle of complete polarization, so that already the pre- 
sumption is in favour of Case I. ; but I would not lay much stress upon this, 
as the phenomena investigated by Jamin are of a secondary character, and 
might be due to the action of disturbing causes. 

Gase III. We may suppose that n and D both vary. Here we should 
obtain something between Fresnel’s two expressions, which could hardly be 
reconciled with observation, unless one variation were very subordinate to 
the other. Other considerations seem to exclude this case ; for if n and D 
both vary, there is nothing to prevent their varying proportionally, so as to 
leave the wave-velocity unchanged, or - 1. The transmitted wave would 
then not be turned, although there would be a finite reflection. Nothing o 
this kind is known in nature, whichever way the light may be polarized. 
But the most satisfactory argument against the joint variation is derive 
from the theory of the diffraction of light from very small particles, whose 
diameter does not exceed a small fraction of the wave-length. Hitherto 
there has been no theoretical difficulty. Case I. is only a translation into 
analysis of the reasoning of Fresnel, and Case IT. of the reasoning o 
MacCullagh. But when we pass on to the consideration of the problem 
when the vibrations are in the plane of incidence, our footing is no longer so 
sure. However close the analogy may be between the phenomena of light 
and the transverse vibrations of an elastic solid, one cannot but feel that it 
may not extend to those motions which are independent of rigidity , and of 
which in the case of the lether we have no direct knowledge.^ Still, m t e 
absence of all others, we cannot do better than follow the guide which has 
already served us so well. 
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Since the displacement is entirely in the plane of incidence, ^ = 0, and 
I, rj are independent of z. The equations to he satisfied in the interior of 
the first medium are*, 


where 


Putting, with Green, 


Two similar equations apply to the lower medium, 
The boundary conditions are 


of which the first pair express the continuity of displacement, and the second 
the continuity of stress. Assume 

= (jy^^Wx+liy+ct) ^ 

•\^, = e* +ci) ^ 

— (j)^ ^ («/*+6y+ct) 

The coefficient of t must be the _ „ „ 

periodicity, and b must be the same because the traces of all the 
on the plane of separation x == 0 must move together. The co] 
are complex. From (6) we get the following relations, 

C2 = ,y2 (a2 + h^) = ^ ^ g, ^ ^ g, 

Since g and g, are indefinitely great, 

a'=‘+6^=0, <^ + 6^ = 0; ( 

whence we obtain ^ 


upper medium 


lower medium, 


See Green, or Thomson and Tait, § 698, 
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if the upper medium correspond to the positive on. Equations (7) express 
the incompressibility of the aether in the two media, for 


^ _d^ dr) _ d^(f) 
dx dy dx"^ 


d^(f>^ 
dy^ ~ 




It is therefore hardly correct to call the surface-waves expressed by (p 
longitudinal. They are more allied to those motions with which we have 
so much to do in hydrodynamics, which involve neither rotation nor yet 



change of volume. 


Since 6/a = tan 6/a, = tan 


-f 6'-^ _ sin'^ 6 , _ 7,'-* _ 1 
-t ¥ sin‘^ 7^ ~ ’ 



which expresses the ordinary law giving the direction of the refracted wave. 

We have now to satisfy the boundary conditions. From the continuity 
of displacement, 

a'^ -f 6 (ylr' + 'Kjr") = a/^, -f 1 

h<p-a{'^' - ^Jr") =&</>,- ; J 

or, on introducing the values of a', a/, and putting + = X, yjr' — 'xir"- F, 

i {<p q- </),) = f,-X, b{<f> - <^,) = aF- (8) 


:e we to ignore the surface- wave altogether and put (^ = (^, = 0, equations 
would give us 


whence 


Z~ F_ l-a,/a_sm(0,-d) 
yf' -I- F 1 + a, /a sin {6, + 6) ’ 


Fresners first expression. This is exactly what has been done by Zech*, 
and is in fact merely a translation into analysis of MacCullagh’s fourth 
principle. The worthlessness of the argument is sufficiently shown by the 
consideration that no assumption has yet been made as to the relations 
between 1), D', other than that implied in taking the ratio of the wave- 
velocities equal to /a. It is as necessary to satisfy the second pair of boundary 
conditions, expressing the continuity of stress, as the first ; and this cannot be 
done without the introduction of finite surface- waves. Expressed in terms of 
(p, y/r, they take the form 

(m + n) + (m-n) = similar expression, 

'« {2 ~ == similar expression ; 

( dxdy dy^ dx^) 










pi 

ii 
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or on substitution of the values of ^jr, with regard to (8), 

(f) {m (a'® + b^) - 2nh‘^] + ‘InabY = <^, [m! {a',^ + b’^) - ^n'b"^] + ^n' a, 6i/^„ (9) 

n [b^^|r, -a^X + ih {aY- a,-\lr,)] = n' {b^X - + ib (uF - a,y\r^] (10) 

Although + b"^ is vanishingly small, we are not at liberty to leave it out, 
because m (a'^ + J®) is finite. In fact 

m (a'® + &®) = Dc®, m' (a/® + 6®) = DV, (11) 

for we may neglect n in comparison with m. Using these we obtain 

D<f>- |±L^ _ (9)' 

Equations (8), (9'), and (10) contain the solution of the problem. 

Case 1. Let n=-n'\ (9'') and (10) give 

D(f) = D'<f),, X (a® + 6®) = •\|r, (a,® 4- 6®), 

Now D' : ID = fj?', so that, from (8), 

,,2 itiXil _ _^,~X aY- a,^P', 

^ \ i b \ i ^ b ' ’ 

or since 

0®) 

if we put 

^1=^- (i^> 

From (13) and (14), 

2t'' = X- F= 

The quantities within the brackets are complex, and may be exhibited in 
the forms Re^, R ] e and e' then denote the difference of phase between 
the incident and refracted, the reflected and refracted waves respectively, 
and are given by 

cote.= _g.^i_)l,.>cote + cot«,) = Lcot(«-e,); (15) > 

by trigonometrical transformation, with use of relation sin 6 = fx, sin 0^ j 

^ i¥()u.®- 1) ^ “ if 


ii.. 


tmmi 
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retardation of the one P°l^“ /“”C ambiguity must be removed by the 
therefore given simply by e • ^ is no relative change 

consideration that when the incidence is nor ^ ^]^a.t there is in 

,b„, «o.,i ^ » .—1 

how Jamin could have between polarization 

rSn“tcti:ntd porarization in the perpendiculax plane dis- 

appears. • 

The ratio of the amplitudes of the reflected and incident vibrations is 

given by 

f - o,« cot e + cot . . . . (it) 

The corresponding quantity when the light is^polarized in the plane of 
incidence is r... 8in«(fl-g,) 

sin^ (0 + ’ 

and therefore cos^d + (18) 

“ cos* (fl - d,) + (^ " ^'1 

■ nL\ ns^ n ei (11) (18) constitute the solution of the problem 
lCry;«^ i 1'. are equivalent to results given by Green. 

Case 2 . Let D = D' 1 = 1 ^ O') d®) " 

+ i,.) (»7 - «,t,) = - 1) I ^ ' 

(b>f, - a?X) - M + «,*t, = - (p." - 1) - “-t,). 

the value oi ^ - -P, being substituted from (8) ; or, on expressing a. 6, &c. in 
terms of the angles of incidence and refraction. 

cotdF-cotd*="^-.d{)fc^-cotdr-cotd,t,}, 

_ cot. dX) - Z + cot« d,t, = - f (M- 1) (»* ^ 

From these two equations the values of X -^ 7 - Motions of Jh-ngk of 

1 — 
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the reflected wave is the same as it would he given by Fresnel’s sine-formnla — 
a coincidence for which I have not been able to see any reason. 

My object in bringing forward the present hypothesis is to disprove it, 
and is sufficiently attained by the disproof of a particular case. Let us 
therefore suppose that the difference of refrangibility between the two 
media is so small that the square and higher powers of (yu,® - 1) may be 
neglected. In the small terms we are to put 

X=Y = -\^,, cot 0 — cot 9,. 

The second equation gives 

Y- + cot® 6, 


approx, 


Hence 


A + Y ^ 4cos®^ 2 1 -pcos2^‘ ^ 

From (19) we see that the reflected wave vanishes when cos 4<0 — 0 ; 
that is, when ’ 

0 = 7rj8, or 0 = 37r/8. 

It appears, then, that on the hypothesis D — D' ^ there would be two 
polarizing angles (tt/S, Stt/S respectively) whenever' the difference of refrangi- 
bihty between the two media is small. Since nothing of the sort is observed, 
we conclude that H cannot be equal to and are driven to adopt Green’s 
original view that the rigidity of the aether is the same in all media. 

Eesults substantially equivalent to (19) have been already given in a 
different form by Lorenz* who, however, has not discussed them, but simply 
states that they cannot be reconciled with Fresnel’s formula. Curiously 
enough he has taken the same particular case for disproof which I, without a 
knowledge of his work, had hit upon. Those who have done me the honour of 
reading my papers on the action of small particles on light will understand 

* Pogg. Ann. vol. oxiv. 
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how I anticipated the two polarizing angles by the very different proce® 
Lre employed. Lorenz draws the conclusion that the elastic force of the 
aether is the^same in all transparent uncrystalline substances as m 
tot the vibrations of light are performed normally to the plane of polariza- 
tion. He might, I think, have omitted the word uncrystaihne . 

There is also another paperf by Lorenz on this subject, “ 
endeavours to account for the coi-rection to Fresnel s tangent-formula 
bv exneriment by supposing that the transition from the one medium 
Stod ’of^bein^lsudin as we have hitherto — 
a distance not immeasurably less than the ^ 

— y:s,t:s. 

folran whSloef from to tith on to <frher 

side. The difficulty is not to explain why Fresnel s formula is no accur 
correct but why to angle 

a very considerable fraction of the whole, very much greater 

i-n show a colour corresponding to the blue oi rno 
a e being to all intents and purposes reflected from a ton plate. Obsei- 
vato BO far as I am aware, gives no support to such an idea. 

Oauchv’s formulas, which differ from (15), (16), (17) merely by to sub- 

regard them as as Lorenz remarks, a 

evanescent waves of the kind use y J 

f 7 of tof no toory could lead to 

to peSr form of ' evanescence assumed by Cauchy. Let us examine 
this point. . 

„.e a. 

duce the functions <;f) and a/t ^ J p ’ ■hpfore viz The 

by an exponential function of the same form ^ ™ I,, the relation 

only difference is that, whereas in Green s toory a + 5 - c . 3 , r 
between a', i, o, according to Cauchy, is 


a'^ + }f = -]c% 

* Phil, Mag. S. 4, vol. xm. p. 519. [Art. x.] 
t Fogg. Ann. vol. oxi. 


.( 20 ) 


9—2 
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■whGr6 h is the so-called coefficient of extinction. The working out is nearly 
the same as before. Instead of (8) we have 

= = ( 21 ) 

Again, since, according to Cauchy’s principle, m' = m, n' = n, (9') be- 
comes, in virtue of (20), 


From (24) we may fall back on Green’s corresponding equation (13) 
by putting k= 0, Jc, = 0, h, \ h = {jij \ \ hut Cauchy supposes, on the con- 
trary, that are very large in comparison with and writes 


which convert (24) into 


Cauchy further takes 

{k-^-kr^)2'7rf\ = -ei 

so that, since 27r/A . sin ^ = b, the solution of the problem is 


It may, however, be remarked that Cauchy has no right to suppose 
that e is a constant for the rays of different wave-lengths. In fact if 
k and k, are constants, e varies inversely as A; so that the same objection 
arises here as in the theory of Lorenz. The only difference between (25) 
and (12), (13) lies in the substitution of — esin^ for M. It is therefore 
unnecessary to write down the results corresponding to (15), (16), (17), (18). 

But what I wish particularly to point out is the extraordinary differential 
equation satisfied by <p. By differentiating the expression for <j) and sub- 
stitution in (20), we find 
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I am at a ta to uademtand how aay 

oVr ^ 0 . 0 . we sho^ld pe*aps give the 

P— 

but the form of ^ eo l^feamrtSTftlt'clthy’ftheory 

rXZX au7daim to he considered dynamical, although his formulae 
L, beyond doubt, very good empirical representations of the fact . 

I now come to the modification of Green’s theory propd by Ha^gbto^ 

rsrS 

that Haughton’s reasons for ^ timers of considerable 

cannot be sustained, but at the same time I think that ottters 

force may be given. _ . t- -u+a” Prppn 

In a supplement to his “7* “ 

saysi-^hould the radius of the sphm^ 

forces bear any finite lat ^ , -nlienomena of dispersion, 

philosophers have supposed m order ^ a con- 

instead of an abrupt termination TYiedium in the immediate 

tinuous though rapid change of state oft e » ei endeavoured to 

vicinity of their sm-face of separation, ^id ^ ..ould be 

show ’!y.P™'’‘‘^\7X°quLtrof polarising angle, 

to dimmish greatly the quantity oi g polarized perpen- 

" «■ 

of Lorenz is remarkable. 

Referring to equation (9), we see that when n ~n, it re uce 

Reasoning from the analogy of elastic solids, we found 

m (a'^ + h^) : (a/^ + h^^D -D' (H) . 

Now although the transition between the f [nttrsame way 

principal w^.es of transverse vibrations are affected nearly in 

* [1898. See however Art. xvi, footnotes, pp. 142, 1 1 

t Gavilriclge Trans. 1839, or Green’s worhs. 
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as if it were instantaneous, yet we may readily imagine that the case is 
different for the surface-waves, whose existence is almost confined to the 
layer of variable density. It is probable that the ratio of 

m{a'^ + ¥) : m! {a,'^ If) , 

instead of being equal to 1 ; approaches much more nearly to a ratio of 
equality. We may therefore take 

<jb : </>, = /ao® : 1, 

where is less than The solution is the same as before, except that 
now M = (/io'* — iVC/^o** + !)• 

This explanation of the deviation of M from Green s value seems to^ me 
the most probable; but the ground might be taken that the densities 
concerned in the propagation of the so-called longitudinal waves are unknown, 
and may possibly not be the same as those on which transverse vibrations 
depend. For sulphuret of arsenic, Jamin’s experiments give 

— 2*454, ^0 = 1'083, 

showing that is very considerably less than 

One of the most remarkable of J amin’s results shows that in many cases 
M is negative, or /u-o less than unity. There are a few substances of an 
intermediate character for which M =0 \ and then Fresnel’s original formulae 
express the laws of the phenomena. The value of fi is usually about 1*45. 
No adequate explanation has hitherto been given of the singular law ; and 
in the remarks which follow I wish to be understood as merely throwing out 
a suggestion which may or may not contain the germ of an explanation. 

It is known that many solid bodies have the power of condensing gases 
on their surfaces, a property on which the action of Grove’s gas-battery 
seems to depend. Now, if we were to suppose that at the surfaces of solid 
and liquid bodies there exists a sheet of condensed air, which need not 
extend to a distance greater than the wave-length, but is of an optical 
density corresponding to about )U, = 1'5, the occurrence of negative values of 
M would, I think, be explained. There is nothing d priori very improbable 
in the existence of such a sheet, so far as I am able to see; but it is 
for experiment to decide whether the phenomena observed near the polarizing 
angle depend in any manner on the nature of the gas with which the 
reflecting body is in contact, and whether the sign of M may change from 
negative to positive when vacuum is substituted for atmospheric air. The 
fact that the value of M for the surface of separation of (say) glass and water 
cannot be calculated from the values of M corresponding respectively to 
glass and air, water and air, seems to indicate that the phenomenon is, so to 
speak, of an accidental character. 

[1899. On the general experimental question see Phil. Mag. vol. XXXIII. 
p. 1, 1892.] 
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r A COREEGTION SOMETIMES REQUIRED IN CURVES 
PROFESSING TO REPRESENT THE CONNEXION BETWEEN 
TWO PHYSICAL MAGNITUDES. 

[Phdl Mag. xlii. pp. 44 !l— 444!, 1871.] 

THE nature of the correction which is 
A of not infrequent application in difficulAo state with full 

.derstood tom an to determine the distribntion_ of 

sat in the spectrum of the sun > the deflection 

lermopile s^es of positions. But the observations 

• the galvanometer not fhit is they do not correspond to 

btained m this way refractive inde^. In the first place, 

efinite values of the wave leng ^ ^ certain 

he spectrum cannot be abso ute y^P“® gpectmm were pure, 

fr«irstai toimprsMe to ;perate 

rd:nt%^2ble"^^^^ — 

iogether in a smaU cluster _ 

!!'th tthe trr“eiving the relations between the ty quantities 

L PQB. Also let m thermopue. 

changes in each observa ion 

KA = area of curve PQNM. 

^ film rpqiilt of the observations. 

The locus of p will give the curve | i g f^om the one curve to 

It remains to find a convenient method of passing ir 

the other. 




area 


whicli shows how to deduce y' from y. 

To pass backwards, we observe that 

dx^ dx^ 6 
d?y _ hi M ^ 

so that g da?~~ 6 \dx^ . 6 dc(^, 

if be neglected. Thus 


{A) and (B) give the analytical solution of the problem ; but for practical 
purposes the following interpretation is important : 

« 1 ( -L y ^y I ^ ^'y 


In passing’ from the observed to the true curve, the curvature is every- 
where to be increased instead of diminished, and 

pm = Rm + ^RS. 

It may be remarked -that while it is always possible to pass accurately 
from the true curve to that derived from it with any prescribed range, the 


R 


a 

/ 
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problem is not determinate unless it ^ Sy 

itself is of much importanoe. ^ 

It often happens that the oonnmdon iXe^lteken 

simple at least is Lpire from the sensible width (2i) of 

r irnajtm: st V observed curve is then connected with true by 
a double integration, 


1 

y " ihk J X- 


Now 


2h 


rx+h 


.11 h'd‘y 

j/(ife = y + -g 

x-h 


J x—h ) 

T fx+b d^y 

a 6 35 

V 6 doi^’ 


6^*5* 6(fo‘ 

if the term in hV may be neglected. Thus 

+ k^ d^y 
2/' = 2/ + “T" daf' 

The rules remain just as before, 

+ Similarly, when the want t;pens, the product 

7z::^'s 

ar-ranged so as to make the independent quan rtres equal, 
agreement between the two curves is the closest. ^ in 

The practical rule to which we are led by the c'onsiderations explained 
this paper is therefore as follows:— 

in the ordinary way. Let Bm Oe any oram 



at dittaaaat emttati.at Om^ if ^ 

;srrs73“SC.“ ^ 




13 . 


ill 


ON THE VIBRATIONS OF A GAS CONTAINED WITHIN A 
RIGID SPHERICAL ENVELOPE. 


It 


[London Math. Soo. Proa. iv. pp. 93 — 103, 1872.] 


See Theory of Sound, 330, 331. 

[The principal results are contained in the following table, giving the 
wave-lengths of free plane waves whose periods are the same as those of the 
proper vibrations of a spherical mass of radius unity. The gravest vibration, 
in which the gas sways from side to side much as in a cylindrical pipe closed 
at both ends, corresponds to the harmonic term of order unity.] 

Order of Harmonic. 


’la • 

CJ ® 


0 

1 

2 

0 

1-3983 

3-0186 

1-8800 


1 

•81334 

1-0577 

•86195 


2 

•57622 

•6825L 

•59208 

.£3 rd 

3 

•44670 

•50653 

-46380 

d 

2 OQ 

4 

•36485 

•40330 



5 

•30833 

•33523 



1-392 

■7320 

•6248 


1-113 

•6385 


•9300 


•8002 



14 . 


mvitstigation of the disturbance produced by a 

"?raraS” 0iisTi»i.E o» mu waves oe soome. 

{London Math. 8oc. Proo. iv, pp. 283-283, 1872.] 

See Theory of Sound, i 296, 334,, 33.5. n. a ta aa 

pl-T sphencal 

obstacle at the origin be denoted by 

<jb = COS /c (ai + ^ ' 

in which a 

fair') of the disturbance due to the obstacl , 
cIordinatoB axe r, ^s(=cos6), is given by 

ttT ( ro'-m „ TJZZ- A oos k {at - r) (2) 

XV I m' <r + 2v ) 

where T represents the 

bilities and the densities of the obstacle ana 

‘.‘ilw -■ a.h M.a., -I »• 

.,(,„_^(l + f^i)coai,((iJ-r) 


( 3 )] 



NOTES ON BESSEL’S FUNCTIONS, 


[Most of tho results are embodied in Theory of Sound. See especially 
§1 331, 332, 339 ; Appendix A. The following problem may be mentioned. 
A rigid cylinder contains incompressible fluid, which has been once at rest 
and is set in motion in such a manner that at a certain section (perpendicular 
to the axis) the velocity parallel to the axis is expressed by 1 + where r is 
the distance of any point from the centre of the section. It is required to 
determine the motion and the energy thereof. 

Taking the axis of the cylinder as that of z, and z = 0 for the plane 
section, while r = 1 is the equation of the cylinder, we have the following 
conditions to which the potential cf) is subject : — 

(1) that when r — 1 , d<pfdr = 0, for all positive values of z ; 

(2) that when 0 = 0 , d(pldz = l + from r = 0 to r = l. 

The complete value of ^ is found to be 

A _ 1 , A » _ An . 


where Jq denotes the Bessel’s function of zero order, and the summation 
extends to all the finite roots of (p) = 0. 

If I be the (great) length of the tube, 

2 Kinetic Energy = ttZ (1 + ^jx)- + 167r/,6®2p“®, 
in which = *0012822.] 





ON THE EEFLEOTION AND REFRACTION OF LIGHT BY 
INTENSELY OPAQUE MATTER. 

[Phil. Mag. XLIII. pp. 321—338, 18Y2.] 

It is I believe, the common opinion, that a satisfactory meohannal 
theory of the reflection of Ught from metallic surfaces has been pven by 
Cauchy, and that his formul® agree very well with observation. The resu , 
however, of a recent examination of the subject has been to convince me 
that at least in the case of vibrations performed in the p ane of incidence, 
his theory is erroneous, and that the correspondence witti fact claimed for 
it is illusory, and rests on the assumption of inadmissible values for the 
arbitrary coitants. Cauchy, after his manner, never published any investi- 
gation of his formula, but contented himself with a statement of the lesults 
!7of the principles from which he started. The intermediate s eps, 
however, have been given very concisely and with a command of analysis 
by Eisenlohr [Pogg. Ann. vol. CIV. p. 368), who has also endeavoured 
determine the constants by a comparison irith measurements made by 
jImL. I propose in the present communication to examme the theory 
of reflection from thick metallic plates, and then to make some remarks on 
the action on light of a tUn metallic layer, a subject which has been treated 
experimentally by Quincke. 

The pecuUarity in the behaviour of metals towards light is supposed by 
Cauchy to lie in their opacity, which has the effect of stopping a lam 
of waves before they can proceed for more than a few wave-lengths wi 
the medium. There can be little doubt that in this Cauchy WM per ec y 
right; for it has been found that bodies which, like many of the dyes, 

exercise a very intense selective absoiption on ’‘g''Yi!h"tLrare mU 
surfaces in excessive proportion just those rays o w y 

onaque Permanganate of potash is a beautiful example of this, given 
by Professor Stokes. He found (PMt Mag. vol. VI. p. ® 

light reflected from a crystal at the polarizing angle is examined throug 
Nicol held so as to extinguish the rays polarized in the plane of incidence. 
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the residual light is green, and that, when analyzed by the prism, it shows 
bright bands just where the absorption-spectrum shows dark^ ones. This 
very instructive experiment can be repeated with ease by using sunlight, 
and instead of a crystal a piece of ground glass sprinkled with a little of the 
powdered salt, which is then well rubbed in and burnished with a glass 
stopper or otherwise. It can without difBculty be so arranged that the two 
spectra are seen from the same slit one over the other, and compared with 
accuracy. 

With regard to the chromatic variations, it would have seemed most 
natural to suppose that the opacity may vary in an arbitrary manner with 
the wave-length, while the optical density (on which alone in ordinary cases 
the refraction depends) remains constant, or is subject only to the same sort 
of variations as occur in transparent media. But the aspect of the question 
has been materially changed by the observations of Christiansen and Kundt 
(Pogg. Ann. vols. cxli., gxliii., OXLIV.) on anomalous dispersion in Fuchsm 
and other colouring-matters, which show that on either side of an absorption- 
band there is an abnormal change in the refrangibility (as determined 
by prismatic deviation) of such a kind that the refraction is increased below 
(that is, on the red side of) the band and diminished above it. An analogy 
may be” traced here with the repulsion between two periods which frequently 
occurs in vibrating systems. The effect of a pendulum suspended from 
a body subject to horizontal vibration is to increase or diminish the virtual 
inertia of the mass according as the natural period of the pendulum is shorter 
or longer than that of its point of suspension*. This may be expressed 

* [1898. If ? be the displacement of the bob of the pendulum, whose length is i, ® the 
displacement of the point of support, the eijuation for ^ is 

dt^ 




Thus if X and ^ vary as cospt and 




For the reaction of the pendulum upon its point of support we have 
mg n^m d?x 


dt^ dt^ ' 


The effect of the pendulum upon its point of support is therefore the same as if the mass of 
the latter were changed from M to 

rihn 


M- 




i.e. in the ratio 


— {M+m)IM 
2)2 - 


In the optical application the vibrations are to be regarded as forced, so that p is given. If 
the medium, whose displacements are represented by x, be such that the square of the velocity of 
propagation is inversely as the density, the last written ratio gives the square of the refractive 
index of the medium (as altered by the pendulums) referred to its original state.] 
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by saying that if the point of support tends to vibrate more rapidly than 
the pendulum, it is made to go faster still, and vice versd. Below the 
absorption-band the material vibration is naturally the higher, and hence 
the effect of the associated matter is to increase (abnormally) the virtual 
inertia of the aether, and therefore the refrangibility. On the other side the 
effect is the reverse*. It would be difficult to exaggerate the importance of 
these facts from the point of view of theoretical optics ; but it lies beside the 
object of the present paper to go further into the question here. 

That a sufficient opacity is as competent as a high optical density to 
produce an abundant reflection is evident without any analysis. So long as 
the medium into which the light seeks to penetrate remains nearly at rest 
the greater part of the motion must be thrown back without any regard 
to the cause of the approximate quiescence. Whether the sluggishness 
be due to a great inertia or a correspondingly great friction is m this respect 
of no importance. In order, however, to account for the reflection from 
silver (90 or 95 per cent.) without opacity, a very high optical density would 
be required, much higher than we have any reason to think at all likely. 
On the other hand, we know that the opacity of metals to light is veiy 

great. 

In this connexion it is interesting to note that some, and probably many, 
non-metallic substances possess a quasi-metallic reflecting-power for dark 
radiation. De la Provostaye and Desains long ago remarked on the laige 
percentac^e of dark heat reflected from glass, which was much in excess 
of that calculated from Fresnel’s formulte with the known refractive index. 
The observation seems to have remained uninterpreted; but we cannot well 
be wrong in attributing the extra reflection to an opacity to the rays of 
dark heat, which, always great, rises somewhere in the spectrum to sue i 
a magnitude as to damp the entering rays within a few wave-lengths of t 
surfaL Nothing but direct experiment can mform^ us what substances 
are sufficiently opaque to exercise an abnormal reflection; for the stoppage 
of radiant heat by a plate of ordinary thickness may well be complete to 
sense and yet not sufficiently sudden to give any material assistance in 
reflection I am glad therefore to be able to refer to the experiments of the 
late Professor Magnus {Fogg. Ann. vol. cxxxix.), in which 
the proportion of heat reflected by plates of various substances, the incid 
radiLon being derived from moderately heated plates of the same or o 

a different material. 

Firat let ua see what fraction of the incident radiation (nnpolansed) 
would be reflected from the surface of a substance haTing a refractive mdex 
of 1-5— about that of glass. If B be the angle of moidence, and I th 

* See Sellmeier, Fogg. Ann, vol, oxlih. p. 272, 1871, 
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corresponding fraction, I find by calculation from Fresnel’s formula the 
following : — 


o 

II 

^=33° 

O 

II 

^ = 62° 

H 

11 

o 

o 

J=-042 

I=-050 

I=-100 


This is for one surface. If the plate be quite transparent, the reflection 
may he nearly the double of the above. Now for glass at an angle of 45 , 
Magnus found no smaller value of I than ‘084 ; and as this must be attributed 
almost, if not entirely, to the first surface, it is clear that something not 
taken account of in Fresnel’s theory must have come into operation. But 
by far the most remarkable result was with fluor-spar for the reflecting, 
and rock-salt for the radiating plate. The reflection at 33° was no less 
than -23, at 45° '242, and at 62° '335 ; and to this the second surface cannot 
contribute sensibly. Unquestionably therefore the reflecting-power of fluor- 
spar for a certain kind of dark radiation is greatly in excess of what can be 
accounted for without an extreme opacity— a result which is the more 
remarkable because for dark radiation in general fluor-spar is one of the 
most transparent things known*. The reflection from a plate of rock-salt 
was found to be much the same as from glass ; but here, I presume, we may 
consider both surfaces to be operative, in which case the result is normal ■]*. 
It is curious that opacity first diminishes the reflection from a plate, and 
then when extreme increases it again, and that without limit. 

The effect of opacity is represented mathematically by the introduction 
into the differential equation of a term proportional to the velocity. If we 
suppose that x=0 is the surface of separation, and that the vibrations 
are parallel to 0 and perpendicular to the plane of incidence xy, the differential 
equation in the opaque medium is 

' dt xdx"^ dy"^) ’ 


dx^ dy® 


where is a positive constant depending on the opacity, and D denotes 
the optical density. In the upper medium li = 0, and the equation is 

d^^__n 

K r K , dt^~D\dx^ dy^J ' 

Both h and U, are subject to extensive chromatic variations ; and the 
equations are therefore not to be regarded as general equations of motion 
applicable to all possible cases. It is probable, however, that they represent 

* [1899. The remarkable results in this direction recently found by Rubens are well known.] 
+ According to the experiments of Masson and Jamin, the transmission of a perfectly trans- 
parent plate is always about 92 per cent., whether the material be glass, rock-salt, or alum. This 
is in agreement with the calculation in the text, as about 8 per cent, would be reflected. 
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with sufficient, if not absolute, accuracy the laws of 
of plane waves of given period, provided that suitable ^ 

assumed. The boundary conditions according to Green and Can hy ( _ • 

Mag, August 1871 [Art. xi.]), expressing that there is no discon inui y m 

the displacement or strain, are 

d^ldoo=-d^,lda), 

when x^O. The system of waves is given by 

^ _ ^'gi{ax+hy+ct) ^ ^>'gi{-ax+by+ct) ^ 

^ ^ ^Uccix+hy+ct) ^ 

2iry 2ir 

a = ^coH9, l = — smfl, <! = —- — • 

The coeffieiente h. o are necessarily the same all 

r, r. £ “6 complex. The boundary conditions being *e^s^ame as 

transparent media, we have (PM. Ma^. August 1871) a + a, ‘ 

now a, is not real. In fact if n/P, = %. ™ obtain from the 

differential equations 

go ^ ^2 (^2 + c® - i hcJD, = 7^ (a,® + !>')> 

whence 

== i = ^2 (say). 

cj,2 ^ yi \ D,c) 

We see that a, is determined as a function of a 

sin/=/i-‘sinft we may use the forms previously investigated. 

From the physical interpretation of we se^tlM * puH « 

of ’great i-portanco^ For 

resulting from a displacement tend still further o mere 

The value of ya is Ee’'^, and at perpendicular incidence (6=0), 

^== + yu-, say 4-fi, 

a 

. • ‘NTnxxr Qinop the refracted wave is 

as the sign of g, is in^ our pow . ^ 

I pi{a,x+by-\-ct] -w^herein x is negative, we see th P 

r i'^ ’ 10 
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be positive, while the imaginary part is negative. The same is true of ; 
or, as E is taken positive, a lies between 0 and - Since, as we have 
seen, 2a is situated in the same quadrant, a must lie between 0 and - ^tt. 
The value of a is determined by tan 2a = - hjD,c. It vanishes with A, arid, 
on the other hand, when h : cD, is very great, approximates to - ^tt. In 
this extreme case the real and imaginary parts of are numerically equal ; 
the imaginary part is never the greater*. 

I have been thus particular bo examine the limits between which a may 
lie, because it appears to me that there is on this point a serious omission, 
not to say error, in Eisenlohr’s paper. In that investigation the necessity o 
a limitation on the magnitudes of the real and imaginary parts of does not 
appear, mainly because the author has assumed at starting expressions for 
the incident, reflected, and refracted waves without reference to the diiferential 
equations tacitly implied. To suppose, as he does for silver, that a = 83 , 
and therefore 2a = 166°, is tantamount to the assumption of a medium 
essentially unstablef. 

We may now proceed to transform the expression for the reflected wave 


r 


a — a 


a + a, 


In terms of 6,^ = tan 0/tan where sin6^, — ^sin6^. To simplify 

the expressions, it is convenient, following Cauchy and Bisenlohr, to intro- 
duce two auxiliary variables, defined by the equation 


= cos 6, = V(I - 


whence 


Thus 


cos 2w = 1 


cos 2a sin® 6 


c® sin 2u = 


sin 2 a sin® 0 


a, sin 0 

a cos 0 ' sin 0 cos 0 

H' - 

cos 0 + 


* I apprehend that this conclusion is not limited to the particular form of the differential 
equation -which has been assumed. Whatever that may he, will always consist of a real 
and an imaginary part, of -which the former cannot be supposed negative without compromising 
the stability of the medium. [1898. This conclusion applies in general only when the frequency 
of -vibration is very low. We have already seen (p. 142) that there are cases of finite frequencies 
for which is a real negative quantity. Compare Larmor, Phil. Trans, vol. oxo. p. 242, 1897.] 
t In Eisenlohr’s paper the incident wave travels in the direction of the positive x, while 
I here suppose the opposite. The change amounts to a reversal of the sign of c ; and thus, on 
Eisehlohr’s supposition, the real part of /j? ought to be positive and the imaginary part also 
positive; his result requires that the real part should be negative. 
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If this quantity be called P. and that obtained from it by changing the sign 
of i be called Q, 

where P — Q 

tancZ = v^p:pQ)- 

The intensity of the reflected light is therefore 


if 


cos® 6 - 2Pcpos 9 cos { u + a) + ^ /"y _ 

~ c^® 6 + cos 6 cos (u + a) + V 

, 2Pc/cos0 _r>na(i;.4-rt^.sin2tan" 


cos 6 


— 

d represents the change of phase; its tangent is given by 

/COS 6 \ 

tan d = sin (a + u) . tan 2 tan y • 

These are Cauchy's formulae for light polarised in the plane of incidence. 
At perpendicular incidence, 

e = 0, e, = 0, 0=1, 4t = 0, 

whence p + ff 1 

tan/= 2J{oosa~2oosa 


R + l). 


which may be expressed in terms of 7, and h by means of: 


P® cos 2a 


7/ 


a ’ 


7® h 

B>sin2«=--, 


In the case of metal the reflected light is alarge "b 

tan/ is considerable. This can only be when B is great; and then l/B 
is relatively small. Approximately therefore 

p 7 V (1 + h^jc^D,^) . 

2^a = 0^2 VP + V(1 + ’ 


or, if hjcD, is considerable, 


7 Vi j. Jl - 1 

V 7, 


tcD, 


nearly. 


Also 


7/7/ = V-^f/V^ ; 

and thus, when the opacity is so great that the reflected light is a large 
fraction of the whole, its intensity .will be 
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If we suppose that h is constant for the different waves of light, we find that 
the reflection is better and better the longer the wave, since c varies inversely 
as the period of vibration. Most metals, it would appear, reflect the red 
rays in greater quantity than the more refrangible, and dark heat better 

than any. 

The wave entering the metal is represented by ^,6^ or, on sub- 

stitution of its value for a,, 

^ JEsindO® ^ {JRcosaax+ct) ^ 

The velocity of wave-propagation is cjR cos a. a against c/a in air. Thus in a 
certain sense R cos a (that is, the real part of /x) may be regarded as the 
refractive index of the metal for the kind of light under consideration ; but 1 
wish to remark that great confusion has arisen in the use of the expression 
“refractive index” as applied to metallic or quasi-metallic bodies, the same 
name being given to quantities which, though coincident for transparent 
matter, may here differ, widely. 

Expressed in terms of 7, and h, 

i2 cos a = {1 + V(1 + ; 


or if A/cD, be very large, 
JR cos a 


■y 


which, we have seen, presumably increases with the period of vibration. In 
this approximation we have supposed that the influence of opacity is 
paramount, so that sin 2a = - 1, and 

E cos a = — E sin a = E/\/2. 

The wave-length within the medium may be taken to be 

on substitution of the value of c. Hence, if h be constant, the wave-length 
in the metal varies as the square root of the wave-length in air. The 
quantity here called the internal wave-length is that which physically best 
deserves the name; and it is connected with what we have called the 
refractive index by the usual relation. 

Internal wave-length, = external wave-length -r- refractive index ; 

but it must be remembered that, from an analytical point of view, the 
internal wave-length and refractive index are imaginary, being denoted 
by A -T- and respectively. 



LIGHT BY INTENSELY OPAQUE MATTER. 
The factor expressing the absorption is 


or, in terms of X', 


g— AainafliB — g— 27ra:/X..jRsina^ 
g— 2ira;/\'.tana 


where, it will be remembered, both x and tan a are negative, showing that, if 
a be constant, the penetration expressed in terms of V is always the same. 
In cases where the influence of opacity is overwhelming, tan a = — 1. 

In order to form an idea of the sort of magnitudes with which we are 
dealing, let us take silver — an extreme case. Exact measurements of the 
percentage of light reflected at perpendicular incidence are wanting (so far as 
I know) ; but De la Provostaye and Desains found in some cases a reflection 
of dark heat amounting to 95 per cent. Using this in our formula, we find 

jR + J^-i=2cosa. 39. 

Now, since cos a can never be less than 1/V2, it follows that IjR can be 
neglected in comparison with R ; and thus E = 80 cos a ; 

Ecosa = 80cos2a; E sin a = 40 sin 2a. 

If we further suppose that the great value of E is due to opacity, we may 
put cos a= l/\/2, and 

E = 40V2, Ecosa = 40, Esina = -40. 

Thus V = ■X/40 ; otherwise the ratio of X' : X is still smaller. 

For the metals it is probable that o£ the total reflection the ^ 

duo to onaoity ■ in other cases it often happens that the effect of opacity 
onfy a slilhT^^^^^^ of the reflection that would otherwise take place. 
Let us inquire what the strength of absorption must he. 

If p, denote the refractive index which the medium would possess m 
virtue of its density alone ( 7 / 7 /). we have 

h 

E^ cos 2a = sin 2a = - ^^5 

while the reflection is given by 

tan f— 1 

Reflection 

, 1 ^ _^Vcos2aV 

tan/ - 2 "^ ct \^R) 2 cos a \V cos 2a /^» ^ 

from which it appears that, when a is small, its effect depends 
On the other hand the fector representing the absorption 

g-27ra!/\. fisina^ or approximately e " j 
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in which the coefScient of c; varies as a. For instance, let a' = The 

effect on reflection would be insensible to ordinary observation, though the 
opacity is so great as to halve the Ught within a distance equal to the wave- 
length in air. Thus it is evident that, in order to aid in reflection, opacity 
must be very extreme. 

We have hitherto supposed that the reflection takes place at the bounding 
surface of the opaque medium and air ; but it is easy to adapt our formulae 
so as to express the result when the first medium, still supposed transparent, 
or at least not very opaque, has a refractive index ji different from unity. 
The only change required is to write for K Thus at perpendiculaj: 

incidence, o /t> /x 


tan/=— - + % • 

'' cos a\fjb JtiJ 

If the reflection be still so good as to allow of the neglect of the second term, 
we have 

tan /= -7 • 

The reflection when light strikes from glass on silver would be considerably 
less perfect than when the first medium is air.; in fact the percentage not 

reflected 

2 uf cos a 

So much for vibrations perpendicular to the plan4 of incidence. When 
we pass to the consideration of vibrations in that plane, we are embarrassed 
by difficulties of the kind met with in the theory of ordinary reflection, here 
presenting themselves in an aggravated form. If, following Green,^ we 
assumed the equations of motion applicable to elastic solids with the addition 
of terms proportional to the velocity to represent the frictional loss, and 
further supposed that the rigidity is the same in the two media, while the 
compressibility is indefinitely small, we should arrive at results differing only 
from his by the substitution of an imaginary for a real refractive index. 
But we know from experiment that Green’s results are not verified for 
transparent media without a modification of doubtful significance, and of 
magnitude increasing rapidly with p. It is therefore useless to attempt 
to apply Green’s results. The only other course appears to be to start from 
Fresnel’s tangent-formula, and transform that, as we have done the one 
involving sines, by the introduction of a complex refractive index (and 
angle of refraction). This is wffiat has been done by Cauchy and Eisenlohr. 
Following a process similar to that used for vibrations normal to the plane 
of incidence and with the same notation, we find that the intensity of the 
reflected light is represented by tan {g - \ir), where 

cot q = cos (a — w) . sin 2 tan“^ > 



-j^gj light by intensely opaque matter. 

while the change of phase d' is given by 

tan d' = sin (a - w) . tan 2 tan-^ (_B cos^) * 

However what we should most require for comparison with experiment 

relates to the reMive intensities and changes of ^ 

components; and these are directly obtained "hr by trans W 
Fresrfs corresponding expression* after the introduction “/ ^e Comdex 
refractive index. If the ratio of the amplitudes be called tan^, 


_j sim o 

cos 2y3 = cos (a + u). sin 2 tan ^ q 


tan {d' -d) = sin (a + u). tan 2 tan ^ q 

c and 11 being determined as before. Eisenlohr has compared these formuls 
with measurements made by Jamin relating to the so-called ^ 

of incidence (making d'-i equal to iir) and the “ 

amplitudes, and has deduced, as I have already remarked, ™ 
constants ivhich make the real part of negative, and 
admissible. Another ai-gument leading to the same conclusion is as follows. 

Consider a case in which is so considerable that o is sensibly equ^ 
unity and a to sere, or, in other words, so refractive that J 

alwavs sensibly parallel to the normal of the surface ; and let the incident 

ray strike the surface at that Particular 

0 and — Itt COS W iRRst be comprised between the limits / 

Now in order that the reflection may be perfect at all “ J^^^tly 

it is only necessary that the density or opacity or both shou 7 

arge; Ld thenL2^ must be sensibly equal to zero. A-id yet ft the 
foriulm under consideration were time, there won d always be a ceita n 
angle of incidence making the ratio of the two polarized components y 
different from unity-a state of things incompatible with a ne^ly c t 
^flection. I do not think that the faUure of the « 

in the nlane of incidence need cause surprise, when 

Fresnel^ tangent-formula, which forms the starting-point of the investigatioi , 

^^It veSten with Iransparent media, -d fers more and more 

the truth as the refracting-power increases. ^^0 failure of theory i^he 

more unfortunate, because the relative change of ph^e and 

tudes for the two polarized components are precis y ^ ^ T fmr 

adapld to e^perimLal measurement. As it is, we must conclude, I fear, 

■ ^ C OS ( g, + 0 ) ^ 

cos {e, - 0) ' 


PROPERTY OF 

mnmii iSTiioTE of technolos! 
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that the careful investigations of Jamin on the subject are at present un- 
available for the purpose of forming an estimate of the values of the density 
and opacity of the various metals. Experiments on the absolute reflecting- 
power of the metals for the different parts of the spectrum at perpendicular 
incidence would be valuable and probably easy ; but they do not appear 
to have been attempted. 

It has hitherto been supposed that there is no interruption in the con- 
tinuity of the metallic medium within such a distance from the surface that 
the intromitted wave is still sensible. This is a very different thing from 
assuming, as it has been asserted that the theory does*, that the reflection 
takes place entirely from the surface, if indeed such an assumption could 
have any meaning. When, as in the experiments of Quincke, the metallic 
layer is so thin as to transmit a sensible quantity of light, it is clear that the 
theory requires modification. If the media on the two sides of the metal 
are optically similar, a sufficient reduction of the thickness of the layer must 
at last result in a destruction of the reflection, just as with thin transparent 
plates. 

One of the most remarkable of Quincke’s results relates to the influence of 
a thin metallic layer on the phase of the transmitted light. In many cases 
the phase was accelerated so as to be in advance of what would correspond to 
a layer of air in place of the silver — an effect which, according to ordinary 
ideas, would imply a refractive index less than unity. However, it is not 
difficult to see that, in regard to the effect on the phase of the transmitted 
wave, the influence of opacity is altogether different from that of density. 
According to a method used by me in the investigation of the light scattered 
from very small particles (as in the sky)t, we may suppose that the incident 
wave passes on undisturbed, if suitable forces are imagined to act on the 
aether in the metal in order to compensate for the alteration of optical pro- 
perties. In the case when the thickness of the metallic plate is small 
compared to the internal wave-length, this point of view possesses con- 
siderable advantages, and gives a clear insight into the peculiarities of the 
question. The forces which we must suppose to act in the region of the 
metallic layer divide themselves into two groups — one dependent on variation 
of density, and the other on opacity. The first set correspond in phase with 
the acceleration of the sether, the second with the velocity. There is thus a 
difference of a quarter of a period. In my former paper I showed that 
the effect of a force acting at any point is to produce at another, distant r 
from it, a disturbance whose retardation relative to the force is r simply. 
In our case each particle of the plate must be considered to be a centre from 
which a disturbance emanates ; and it will readily appear that the phase due 

* Wiillner, Lehrbuch der experimentalen Pliysih, vol. n. p. 471. 

i' Fhil, Mag. February 1871. [Art. viii.] 
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}o the whole system of forces is just a quarter of a period behin a 
wiTesponding to that elemeat of disturbance which suffers least retardation. 

[n fact if we divide the whole plate into Huyghens’s zones, we know that the 
effect of the whole is the half of that of the first zone. Now the phase of 
the disturbance due to the first zone is the mean between that 
to its centre and circumference, of which the latter is half a period behind 
the former. Thus the wave produced by the set of forces due to the altera- 
tion of density is a quarter of a period behind the direct wave which has been 
supposed to pass through undisturbed. The effect of the disturb^ce is 
accLingly a maximum on the phase (calculated without allowance for the 
metallic^plte). and a minimum (to the order of W—o - ^ 
sidered, vanishing) on the intensity. It is just the opposite with the second 
vroup of forces due to the opacity, which are originally a quartei of a Pif)™ 
Lhind the first. The disturbance due to them will be half a penod behind 
the direct wave with which it has to be compounded, and therefore produces 
a maximum effect on the intensity and a mnUMnff one on the phase ^ A very 
thin film can produce no effect on the phase of the transmitted hght in virtue 
of its opacity, however great, but acts just as if it were depiived of it 
absorbent power and reduced to the condition of an ordmary transparent 
plate. Of course this does not explain the acceleration of phase found by 
Linoke ; but it shows at least that we must be prepared to distinguish 
between the effects of density and opacity, though these are in the same 
direction so far as regards the magnitude of the reflection &o. 

Let us then consider analytically the behaviour of a thin metallic plate 
when light is incident normally upon it. Above let the disturbance be 


below the plate, 


gi(a»+ot) ^ j 


In the interior we must introduce both kinds of exponentials, in order to 
represent the reflection from the second surface. Thus 


w _ A>„iia,x+et] J,{—aix-\rct) 


where a, = yaO' RS before. 

The conditions to be satisfied are the continuity of f 
two surfaces of separation, viz. when a; = 0 and when a; = - 
simple equations for the determination of .B,, ^ , ^ 2 - 

A', B', we obtain 

i sin fiaS 

cos fJbaB + + 1) sin /laS ’ 


and d^/di3G at the 
8, which give four 
On elimination of 


"" cos fia8 + {fjd + ^ sin i^al ' 
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These expressions contain the ordinary results for transparent plates. Con- 
sidering fi realj the reflected wave is 


(/A^ — 1) sin fia^ 


where 


cos® fjuaS + d- 1)' sin2 fiah 


J, i-ax+ct+e) 

C ) 


tan e = — 


2/a 


tan fxaB. 


Similarly the transmitted wave is 

1 


where 


Vcos*" fjuaB + + 1)V/^" • sin" 


fc > 


— — tan aaS. 

2/6 

If fjLaS be very small, the expression for the wave becomes approximately 

gt{aa:+c4-i(/x“-i)aS}_ 

In this case there is no loss of intensity in the transmitted light, and the 
retardation is ~ 1) 

But if /6 be complex (equal to 




— — 1) i sin (Me^’^aB) 

2Re^ cos (Re^'^aB) + i + 1) sin (Re^'^aB) ' 


The intensity of the reflected light is to be found by multiplying B, by the 
quantity derived from it by changing the sign of i. The numerator of the 
resulting fraction is 

{R^ - cos 2a + 1) sin (Re^'^aB) sin (Ee"^“ aB). 

The product of sines is the half of 

cos [2JR sin a . mS) — cos {2R cos a . aB] 

— ^ ^e 2 JKsina.« 6 _j. g-JSsina, aS| _ QQg |2i^ COS a . a8}. 

We may infer that the intensity of the reflected light is nearly proportional to 

2 cos { 2R cos g. 

^ gSRsina.aS _j_ g— 22Jsina. aS ’ 

For transparent media the sum of exponentials reduces to the constant 2, 
but for opaque media it increases rapidly with 8. After the first, correspond- 
ing to 8 = 0, the minima are no longer zero, and soon all fluctuation becomes 

insensible. 

Another effect of the exponential terms is to displace the position of the 
maxima and minima with respect to 8. They tend to occur earlier than they 
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otherwise would do. In our ignorance of the values of the constants it 
seems hardly worth -while to follo-w the result more minutely. 

The transformation of A, when is complex leads to a long expression ; 
and I will therefore confine myself to the particular case of a very thin layer, 
whose thickness does not amount to more than a small fraction of the wave- 

length. 

Let the reduced expression for the transmitted wave he 
j_^^iiax+ct) — (amplitude) 

Then ^ is given by the equation 

D'-D 

tane - 

if we denote the denominator of the expression for A, by D, that derived 
from it by changing the sign of i by D'. Now 

r) _ 1 _ q. 1 + cubes in S, 

JJ - L 2 ^ 2 


D' = l 


R^e q.. cubes in 8 ; 


. _ jf)' _ J) = R'^a'^BH sin 2ot — iciB (1 + cos 2a), 
D' A D = ^- B?o?B>^ cos 2a - R^ sin 2a . aB ; 


tane' 


- a8 (1 + B? cos 2a) + B? sin 2a . 

’ ■ 2 - R^ cos 2a . d^B^ - R' sin 2a . a 6 


aBCl+R"^ cos 2a) 
2 


R^ sin 2a . 0-8 / . 

1 + 2 -- (^ 4 - 


1 + R^ cos 2a 


As a first approximation, 

q' — — -1^018 (1 + cos 2a) *, 
and the transmitted wave is 

(ampUtude) 

so that the retardation is i {R‘ cos 2a - 1) S, iudependent of the opacity, as 
we have already seen it ought to be. 

The second term in the approximate value of c' has a conteary effect 
to I fireXause sin 2a is neW- Moreover sin 2a is — 

This mav account for the acceleration of phase observed by Quincke thoug 
I this elation be correct, there m^t always be - 

•film iq thin enough It may happen that, m virtue of the great opacmy ^ 
s^^e'its Xination by a rLction of the tlncknees -y 
without at the same time bringing the retardation due to y 

point at which it could be detected. 
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Postscript . — Since the above was written there has appeared a paper by 
O. E. Meyer, entitled “An Attempt to account for Anomalous Dispersion of 
Light” in which the author arrives at an expression for the refractive 
index equivalent to that found above as the value of B cos a, namely 

E cos a = {1 + V(1 + . 

Oonsidering h constant, he sees in this an explanation of anomalous dis- 
persion, inasmuch as Rcosa increases with A, (cocA“^). In this view I 
cannot at all agree. Meyer seems to have overlooked the fact that h (in his 
notation «), the constant of opacity, is subject to enormous chromatic 
variations, in comparison with which those of A may be treated as quite 
insignificant. But this is not all. It has been laid down by Kundt as 
the result of his observations — and a very remarkable and suggestive result 
it is — that the anomalous effect is not confined to those rays which are 
intensely absorbed. Probably indeed the effect vanishes at that part of the 
spectrum which corresponds to the centre of the absorption-band, where, 
according to Meyer’s formula (though not his interpretation of it), it should 
be a maximum. I have already indicated what appears to me to be the true 
mechanical character of the phenomenon by an illustration derived from 
ordinary dynamics. The mathematical analysis of the problem referred to, 
which turns up in almost all branches of physics dealing with vibrations, 
is well known and therefore need not be given heref. 

* Fogg. Ann. vol. oxlv. p. 80, translated in FMl. Mag. vol. xlhi. p. 295. 

t [1899. See footnote on p. 142. I have lately discovered that Maxwell had (earlier than 
SeUmeier) considered the prohlem of anomalous dispersion. His results were given in the 
Mathematical Tripos Examination, Jan. 21, 1869 (see Cambridge Calendar for that year), and 
they may have been in my mind when the text of this paper was written.] 
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t PEELIMINABT note on the EEPRODUCTION of DIF- 

I FEAGTION-GEATINGS by means of PHOTOGEAPHT. 



[Proceedings of the Royal Society, Vol. xx. pp. 414-417, 1872.] 

Doking the last autuma and winter I was much engaged with e^eri- 
ents on the reproduction of gratings hy means of photography, and met 
ith a considerable degree of success. A severe illness has prevented my 
arsuing the subject for some months, and my results are m consequence 
ill far from complete ; hut as I may not be able immediately to resume my 
raeriments, I tHnk it desirable to lay this preliminary note before the 
;oyal Society, reserving the details and some theoretical work connected 
dth the subject for another opportunity. 

It is some years since the idea first occurred to me of taking ^^vantage 
f the minute delineating power of photography to reproduce with facii y 
he work of so much time and trouble. ,I thought of constructing a grating 
n a comparatively large scale, and afterwards reducing 
:amera to the requh-ed fineness. I am now rather inclined to think that 

lothing would beVi-d by this course, that the ' 

1 given number of lines and with a given accuracy would not be grea% 

acilitated by enlarging the scale, and that 

iraphic or other lenses are capable of the work that would be lequiied of 
bhem. 

However this may be, the method that I adopted is^ better in every 
respect except perhaps one. Having provided myself with a grating by 
Nobert with ^3000 lines ruled' over a square inch, I printed from it on 
fen“ ety plates in the same way as transparencies for the lantern are 

usually printed from negatives. 
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In order to give myself the best chance of success, I took as a source of 
•light the image of the sun formed by a lens placed in the shutter of ^ a dark 
room. I hoped in this way that, even if there should be a small interval 
between the lines of the grating and the sensitive surface, still a shadow 
of the lines would be thrown across it. Results of great promise were at 
once obtained, and after a little practice I found it possible to produce 
copies comparing not unfavourably with the original. A source of un- 
certainty lay in the imperfect flatness of the glass on which the sensitive 
film was prepared, though care was taken to choose the flattest pieces of 
patent plate. The remedy is, of course, to use worked glass, which is 
required in any case if the magnifying-power of a telescope is to be made 
available. 

Almost any of the dry processes known to photographers may be used. 

I have tried plain albumen, albumen on plain collodion, and Taupenot 
plates. The requirements of the case differ materially from those of ordinary 
photography, sensitiveness being no object, and hardness rather than softness 
desirable in the results. After partial development, I have found a treatment 
with iodine, in order to clear the transparent parts, very useful. In pro- 
ceeding with the intensifying, the deposit falls wholly on the parts that are 
to be opaque. It is more essential that the transparent parts should be 
quite clear than that the dark parts should be very opaque. 

The performance of these gratings is very satisfactory. In examining 
the solar spectrum, I have not been able to detect any decided inferiority 
in the defining-power of the copies. With them, as with the original, the 
nickel line between the D’s is easily seen in the third spectrum. I work in 
a dark room, setting up the grating at a distance from the slit fastened in 
the shutter, and using no collimator. The telescope is made up of a single 
lens of about thirty inches focus for object-glass, and an ordinary eyepiece 
held independently. I believe this arrangement to be more efficient than a 
common spectroscope, with collimator and telescope all on one stand; at 
any rate, the magnifying-power is considerably greater, and it seems to be 
well borne. 

I have also experimented on the reproduction of gratings by a very 
different kind of photography. It will be remembered that a mixture of 
gelatine with bichromate of potash is sensitive to the action of light, 
becoming insoluble, even in hot water, after exposure. In ordinary carbon 
printing the colouring-matter is mixed with the gelatine and the print is 
developed with warm water, having been first transferred so as to expose 
to the action of the water -what was during the operation of the light the 
hind surface. In my experiments the colouring-matter was omitted, and the 
bichromated gelatine poured on the glass like collodion and then allowed 
to dry in the dark. A few minutes’ exposure to the direct rays of the sun 
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then sufficed to produce such a modification under the lines = 

that, on treatment with warm water, a copy of the ongma P ^ 
capable of gmng hriUiaut spectra. In these gelatme-^atinga p 
alike transparent, so that the cause of the peculiar effect must lie in an 
alternate elevation and depression of the surface. That this is the case may 
be proved by pressing soft sealing-wax on the grating, when m impression 
appears on the wax, giving it an effect like that of 
known that the effect of water on a gelatine print is to make the P"*® 
parts project in consequence of their greater absorption, but it might have 
been expected that on drying the whole would have come flat “ “ 

difficult to say exactly what does happen; and I am no even ^ , *■ 

the part protected by the scratch on the original is raised or ^ ^ 

can scarcely be actually dissolved away, because the uppermost l^er 
have become insoluble under the influence of light. I do not at present 
my way to working by transfer, as in ordinary carbon printmg. 

I have not yet been able to reduce the production of these gelatine- 
'■gratings to a certainty, but can hardly doubt the possibility o oing so. 
One of two of considerable perfection have been made, capable of shomng 
the nickel line between the fl’s, and giving spectra of peater ^ngW^ess 
than the common photographs. Not only so, but the gelatme “Pyj^P 
even the original in respect of brightness. The reason is that, on acc^t of 
the broadening of the shadow of the scratch, a no ore avoura 
established between the breadths of the alternate parts. 

Theory shows that with gratings composed of alternate transparent and 
opaque parts the utmost fraction of the original light that can I'® 
trated in one spectrum is only about and that this appens m 
spectrum when the dark and bright parts are equal. But if f 

opaque bar stopping the light, a transparent bar capable of 
light by half an undulation can be substituted, there would be a fourfold 
increase in the light of the first spectrum. I accoi^ingly anticipa ® 
gelatine-gratings are likely to prove ultimately the best, i 
of their production can be sufficiently mastered. 

With regard to the application of the photographs, I need not say much 
at present; it is evident that the use of gratings would become more gener 
if the cost were reduced in the proportion, say, of 20 to 1, more par icu y 
there were no accompanying inferiority of performance. 

The specimens sent with this paper are both capable of showing the 
nickel line and give fairly bright spectra, but they must not e suppose 
to be the limit of what is possible. From their appearance under 
microscope I see no reason to doubt that lines 6000 to the inch can be 
copied by the same method, a point which I hope shortly to put to le 
test of experiment. 



ON THE APPLICATION OF PHOTOGRAPHY TO COPY 
DIFFRACTION-GRATINGS. 

[British Association Report, 1872, p. 39.] 

Gheat interest has always attached itself to the beautiful phenomena 
discovered by Fraunhofer, which present themselves when a beam of light 
falls on a surface ruled with a great number of parallel and equidistant lines. 
Their unexpected character, the brilliant show of colour, and the ready 
explanation of the main points on the principles of the Wave Theory 
recommend them to all, while the working physicist recognizes in them the 
key to the exact measurement of wave-lengths, which has been so splendidly 
used by Angstrom and others. 

The production, however, of gratings of sufficient fineness and regularity 
is a matter of no ordinary difficulty. Indeed the exactness required and 
obtained is almost incredible. The wave-lengths of the two sodium lines 
differ by about the thousandth part. If in two gratings, or two parts of the 
same grating, the average interval between the divisions differed by this 
fraction, the less refrangible sodium line of one would be superposed on the 
more refrangible corresponding to the other. In point of fact the gratings 
ruled by Nobert of Barth, to whom the scientific world has been greatly 
indebted, are capable of distinguishing a difference of wave-length probably 
of a tenth part of that above mentioned. But in order that the D-lines may 
be resolved at all, there must be no average error (running over a large part 
of the grating) of part of the interval between consecutive lines. When 
it is remembered what the interval is (from to of an inch, or even 
less), the degree of success which has been reached seems very remarkable. 

A work requiring so much accuracy is necessarily costly the reason, 
probably, why gratings fit to be used with the telescope for the purpose of 
showing the fixed lines are comparatively rare. The hope of being able to 
perfect a process for the reproduction of gratings at a comparatively cheap rate 
has induced the author to return at the first opportunity to the experiments 
described in a Preliminary Note read before the Royal Society in June last. 
Although the subject is as yet by no means exhausted, the author thought it 
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worth while to bring before the Association an account of the progress that 
has been made, with specimens of the results. 

The method of procedure is very simple. A dry plate prepared by any 
photographic process on a flat surface of glass, or other transparent material 
not affected by the fluid media employed, is brought into contact with the 
ruled surface of the grating in a printing-frame, and exposed to light. In 
the author’s first experiments he used exclusively as a source of light the 
image of the sun in a lens of short focus placed in the shutter of a darkened 
room ; but so small a source is not necessary. The light from the clouds or 
sky reflected by a mirror through a hole several inches in aperture will be 
sufficiently concentrated if the frame be a few feet distant. The author has 
not as yet specially investigated the point, but he believes that if the light 
were too much diffused, the experiment would fail. Much would, no doubt, 
depend on the perfection of the contact — an element very likely to vary. 
The variable intensity of diffused daylight, which it is almost impossible 
to estimate with precision, has induced him to use exclusively in his 
later experiments with ordinary photographic plates the light of a mode- 
rator lamp. This, with globe removed, is placed at a distance of 1 or 2 
feet from the printing-frame, the distance being carefully measured. 
Working in this way there is little difficulty in giving consecutive plates 
any relative exposure that may be required. A collateral advantage is 
the possibility of operating at any time of the day or night. 

With regard to the preparation of the plates, the author has latterly been 
using the tannin process introduced by Major Russell. A preliminary 
coating with dilute albumen is generally advisable, as any loosening of 
the film from the glass must be avoided on account of the distortion 
that it might introduce. In some states of the collodion an edging of black 
varnish put on after the exposure is sufficient to hold the film down. The 
glasses, after being coated with collodion (Mawson’s was ^Bed) are iinmemed 
as usual in the silver bath, and then allowed to soak in distilled water, best 
contained in a dipping-bath. They are then washed under a tap for about 
half a minute, and put into the tannin solution (about 15 giams to t e 
ounce) held in the author’s practice, in a small dish. The author usually 
ririlt plates in the evening, standing them up to dvy on hlottmg 
paper. In thf morning they are in a fit state for use. Artificial heat might 
no doubt be used if a more rapid drying were desired. • j • r 

At a distance of about 1 foot from the lamp the 
nr five minutes. The development is the most critical part of the process. 
The pyrogallic solution should contain plenty of acid (acetic or “^ 10 ), “di^ 
actiof must not be pushed too far-the f^h 

accustomed to negative work is most likely to make 
snectra siven by a candle-flame are not very brilliant, on account o 
loMe of silver still covering the parts which are to be transparent. Any 
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trace of fog is especially to be avoided. The author has experienced 
advantage in many cases from a solution of iodine in iodide of potassium 
applied to the film previously to fixing ; but its action must be carefully 
watched, or too much silver will be converted. The iodide of silver is then 
cleared away with hyposulphite of soda or cyanide, followed by a careful 
washing under the tap. 

With regard to the gelatine copies, the author has not much to add to 
the account read before the Koyal Society. The process is very simple and 
some of the results very perfect, but he has not hitherto succeeded in 
sufficiently mastering the details. Plates apparently treated in precisely the 
same manner turned out very differently. That difficulties should arise is 
not very extraordinary, considering the novelty of the method ; but it is 
curious that some of the very first batch prepared are among the best yet 
produced. The value of the results is so great that the author has no inten- 
tion of abandoning his attempts, and perseverance must at last secure 
success. 

The author then said a few words about the performance and prospects of 
the new copies. Their defining power on the fixed lines in the solar spectrum 
is all that could be desired, being, so far as he can see, in no way inferior to 
the originals. In the third spectrum the 3000 to the inch gratings show the 
line between the D’s, if the other optical arrangements are suitable. The 
fourth line of the group 6 is distinguished with the utmost ease. The 
author is not sufficiently familiar with spectroscopic work to make an exact 
comparison, but presumes that two prisms of 60° at least would be required 
to effect as much. The author is here speaking of photographs on worked 
glass. With ordinary patent plate, although very good results may be 
obtained if tested by the naked eye only, it is a great chance whether the 
magnifying power of a telescope will not reveal the imperfect character 
of the surface. 

With direct sunlight the light is abundantly sufficient ; but it is here 
in all probability that the weak point of gratings lies. It should be 
distinctly understood that where light is deficient gratings will not compete 
with prisms. There are cases, however, where the scale might be turned by 
the opacity of all highly dispersive substances to the rays under examination. 
Even if glass be retained as the substratum, it may be used in a very thin 
layer, while prisms are essentially thick. The immense advantage of a 
diffraction-spectrum for the investigation of dark heat need not here be 
insisted on. Taking all things into consideration, it is probable that photo- 
graphed gratings will supersede prisms for some purposes, though certainly 
not for all. 

The specimens exhibited by Mr Ladd are copies of two gratings by 
Nobert, each of a square inch in surface, the one containing 3000 and the 
other 6000 lines. The latter cost about £20. 



ON THE DIFFRACTION OF OBJECT-GLASSES. 


[Astron. Soc. Month. Not. xxxiii. pp. 59—63, 1872.] 

In observing the Sun with a telescope astronomers have to adopt some 
device in order to obviate the injurious effects which the intense light 
and heat would otherwise have on the eye. The most obvious way of doing 
this would be to contract the aperture of the object-glass, until the amount 
of light was reduced to within the necessary limit. But, as is well known, 
such a course cannot be followed without an enormous sacrifice of definition. 
The image, in the focus of the object-glass, of a mathematical point is a patch 
of light surrounded by rings, the dimensions of the system for a given wave- 
length varying inversely with the diameter of the lens. If this be reduced 
by a diaphragm, the patches dilate, those whose centres are within a small 
distance overlap, and the resolving power of the telescope suffers. 

It has occurred to me that the result would be quite otherwise if, instead 
of the marginal, the central parts of the glass were stopped off, so that the 
light, coming from the lens to the focus, formed a hollow cone of rays. In 
this case bhe peculiar advantage of a large aperture would not be lost, whi e 
any imperfections arising from outstanding spherical aberration would be 
much diminished. 

The general dependence of the diffraction phenomena which occur at 
the focus of a telescope on the aperture and wave-length may he explained 
without mathematical analysis. Consider the centre of the image given by a 
well-corrected object-glass, as illuminated by secondary waves coming from 
every part. Since the phases of all these elements agree at the pomt m 
question, the illumination is a maximum, and vanes as the sjmi-c of the 
area of the object-glass. Now take a neighbounng point in the focal plane. 
If the difference of its distances from the nearest and furthest point o t e 
lens be but a smaU fraction of the wave-length W of the light, the illumination 

11—2 
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must be sensibly the same as before. The distance which it is necessary to 
go from the centre, in order that the illumination may be diminished in a 
given proportion, will evidently vary directly with \ and inversely with the 
diameter of the glass. If, then, we cover up the edge of the glass, the image 
of a point dilates, but ncf such effect ensues if we obstruct the central parts. 

Another point seems to deserve a passing remark, Eed glass is, I 
believe, often used to diminish the solar glare. From an optical point of 
view, this is the worst that could be chosen, for the ring system, being 
proportional to X,, is the largest for red light. The wave-lengths for the 
fixed lines G and F are in the ratio 655 : 486. The substitution of a 
green-blue light for red would therefore be equivalent to an enlargement 
of about one -third in the diameter of the object-glass. 

My immediate object in the present communication is, if possible, to 
induce some astronomer in possession of a good telescope to make a few 
observations on the defining power of an object-glass provided with a 
central stop. The subject might be either the Sun himself, or as in 
Foucault’s experiments (Yerdet, Legons d’Optique Physique, tom, I. p. 308), 
a scale illuminated by sunlight and placed at a sufficient distance. Any 
results that might be obtained could not fail to interest physicists 
generally. 

I append a mathematical statement of the two most contrasted cases, 
namely, (1) when the object-glass is completely uncovered, (2) when a 
narrow marginal rim is alone left to act. 

Let dl denote the ‘ amplitude of the vibration corresponding to a ring 
{^TrRdR) of the object-glass at a point whose distance from the centre of the 
image subtends at the lens an angle 6. Then, if a; = 27r sin 6 Rf\, 

dl = ^TvRdR . Jq{oc), 


where 


1 r 

= - I cos (cc cos 6) dd>, 
TT J 0 


is the Bessel’s function of zero order. 

For the complete aperture from 0 to R, we have 


rJd 

I = 27r I RdRJo (27r sin 6 R/\). 
J 0 


The intensity is represented in the two cases by the squares of dl and J. 
The expression for I may be written 



/ = oodxJ,{x). 

00^ U ^ 
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Now, differentiation being denoted by accents, Jo(oc) satisfies the 
equation 

Jo" + -Jo+Jo = 0, 


X 


whence 


1“ xdLxJ^ {x)= - dx [« Jo' + ‘^o'l = - ^ ’ 


so that 


I^-'rrR\ 


2J:{x) 


or since JJ (x) — — Ji {x), 


I=7rB? 


2 Ji (x) 


The intensities in the two cases are accordingly m the ratio 

{2x-^JA^)Y • 

Let us consider first the positions of the dark rings. Their radii are 
given by the roots of the equations J^{x) = 0 and Jo (x) = 0. 

In case (2) [Jo («?) = 0} the values of a? corresponding to the dark rings are 
2-41, 5'62, 8-66, 11‘8, 14-9, 181, &c., 

being ultimately of the form (m - i) ’r for the mth dark nnfr These are for 
the pattern given by the marginal rim alone. For the whole lens we require 
the roots of Ji (x) = 0, which are 

3'83, 7*02, 1017, 13'3, 16’5, 19*6, &c., 

the mth being ultimately (m + i) w. So for the advantage Ues ^ 

case (2). If the sise of the image be regarded as the space included within 

the firL dark ring, the rim above gives a smaller image than the whole 

• 4.U f nf 9-4(1 • ^'83 or about 1 • 1*6. From Foucault s experiments 

lens in the ratio of 2 41 ; 3 or aDOUL .i . x o. far 

(see Verdet) it would appear that the effective image does not extend so t 
as even to the first dark circle. Something, however, may depend upon the 
distribution of brightness. The functions 2(r 'J-.W, 

values when .= 0 , and are then both equj^^^ 

the first are less for 2x ^Ji{x) than toi JoW* F 

of [J,(x)Y are given by the equation J.{x) = 0, and are the same as those 
just found for the vanishing of {2x ^Ji{oo)Y- 
Corresponding to the values of x, 

3*83, 7*02, 1017, &c., 

we have for (x) without regard to sign 

•403, *300, *260, &c. 
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The squares of these give the maxima illuminations. To find when 
is a maximum, we have by differentiation, 

Ji' {ob) — x~^Ji (x) = 0. 

But by a property of these functions, 

Ji{x)= x-^Jx (x) - (a?) ; 

and therefore our conditions are simply J^{x) = 0, 

This gives for x approximately 

5T, 8-4, 11-6, &c., 

the series being ultimately the same as for J^ix), so that the (m — l)th 
root is (m — |) tt. 

The corresponding values of (^r), without regard to sign, are 

•13, -064, -040, &c. 

For convenience of comparison I have drawn up a table of the maximum 
intensities, and of the places where the maxima and minima occur in 
the two cases. The calculations were made by means of the tables of Bessel’s 
functions computed by Hansen (Lommel, Studien ueher die Bessel schen 
Functionen). 


i 

Whole Lens 

Marginal Rim 


X 

Intensity 

X 

Intensity 

''iat max. 

Isii min. 
2nd max. 
2nd min. 
3rd max. 
3rd min. 
4tli max. 
4tlx min. 

0-00 

3-83 

61 

7*02 

8-4 

10- 17 

11- 6 
13-3 

1-0000 

0-0000 

0-0170 

0-0000 

0-0041 

0-0000 

0-0016 

0-0000 

0-00 

2- 41 

3- 83 

6- 52 

7- 02 

8- 66 

10- 17 

11- 8 

1-000 

0-000 

0-160 

0-000 

0-090 

0-000 

0-057 

0-000 


P.8. Since the above paper was written, Mr Dunkin has called my 
attention to a paper by the Astronomer Royal on " The Diffraction of an 
Annular Aperture” (Phil. Mag., Jan. 1841), with which I was previously 
unacquainted. The purport of the two papers is, however, quite different. 
My object was not to solve a problem in physical optics, but to direct the 
attention of the possessors of telescopes to the theoretical consequences of 
using a central stop, and to suggest that its application may possibly be 
found advantageous in observations where light would otherwise be in excess. 
There is no pretence of originality in the mathematics j indeed, the solution 
of the problem for an annulus is a [usual] step in the treatment of the 
question of a lens with full aperture, the details of which are well known. 
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AN EXPERIMENT TO ILLUSTRATE THE INDUCTION ON 
ITSELF OF AN ELECTRIC CURRENT. 



[Nature, vi. p. 64, 1872.] 


It is well known that the sudden development of a current m a conductor 
is opposed by an influence analogous to the inertia of ordmary matter. A 
powerful movement of electricity cannot be suddenly produced ; neither can 
it be suddenly stopped. One consequence is that a periodic interruption 
of a circuit in which a constant electromotive force acts is sufficient, when 
the self-induction is great, to stop all sensible current, even although the 
interruptions themselves may be of very short duration. Before any copious 
flow can be produced the circuit is broken, and the work has to be begun 
over again. Whether in any particular case the influence of self-induction is 
paramount, or not, will depend also on the resistance of the circuit, and on 
the rapidity of the intermittence. The magnitudes which really come into 
direct comparison are the interval between the breaks, and the time whic 
would elapse while a current, generated in the circuit and then left to itselt, 
falls to a specific fraction (such as one half) of its original magnitude, in 
ordinary cases the duration of transient currents is but a small part o± a 
second of time, so that, in order to bring out the effects of self-induction, 
the breaks must recur with considerable rapidity. 


There is, however, one remarkable exception to the general rule, whic 
occurs when, alongside of the principal coil to which the sluggishness is due, 
there exists an independent course along which the electricity can circula e. 
For instance, suppose that a coil with two wires, such as is often used^ or 
electro-magnets, is so arranged that one wire is included in the principal 
circuit, while the ends of the other are joined. The effect of the second 
circuit is then to neutralise the self-induction of the first, and so to increase 
largely the current that passes through it. Let us trace the progress o 
the phenomenon; supposing that the first circuit has been closed for a 
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sufficient time to allow of tlie development of the full current which can 
be excited by the actual electromotive force. 

The moment the rupture is complete, the current in the first wire must 
stop, but another of the same magnitude and direction is at once developed 
in the neighbouring circuit. In fact, in virtue of its inertia, the electrical 
motion tends to continue with as little change as possible, a result which 
is attained in great degree by the formation of the second current to fill 
the place of the first. In a short time the induced current would diminish 
and become insensible under the operation of resistance (analogous to ordi- 
nary friction); but we are supposing that before this takes place to any 
considerable extent the contact is renewed, and the electromotive force again 
begins, in the first circuit, to push the electricity on. It is now that the 
peculiarity of the arrangement manifests itself The current instantly 
transfers itself back again to the first circuit, which thus, without any delay, 
has the advantage of the full current which the electromotive force can 
sustain. If it had not been for the second circuit and its current, the develop- 
ment in the first would only have been gradual, and by supposition so slow 
that it would be checked by another interruption before any considerable 
progress could be made. In short, the self-induction of the principal circuit 
is virtually destroyed*. 

In my experiment the principal circuit consisted of a Smee cell and one 
wire of a coil belonging to a large electro-magnet, and which I may call Ai. 
The interrupter was a tuniug-fork, arranged after Helmholtz, and set into 
regular vibrations of about 128 per second by an independent current and 
battery. The fork itself was forged by the village blacksmith, and the whole 
affair was home-made. Across one prong was placed a sort of rider of copper 
wire, dipping on either side into a mercury cup, and so arranged that during 
the vibration its ends should enter and leave the mercury, thereby establishing 
and interrupting the continuity of the circuit. The current was measured by 
means of a short-wire galvanometer whose electrodes were connected with 
two neighbouring points of the circuit in such a manner that a small but 
constant proportion of the entire current passed through the instrument. 
The second wire of the coil A^, which is similar to the first and put on with 
it, formed the second circuit, when its ends were joined by a short wire. In 
order to increase at pleasure the effects of induction, iron wires or rods of 
about a quarter of an inch in diameter were provided, whose insertion in 
the coil materially increased the decisiveness of the result. 

In the first place, the deflection produced on the galvanometer when 
' the circuit was permanently completed was 58°, which to fell 39° when the 

* Mathematicians familiar TOth the theory of electricity will follow this by putting the three 
induction coefficients (in Maxwell’s notation, L, M, N) equal, and the resistance of the second 
circuit, S, equal to zero. 
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interrupter was at work, the circuit of ^ 2 being open, and without iron. On 
closing A, the deflection rose to 46°. A, was again opened, and one iron 
wire introduced, which gave 30°. Two wires gave 25°, while the introduction 
of thirty reduced the deflection to 12°. Again closing A„ the reading was 
43° raised to 44° only by the removal of the iron. It was clear that tlie 
second circuit almost secured the first from the influence of induction which 
otherwise greatly reduced the electrical ckculation. I may^ add that tire 
arrangement was very efficient, the galvanometer needle remaining perfectly 
steady, so that the readings could be taken with ease and accuracy. 

Another experiment made at the same time (about two years ago) rnay 
he noticed, if only for its contrast with the preceding. The coil being 
removed from the main circuit, was included in the branch with the galvano- 
meter, as shown in the figure. Here neither the insertion of iron nor the 

COIL 


GALVANOMETER 

closiug of A, made any difference ; the circuit containing the coil remaining 
always closed whatever might be the condition of the other.^ In such circum- 
stances the average current indicated by the galvanometer is independent ot 
the self-induction of the coil, varying only with the resistance in the branc , 
and with the average difference of potential at the points of derivation. 



SOME GENERAL THEOREMS RELATING TO VIBRATIONS. 

[Proceedings of the London Mathematical Society, Vol. iv. pp. 357 — 368, 

1873.] 

This paper contains a short account of some general theorems, with 
which I have lately become acquainted during the preparation of a work 
on Acoustics. As they seem to possess considerable interest, I take the 
present opportunity of bringing them before the Society. 

Section I. 

The natural periods of a conservative system, vibrating freely about a 
configuration of stable equilibrium, fulfil the stationary condition. 

Let the system be referred, in the usual manner, to independent co- 
ordinates 1 /^ 2 , '^ 3 ,-... whose origin is taken to correspond with the con- 
figuration of equilibrium. Then, the square of the motion being neglected, 
the kinetic and potential energies are expressible in the form 

T = i [11] + i[22]ir,^+ -H [12] + (1), 

F= i {11} + 1 (22} + + {12} + (2), 

where [11]..., {11}... are constants, subject to the condition of making 
T and V always positive. For the present purpose, it is convenient, though 
not necessary, to transform the coordinates in the manner explained in 
Thomson and Tait’s Natural Philosophy, § 337, so as to reduce T and V 
to a sum of squares; 

^ = Hl]‘/>i^ + i[2]02^+ (3), 

1^= i {1} {2} <^2^^ + (4), 

where the coefficients are necessarily positive. The natural vibrations of 
the system are those represented by the separate variation of the coordinates 
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01, <^> 2 , • • • ; 9 ,nd the corresponding differential equations obtained by Lagrange 

method are of the form „ /k\ 

[s]0, + (s}0s = O (5)> 


showing that the period of the natural vibration 0s is given by 

rs = 2-7r[sf-{# (6)- 


Let us now suppose that the system is no longer allowed to choose its 
type of vibration, but that an arbitrary type is imposed upon it by a suitable 
constraint, leaving only one degree of freedom. Thus, let 


02 = ^ 2 ^, 

where A„ A„..^ are given real coefficients. The expressions for T and 7 
become T = [1] + H^] ^ 2 ^ + } 

V = i^[l]A^^ + \[^]Ai■V } < 9 =^ ( 9 ), 


whence, if 6 varies as cos jat, 


pi 


Iip7TT2p7+ 


( 10 ). 


This gives the period of the vibration of constrained type ; a,nd it is evident 
that the period is stationary, when all but one of the coefficients A^, J-s, ... 
vanish, that is to say. when the type coincides with one of those natural to 

the system. 

By means of this theorem we may_ prove that an increase in the mass of 
any part of a vibrating system is attended by a prolongation of all t e 
natural periods, or at any rate that no period can be diminBlied. Suppose 
the increment of mass to be infinitesimal. After the alteration, the types 
of vibration will in general be changed; but, by a suitable constramt, the 
system may be made to retain any one of the former t^es. If this be done, 
it is certain that any vibration which involves a motion of the part whose 
mass is increased, has its period prolonged. Only as a particular case (as, 
for example, when a load is placed at the node of a vibrating string) can the 
period remain unchanged. The theorem now allows us to assert tbat the 
removal of the constraint, and the consequent change of type, can only affect 
the period by a quantity of the second order ; and that therefore, in the 
limit the free period cannot be less than before the change. By integration 
we infer that a finite increase of mass must prolong the period of every 
vibration which involves a motion of the part affected, and that in no 
case can any period be diminished ; but in order to see the correspondence 
of the two sets of periods, it may be necessary to suppose the alteration 
made by steps. The converse of this and corresponding theorems relating 
to an alteration in the potential energy of a system will now be obvious. 
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A very useful application of the principle may be made to the ap- 
proximate calculation of the natural periods of a system whose constitution, 
though complicated, is but slightly different from one of a much simpler 
nature. The main difficulty of the general problem consists in the determin- 
ation of the free types, which may involve the solution of a difficult 
differential equation. We now see that an approximate knowledge of the 
type may be sufficient for practical purposes, and that, in the class of cases 
referred to, the adoption of the type natural to the approximate simpler 
system in the calculation of T and V will entail an error of the second order 
only in the final result. 

To illustrate this question, we may take a case not without interest of 
its own — namely, the transverse motion of a stretched string of nearly, but 
not quite, uniform longitudinal density. If the uniformity were exact, the 
type of the fith component vibration would be 


, . STTX 

y = sin -Y 


■(11), 


where I is the length, x the distance of any particle from one end, and y the 
transverse displacement. In accordance with the plan proposed, we are 
to calculate the period for the variable string on the supposition that (11) is 
also applicable to it. We find 


sirx , 
sin^ __ 


T = f psii 

J 0 




^ 1 
4 


if p = + Ap, Ap being small. 


For the potential energy we have (Tj being the tension) the usual 
expression 

^dyy 

...... = 


\da;j 


I dx = — .-^ 


Hence, if the solution be 

, . f2irt \ 

(ps = A cos ej 

the period Tg is given by 
2 _ 


.( 13 ). 

.( 14 ), 


(>•)■ 


As might be expected, the effect of an alteration of density vanishes at the 
nodes, and is a maximum midway between them. 


* [An erratum is here corrected, 1898.] 
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A similar method applies to a great variety of problems, and^ gives the 
means of calculating the correction due to the necessary deviation of any 
actual system, on which experiments can he made, from the ideal simplicity 
assumed in theory. 

Another point of importance with reference to this application has yet to 
be noticed. It appears from (10) that the period of the vibration corre- 
sponding to any hypothetical type is included between the greatest and leas 
of the periods natural to the system. In the case of systems like strings and 
plates, which are treated as capable of continuous deformation, there is no 
least natural period ; but we may still assert that the period calculated from 
any hypothetical type cannot exceed that belonging to the gravest normal 
type When therefore, the object is to estimate the longest natural period 
.of a system by calculations founded on an assumed type, we have, d pnon, 
the assurance that the result will come out too small. For example, t e 
value for tj, given in (15), is certainly less than the truth, while the error is 

of the second order in Ap. 

In the choice of a hypothetical type, judgment must be used, the object 
being to approach the truth as nearly as can be done without too great 
a sacrifice of simplicity. The type for a string heavily weighted^ at any 
point might suitably be taken from the extreme case of an infinite load, 
that is to say, the two parts of the string might be supposed to be straight. 
Even with a uniform unloaded string, the result of the above hypothesis is 
not so very far from the truth. Taking y=^mx cos pi from x = 0 to x = 
we find, for the whole string, 

P ^ cos^ pt ; 


whence 



(16). 


The correct result for a uniform string is 


p- = 


pl^ 




so that the period calculated from the assumed type is too small in the 
ratio of tt ; Vl2 or -907 ; 1. 

A much closer approximation would be obtained by the assumption 
of a parabolic form 




Proceeding in the same way as before, we should find a period too short 
in the ratio tt : VIO, or -9936 ; 1. In order that the natural type should be 
parabolic, the density of the string would have to vary as (P - 4«^) h being 
thus a minimum in the middle, and becoming infinite at either end. 
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The gravest tone of a square plate is obtained when the type of vibration 
is such that the nodal lines form a cross passing through the centre of 
the plate and parallel to the edges. The next type in order of importance 
gives the diagonals for the nodal lines. Chladni found experimentally 
that the interval between the two tones was about a fifth. It so happens 
that the second kind of vibration can be completely treated theoretically, 
being referable to the simpler case of the vibration of bars*; but the first 
has not hitherto been successfully attacked. I find that if we assume for the 
type of vibration 

z — {icy QOB ;pt (19), 

the nodal lines being taken for axes of oc and y, the boundary conditions are 
satisfied, and the calculated period comes out greater than that corresponding 
to the diagonal position of the nodal lines in the ratio of l'B7 : 1. Since 
this ratio is certainly too small, Chladni’s result is about what might have 
been expected from theoretical considerations. 

Before leaving the subject of natural vibrations, I wish to direct the 
attention of mathematicians to a point which does not appear to have 
been sufficiently considered : I refer to the expansion of arbitrary functions 
in series of others of specified types. The best known example of such 
expansions is that generally called after Fourier, in which an arbitrary 
periodic function is analysed into a series of harmonics, whose periods are 
sub-multiples of that of the given function. It is well known that the 
difficulty of the question is confined to the proof of the possibility of the 
expansion ; if this be assumed, the determination of the coefficients is easy 
enough. What I wish now to draw attention to is, that in this, and an 
immense variety of similar cases, the possibility of the expansion may be 
inferred from physical considerations. 

To fix our ideas, let us consider the small vibrations of a uniform string 
stretched between two fixed points. We know, from the general theory, that 
the whole motion, whatever it may be, can be analysed into a series of 
harmonic functions of the time, representing component vibrations, each 
of which can exist by itself. If we can discover these normal types, we shall 
be in a position to represent the most general possible vibration by combining 
them, each with arbitrary amplitude and phase. The nature of the normal 
types is given by the solution of the differential equation 




whence it appears that they are expressed by 


y = am 


. 27ra) 

y = sm — , 


. STT/r 0 
y = sin , &c. 


[1898. Only in the case where Poisson’s ratio vanishes; see Theory of Sound, § 226.] 
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We infer that the most general position which the string can assume is 
capable of representation by a series of the form 

Jli sin -^ + - 4.2 sm — y- + 

which is a particular case of Fourier’s theorem. There would he no difficulty 
in proving it in its most general form. 

So far the string has been supposed uniform. But we have only to 
introduce a variable density, or even a single load at one point of the string, 
in order completely to alter the expansion whose possibility may be inferred 
from dynamical theory. It is evident that corresponding to any system, 
whether string, bar, membrane, plate, or what not, there is an appropriate 
expansion for an arbitrary function of one or more variables. Thus the 
expansion in La Place’s series may be proved by considering the motion^ of 
a thin layer of gas between two concentric spherical surfaces, the expansion 
in Bessel’s functions from the vibrations of a circular membrane, or of the 
air contained within a rigid cylinder, &c. When the difbculty of a direct 
analytical proof of even these simple cases is considered, the advantage of the 
physical point of view will be admitted. 

The method of definite integration (or summation,^ if the system have 
only finite freedom), by which the constants are determined to suit arbitrary 
initial circumstances, is well known, and has been applied to a great variety 
of problems, dealing not only with vibrations, but with other physical 
questions such as the conduction of heat; but I have never seen the reason 
of its success distinctly stated. It may be said to depend on the character- 
istic property of the normal coordinates, namely, their power of expressing 
the energy of a system as a sum of squares only. In the case of a string, for 

example, we have 

, . irX , . 

2/ = sin -y- + 92 sin -y + 

where (/)i, (f>2> are the normal coordinates. The expression for the 

energy is 

I J fdx, or sur + ^2 sin -j- + f • 

If by the solution of the differential equation, or otherwise, we have 
assured ourselves as to the nature of the normal types, we may assume, 
without further proof, that the products of the coordinates will disappear 
from the expression for the energy, — in the above instance, that 


will vanish, if r and s be different. 
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Section II. 


The Dissipation Function. 

The original equation of motion of a system in rectangular coordinates, as 
obtained at once by an application of the Principle of Virtual Velocities, is 

hm (xScc + + sBs) = S {XBx + YBy + ZBz) (21)- 

When transformed to independent coordinates, and restricted so as to give 
the equations of vibratory motion in their simplest form, this becomes 

I©-*' 

where + ••• is the transformation of 'Z (XBx + YBy + ZBz), 

denoting the work done on the system by the applied forces during the 
hypothetical displacement. 

If we separate from ''P the forces which depend only on the position of 
the system, we obtain 

d (dT\ , dY .y. j /oQ\ 



The principal object of the present section is to show that another group 
of forces may be advantageously treated in a similar manner. 

The forces referred to are those which vary in direct proportion to the 
component velocities of the parts of the system. It is well known that 
friction, and other sources of dissipation, may be usefully represented as 
following this law approximately ; and even when the true law is different, 
the principal features of the case will be brought out. The effect of such 
forces will be to introduce into the original equation terms of the form 

Z{jCy.xBx-^ KyyBy K zzBz) (24), 

where k,., tcy, Kz are the coefficients of friction, parallel to the axes, for the 
particle x, y, z. The transformation to the independent coordinates is effected 
in a similar manner to that of Zm {xBx + ijBy zBz), and gives 


where 




F=\Z (%a:2 + Kyf + KzZ"^) 

= i (11) ^ (22) yjr,^+ + (12) + (25). 

F, it will be observed, is, like T and V, a necessarily positive quadratic 
function of the coordinates, and represents the rate at which energy is 
dissipated. 
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• The above investigation refers to forces proportional to the absolute 
velocities; but it is equally important to include such as depend on the 
relative velocities of the parts of a system, and this fortunately can be done 
without any increase of complication. For example, if a force acts on the 
particle proportional to — i’a, there must be at the same moment, by the 
law of action and reaction, an equal and opposite force acting on x^. The 
additional terms in the fundamental equation will be of the form 

K («! - x^) Bx^ + /c(x^- X:,) Sx^, 

which may be written 


K (Xi — Xi) S (Xi — X2) = Syfri — y- {I (Xi — Ay] + > 

d'Y'i 

and so on for any number of pairs of mutually influencing particles.^ The 
only effect is the addition of new terms to F, which still appears in the 
form (25)*. 

The existence of the function F does not seem to have been recognised 
hitherto, and indeed is expressly denied in the excellent Amostics of the late 
Prof. Donkin (p. 101). We shall see that its existence implies certain 
relations between the coefficients in the generalised equations of motion, 
which carry with them important consequences. 

Lagrange’s equation, after the separation from 'P of the forces proportional 
to the displacements and velocities, whether absolute or relative, becomes 


dt \dyjrJ d-^ 


where 


T = i[n]ir,^ + + [i2]^^xt2+ I 

F-i(ll)tx'+ -i- [ (27). 

F = i{ll}fi"+ + {12}^|^it2+ J 

On substitution, we obtain a system of equations, which may be written : 

11 + 12'v|/' 2 + IS^^S + — 'Pi ' 

21'v//'i + 22\|r2 + 23-\|rs+ ='p2 ^28), 

31 '^1 + 32^1^2 + 33^|rs + = 'P 3 


where a coefficient such as rs is an abbreviation for the quadratic operator 

It is to be carefully noticed that since [rs] = [sr], (rs) = (sr), [?’«} = [sr], it 
follows that ?^ = sr. 

* The differences referred to in the text may of course pass into differential coefficients 
in the case of a continuous body. 
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f a system free from dissipative influences can 
series of normal components, each of which is 
of a system possessing but one degree of freedom. 
B with the vibrations of a dissipative system, 
lalysed into components of the quasi-harmonic 
I 343); but these last are different in character 
pie dissipative system. For instance, the system, 
by one component, does not pass simultaneously 
if equilibrium. The reason of the difference will 
lere is no friction, a suitable transformation of 
Bduce T and F to a sum of squares, and the 


the same as for a simple system. The presence of friction will not 
with the reduction of T and F ; but the transformation proper for 
not in e-eneral suit also the requirements of F . The equation can 


and not to the simple form expressing the vibration of a system of one 
degree of freedom, 

[ 1 ]^. + ( 1 )<^, + { 1}.#>1 = < I >. ( 80 ). 

We may, however, choose which two of the three functions we shall reduce, 
and the selection would vary according to circumstances. 

Cases, however, arise in which, owing to the special character of the 
system, the same transformation of coordinates will reduce all three functions 
to sums of squares, and then the motion possesses an exceptional simplicity. 
Under this head the most important are probably when F is of the same 
form as T or F. In the problem of the string, if we assume a direct 
retarding force proportional to the velocity, we have F proportional to T ; 
if the dissipation is due to viscosity, we might have F proportional to F. 
The same exceptional reduction is possible when is a linear function of T 
and F, or when T is itself of the same form as F. In any of these cases 
the equations of motion for each component are of the same form as for a 
dissipative system with one degree of freedom, and the elementary types 
are characterised by the fact that the whole system passes simultaneously 
through the configuration of equilibrium. It appears that the law of 
friction usually assumed for a string is of an exceptional character, and leads 
to results of, in some respects, delusive simplicity. 



21 ] 


SOME GENERAL THEOREMS RELATING TO VIBRATIONS. 


179 


Section III. 


The present section is devoted to the proof and illustration of a very 
important law of a reciprocal character, connecting the forces and motions of 
any two types. Particular cases of it have been noticed by previous writers ; 
but the general theorem is, I believe, new, and indeed could not be proved 
without the results of the preceding section. 

The following partial statement will convey an idea of its nature : 

Let a periodic force equal to Ag cos pt, act on a system either con- 
servative, or subject to dissipation represented by the function F, giving the 
forced vibration = kA^ cos {pt - e), where k is the coefficient of amplitude, 
and 6 the retardation of phase. The theorem asserts that if the system be 
acted on by the force T^^ = ^rCOspi, the corresponding forced motion of 
type s will be 

yjrs = /cAr COS (pt - e). 

The solution of the general equations (28) may be expressed in the form 


= 

= 


cZV 

d.n 

dV 

d .^1 


q/ 

c «.12 








(31), 


where V denotes the determinant 



n, 

12, 

13, 





32, 



and the partial differentiations are made without recognition of t^e rdations 
sr = rs, &c. By the nature of determinants it follows that, since sr - rs, 

.(33). 

d.^ d.sr 

Thus the component displacement due to a force 'T'g is given by 

dV 
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If, now, we inquire what the effect of a force will be in producing the 
displacement of type s, we find 




so that in virtue of (33) the relation of ^frg to in the second case, is the 
same as the relation of to in the first. 

Distinguishing the second case by a dash affixed to the corresponding 
quantities, let us take 

where the coefficients Ag, A,.' may, without loss of generality, be supposed to 
be real. The solution may be expressed in the form 

dlogVJ;^ 

d.vs 

I (36), 

dlogV(^p) 
d.ir " 

where dfdt is replaced by ijp in V and its differentials. Hence by (33) 
we see that 


which is the symbolical expression of the reciprocal theorem with respect 
both to amplitude and phase. If T/ = T's, then will •^g = > but it must 

be remembered that the forces and displacements of different types are not 
necessarily comparable. The following statement will, however, hold good in 
all cases : — The force T'/ does as much work on the motion due to 'T's, as 'Tg 
does on the motion due to 'T’/. 

There is an important class of cases to which our principle, general as is 
the proof just given, would not at first sight appear to apply. Among these 
may be noticed systems in which the cause of the dissipation, or of part of it, 
is the conduction and radiation of heat. The dissipation cannot always be 
represented by a function F, which shall be the same in form under all 
circumstances. I am not at present in a position to discuss this question 
completely ; but there is one consideration which may here be referred to as 
sufficient to bring a laxge additional field within the sweep of the demonstra- 
tion. Since the investigation is concerned only with harmonic motions of 
period (p), it will be sufficient for the establishment of the theorem if the 
dissipation function exist for all vibrations of the given period. 

A few examples may promote the comprehension of a theorem which, on 
account of its extreme generality, may appear vague. 

Let A and B be two points of a uniform or variable stretched string. 
If a periodic transverse force act at A, the same vibration will be produced 
at B as would have ensued at A had the force acted at B. 
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In a space occupied by air, let A and B be two sources of disturbance. 
The vibration excited at A will have at B the same relative amplitude and 
phase as if the places were exchanged. Helmholtz {Grelle, Band LVII.) has 
proved this result in the case of a uniform fluid without friction, in which 
may be immersed any number of rigid fixed solids; but we are now in 
a position to assert that the reciprocity will not be interfered with, whatever 
number of strings, membranes, forks, &c. may be present, even though they 
are subject to damping. 

The theorem includes the optical law, that if one point can be seen from 
a second, the second can also be seen from the first, whatever reflections 
or refractions the light may have to undergo on its passage. 

A last example may be taken from electricity. Let there be two linear 
conducting circuits A and B, in whose neighbourhood there may be any 
number of others (either closed or terminating in condensers), or solid 
conducting masses. The theorem asserts that an electromotive force acting 
in A gives the same variable current in B as would be produced in A if the 
electromotive force were transferred to B. 

[1899. An application of the principles of this paper to the “Time- 
moduli of Dissipative Systems” ivill be found in British Assoc. Report, 
Aberdeen, p. 911, 1885.] 



ON THE NODAL LINES OF A SQUARE PLATE. 


{Phil Mag. xlvl pp. 166— ITI, 246—247, 1873.] 


See Theory of Sound, § 226, 

[1899. Id, general the bending of a square plate with free edges takes 
place in both planes ; hut when the material is such that Poisson’s ratio 
vanishes, i.e. when longitudinal extension entails no lateral contraction, the 
bending may he in one plane only, so that the surface remains cylindrical. 
In this case the bending follows the law of a simple bar, and the nodal 
system consists of two straight lines parallel to one pair of edges. 

By superposing, after Wheatstone, two such modes of vibration, the 
phases being the same and the amplitudes equal or opposite, we obtain 
other nodal systems easily constructed from the known functions expressing 
the free vibrations of a bar. In the latter case symmetry suffices to shew 
that the nodal lines are the diagonals of the plate.] 



NOTE ON A NATURAL LIMIT TO THE SHARPNEvSS OF 

SPECTRAL LINES. 


[Nature, Vol. Vlil. pp. 474, 475, 

In the explanation usually given of the broadening of the fixed lines 
with increased pressure, it appears to be assumed that their finite width 
depends upon the disturbance produced by the mutual influence of the 
colliding molecules. I desire to point out that even if each individual 
molecule were allowed to execute its vibrations with perfect regularity, 
the resulting spectral line would still have a finite width, in consequence 
of the motion of the molecules in the line of sight. If there be any truth 
at all in the kinetic theory of gases, the molecules of sodium, or whatever 
the substance may be, are moving in all directions indiffeiently an wit 
velocities "whose magnitudes cluster about a certain mean. The aw o 
distribution of velocities is probably the same as that with which we are 
familiar in the theory of errors, according to which, the number of molecules 
affected with a given velocity increases, the nearer that velocity is to t e 

mean. 

By the principles of this theory of gases the mean square of the 
velocity of the molecules can be deduced from the known pressure and 
mass. If V denote the velocity whose square is equal to the mean, it is 
found that for air at the freezing point, v = 485 metres per second. 

At the temperature of flame the velocity may be about three times 
greater. For the purposes of a rough estimate it will be accurate enough 
to take the mean velocity of the molecules at 1500 metres ’ 

and that of light at 300,000,000 metres per second. The wave-length ot the 
light emitted by a molecule moving with the mean velocity from the eye 
will therefore be greater by about five millionths than if the mo 
at rest. ” The double of this will be a moderate estimate of the width ot the 
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spectral line, as determined by tbe cause under consideration. We may 
conclude that however rare the gas, and however perfect our instrument 
may be, a fixed line cannot be reduced to within narrower limits than about 
a hundredth part of the interval between the sodium lines. I must leave 
it to spectroscopists more practised and skilful than myself, to say whether 
this result is in agreement with the appearance of the spectrum. 

[1899. The application of Dopplers principle to moving molecules had 
been given two or three years earlier by Lippich {Pogg. Ann. t. 139, p. 465, 
1870). 

The subject is further discussed in a memoir on the Limit to Interference 
when Light is radiated from Moving Molecules (Phil. Mag. vol. 27, p. 298, 
1889), and a calculation is given of the actual structure of a spectrum line 
upon the basis of Maxwell’s law for the distribution of velocities in a gas.] 
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ON THE VIBEATIONS OF APPROXIMATELY SIMPLE 

SYSTEMS. 


[Phil Mag. XLVL pp. 357—361. 1873; XLViii. pp. 258-262, 1874.] 

See Theory of Sound, §§ 90, 91, 102. 

[1899. The suggestion of Art. xxi, p. 172, is here developed. If the 
system is varied, we get in place of (3), (4), 

+ aT = ^ ([1] + 8 [1]) + . . . + s [1 2] + . . . , 

V+BV= i ({1} + 8 {1}) + ... + 8 {12} + .... 

In the original system a normal vibration is represented by the sole 
variation of proportionally to cos^)^^, where j?/ = {r} - [r]. In the altered 
system the new type is determined by 

, 8 [rg] 8 {rg| 

and ^ 

, 1^1 + 8 {r} V ( ?3/8[rg]-8{rg})^ 

[rnsW-Pr)’ 

in which the summation extends to all values of s other than r. It is to be 
observed that the terms under the sign of summation are of the second order 
in 8 [rs], 8 {?'s}, regarded as small quantities.] 




ON THE FUNDAMENTAL MODES OF A VIBRATING SYSTEM, 


[Phil. Mag. XLVI. pp. 434—439, 1873.] 


See Theory of Sound, § 164. 

[1899. The general theory is illustrated by the case of a bar vibrating 
laterally. The normal functions are usually found from an ordinary differ- 
ential equation with application of certain terminal conditions, and the 
conjugate property, represented by Juvdsc — 0, is usually established in the 
same way. It is shown that the natural foundation for the conjugate 
property is the original variational equation from which in the method of 
Green the ordinary differential equation is deduced.] 



j 
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VIBRATIONS OF MEMBRANES. 


[London Matliem. 8oc. Proceedings, V. pp. 9—10, 1873.] 


Theory of Sound, §§ 210, 211. 

[1899. This is an application of a theorem of Art. xxi, to the effect 
that an increase in the potential energy of a vibrating system is attended by 
a rise in pitch, extending to all the fundamental modes. If the system 
consist of a uniformly stretched membrane with a fixed edge, it follows 
that any contraction of the boundary must cause an elevation of pitch, 
because the new state of things may be conceived to differ from the old 
merely by the introduction of an additional constraint. Springs (without 
inertia) are supposed to urge the line of the proposed boundary towards its 
equilibrium position, and gradually to become stiffer. ^ At each step the 
vibrations become more rapid, until they approach a limit, corresponding 
to infinite stiffness of the springs and absolute fixity of their points of 
application. 

Use is also made of the theorem that if the area of a membrane be given, 
the pitch is gravest when the form is circular.] 


HARMONIC ECHOES. 


[Nature, viii. pp. 319, 320, 1873.] 

According ‘to Dr Brewer* “The harmonic echo repeats in a different 
tone or key the direct sound. The harmonic is generally either the third, 
fifth or tenth of the tonic.... On the river Nahe, near Bergen, and not far 
from Coblentz, is an echo thus described by Barthius It makes seventeen 
repetitions at unequal intervals. Sometimes the echo seems to approach the 
listener, sometimes to be retreating from him ; sometimes it is very distinct, 
at others extremely feeble j at one time it is heard at the right, and the next 
at the left ; now in unison with the direct sound, and presently a third, fifth, 
or tenth of the fundamental. Occasionally it seems to combine two or more 
voices in harmony, but more frequently it resembles the voice of a single 
mimic. 

“At Paisley, in Scotland, there is a somewhat similar echo in the burying- 
place of Lord Paisley, Marquis of Abercorn. Musical notes rise softly, swell 
till the several echoes have reverberated the sound either in unison or 
harmony, and then die away in general cadence. 

“At the Lake of Killarney, in Ireland, is a very celebrated harmonic 
echo, which renders an excellent second to any simple air played on a bugle. 

“ There was formerly, according to the authority of Dr Birch, an harmonic 
echo no less remarkable, seventeen miles above Glasgow, near a mansion 
called Rosneath. If a trumpeter played eight or ten notes, the echo would 
repeat them correctly a third lower. After a short silence another repetition 
was heard, still lower than the former ; and after a similar pause the same 
notes were repeated a third time, in a lower key and feebler tone, but never- 
theless, with the same undeviating fidelity. This echo no longer exists." 


Brewer, On Sound and its Phenomena (1864), p. 305. 
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It is difficult to believe that these descriptions are accurate, but that 
they have a basis of truth there can be little doubt. My attention was first 
drawn to the subject by an echo at Bedgebury Park, the country residence of 
Mr Beresford Hope. The sound of a woman’s voice was returned from a 
plantation of firs, situated across a valley, with the pitch raised an octave. 
The phenomenon was unmistakeable, although the original sou ad requiied 
to be loud and rather high. With a man’s voice we did not succeed in 
obtaining the effect. 

At the time I had no idea that such an alteration of pitch had ever been 
observed, or was possible ; but it soon occurred to me that the explanation 
was similar to that which I had given of the blue of the sky a year or two 
previously (Phil. Mag. Feb. 1871). Strange to say, at the very time of the 
observation, I had in my portfolio a mathematical investigation^ of the 
problem of the disturbance of the waves of sound by obstacles which are 
small in all their dimensions relatively to the length of the sound-waves. In 
such a case (precisely as in the parallel problem for light) it appears that the 
reflecting, or rather diverting, power of the obstacle varies inversely as the 
fourth power of the wave-length. When a composite note, such as that 
proceeding from the human throat, impinges on the obstacle, its components 
are diverted in very different proportions. A group of small obstacles will 
return the first harmonic, or octave, sixteen times more powerfully than the 
fundamental. After this, it is not hard to understand how a wood, which 
may be considered to be made up of a great number of obstacles, many of 
which, in two or three of their dimensions, are small in comparison with the 
wave-length, returns a sound which appears to be raised an octave. 

The increased reflection is, of course, at the expense of the direct sound. 
If we conceive a group of small obstacles to act on a train of plane waves of 
sound, the effect will be a diffused echo, which may be heard on all sides, 
appearing to proceed from the group, and the direct waves which maintain 
their direction. If the original sound be composite, the diffused echo contains 
the higher elements in excessive proportion, and for the same reason the 
direct wave, being shorn of these higher elements, will appear duller than 
the original sound. It is well known that pure tones are liable to be esti- 
mated an octave too low, and thus it may be" possible that a note in losing 
its harmonies may appear to fall an octave. 

What is here called the direct sound may itself be converted into an echo 
by regular reflection. For example, if a plane wall were covered with small 
projections, there would be a diffused echo, due to the projections in which 
the higher elements preponderated, and an ordinary echo, obeying the law of 
reflection, in which the lower elements would preponderate. 



* Since oornmnnicated in an amplified form to the Mathematical Society [Art. xiv]. 
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NOTE ON THE NUMERICAL CALCULATION OF THE ROOTS 
OF FLUCTUATING FUNCTIONS. 
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\PToc€ed'ings of the London MatheTnciticdl Society, v. pp. 119 124, 1874.] 

There is an important class of functions, often occurring in physical 
investigations, whose numerical calculation is easy when the argument is 
either small or great. In the first case the function is readily calculated 
from an ascending series, which is always convergent and might be employed 
whatever the value of the variable may be, were it not for the length to 
which the calculations would run. When the argument is great, a series 
proceeding by descending powers is employed, whose character is quite 
different. In this case the series is of the kind called semi-convergent, 
though strictly speaking it is not convergent at all ; for, when carried suffi- 
ciently far, the sum of the series may be made to exceed any assignable 
quantity. But, though ultimately divergent, it begins by converging, and 
when a certain point is reached the terras become very small. It can be 
proved that, if we stop here, the sum of the terras already obtained represents 
the required value of the functions, subject to an error which in general 
cannot exceed the last term included. Calculations founded on this series 
are therefore only approximate ; and the degree of the approximation cannot 
be carried beyond a certain point. If more terms are included, the result is 
made worse instead of better. In the class of functions referred to, the 
descending series is abundantly adequate when the argument is large, but 
there will usually be a region — often the most interesting part of the whole 
where neither series is very convenient. The object of the present note is to 
point out how a part of the difficulty thence arising may sometimes be met. 

Though the method in question is not limited to, it arose out of and is 
well exemplified by, the case of Bessel’s functions, which are required among 
other purposes to represent the vibrations of a circular membrane, or of air 
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contained within a cylindrical case. The roots of the equation obtained by 
equating the function to zero, give the possible periods of vibration, and the 
mechanics of the question show (as in all such cases) that no imaginary or 
complex root can occur. 

If the function of the ?ith order be denoted as usual by {z), the ascend- 
ing series is 


Jn C-^) — 


2.2w + 2’^2.4.27i-i-2.2n-t-4 


( 1 )> 


which is always ultimately convergent, whatever may be the values of z and n. 
When, however, ^ is considerable, the series becomes perfectly useless for 
arithmetical purposes. The descending series is 


J n (^) 


2\i 

TTZ) 


( 12 _ 4 ^ 2 )( 32 _ 4 ^ 2 ) 
^ 1.2 ( 8^)2 


I cos {z — lir — ^tt) 


-}■ 


2 \i [12 _ 4^2 (12 - 47^2) (32 - 4?2,2) (5a _ 4^2 j 


TTZj 


1.8z 


1.2.3 (8zy 


+ 


sin {z — ^TT — ^mr). 

( 2 ). 


This series terminates when n is of the form (integer + i), and then of course 
constitutes the expression of the function in finite terms, but otherwise it 
runs on to infinity, and becomes ultimately, in all cases, divergent. In 
numerical calculations we are to include only the convergent part. 

When z is very great, it is evident that the roots of the equation 
(^) = 0, tend to the form 

TT TT 2W — 1 

^ = 4+”2+ 

where m is an integer. 

For purposes of explanation it will be sufficient to take the particular 
case of n = 0, worked out by Prof. Stokes in his paper “ On the numerical 
calculation of a class of definite integrals and infinite series . 

To calculate the roots, we find 


js , '050661 '05304?! ^ '262051 

- = m - i “ (4m - 1 )^ "^ ( 4 w - 1 f ’’ 

which is adequate for all the roots, except the first corresponding to m = 1 
If we denote the roots in order hjpi, Pi> &c., we get 

^ TT = 1-757098, Ps 4- 7r = 4-7527, 

P3 4- TT = 2-754568, Po = 5'7 522, 

= 3-7534, py 4- 7r = 6-7519. 

* Cambridge Transactions, vol. ix. 1850. 
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The hiiiher the order of the root, the more accurately it can he calculated 
from to series, but an accurate value of the first root can only be derived 
frL the ascending series. To attain this end in the ordinary way requires a 
"abt iidtare of computation. My object is to show how the 

difficulty may be evaded. 

Ketnrning to the general function JM. “d the n aero roots, 

we see that 

2. 2n + 2 2 . 4 . 2w + 2 . 2^1- V ^ ^ 

must be an identical equation. Taking the logarithms of both sides, expand- 
ing, and equating like powers of 2^, we find that 

1 1 


22.71 + 1 ’ 2-*(w + + 2 ’ 


_g — 2^)" 

“ 2'’ (n + l)^ W + 2 . n + 3 ’ 


5n + 11 

2® {n + ly {n + 2)2 . n + 3 . w + 4 ’ 


2 .7n + 19 

= ^“~_jrYy»~(ir+ 2)2 . n + 3 . w + 4 . 71 + 5 ’ 

the last result requiring a good deal of reduction. 

If 71 = 0, 

2y-* = i, 2p-* = A. 2;r" = *. 2 p-‘ = tAV 5. 2p'" = irii5f 
If »l = 1, 

2p-« = i, tp-‘ = Th, 2p-" = Wra. +- = iiifeE. = 

Now 2n— must depend mainly on the first root, and being kMwn numeri- 
cally may be used to derive an accurate value of that root with the assistance 
of approximate values of the other roots. We have, when n = 0, 


7r“ -r P 2 ^® = 

•00356484 

Tt'O -r-ps'” = 

3976 

Trio pio _ 

180 

Trio.^p„i« = 

17 


3 

Trio ^pw ^ 

1 

•00360661 


and 

so that 


Trio 197r“ 7r“ 

122880 


^^-10 = -0001546224! — -000000038513 = *0001546839. 
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Seven significant figures in require only three in S" 7r“/p^“, so that all 
the roots after the third might be neglected, and the values of the second 
and third themselves are only required to he known roughly. The resulting 
value of Pi is 

pi = 2-404826. 

The advantage of the present method would appear to depend upon the 
combined use of both the ascending and descending series. 

The value of pi might of course be calculated from Sp ", or the sum of 
any other inverse powers. The advantage of using a high power is that the 
result becomes approximately independent of the other roots, and the tenth 
power was chosen as facilitating the numerical calculations. If a highei 
power than the tenth were required the algebraical reduction would become 
long, but this might easily be compensated by an advantage in the arith- 
metic. 

As far as the 20th power inclusive, the expansion may be made without 
much difficulty by the aid of the table given on p. 775 of De Morgan’s 
Differential and Integral Calculus. In this way the value of pi (for ti- O) 
might be obtained to 6 or 7 significant figures without any allowance for 

Pa, Pa, 

The method is equally successful in its application to the case of = 1. 
We find ^ ^ -000000003553 = = *000001469365, 

whence p, = 3-831706 = r2l96707r. 

In cases where there is a difficulty about the two first roots, it might be 
possible to obtain the desired results by using the values of two onhe sums 
of powers, e.g. and ^p'^. In calculating the value of SsP ^, a large 

number of roots would have to be included, but the calculation coul 
generally be facilitated by the use of approximate formute. For example, 
in the case of the roots after a certain point, say pr, might be adequately 
represented hj z = niir. Then 

sr p- = ^ ’ 

where the last term is by a known formula, which is in fact denvahle from 
our general expression ^ 

inasmuch as (z) = (^{rrz'f sin z. 

A more important question arises as to whether this method can be 
applied to calculate the argument corresponding to a prescribed value {ff) o 
the function, other than zero. It might appear that this could always be 

13 
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done, inasmuch as when Ja{z) = <f>, another function, viz. Jo(^) —cj>, vaniskes. 
But then the roots of this last function are not all real, and therefore cannot 
be calculated by the same method as before. Nevertheless, if 0 were small, 
so that the first three or four roots were real, it would seem that the complex 
roots would be large enough to be dispensed with, as not sensibly influencing 
the value of and then the first root could be deduced with sufficient 
precision from the values of the other real roots as calculated by aid of the 
descending series. I am not sufiSciently acquainted with numerical calcula- 
tions to say whether this application could ever be practically useful. If too 
laborious for the systematic tabulation of a function, it might perhaps be 
occasionally available as a control. 

iVov. 22 k«:^. 

Prof. Cayley, to whom the preceding note was referred, has pointed out 
that a similar result may be attained by a method given in a paper by 
Encke, ''Allgemeine Aufldsiing der numerischen Gleichungen,” Crelle, t. xxii, 
(1841), pp. 193—248. 

^'Taking the equation 

0 = 1 — aa; 4- hco^ — coc^ + da^ ~ eas® -f — gx^ + hx^ — \ 

if the equation whose roots are the squares of these is 
0 = 1 — Uia; 4- h^x^ — CiOf^ 4- . . . , 

then oq = a* - 2&, bx = ¥- 2ac 4- 2d, = c® - 2&d 4- 2ae - 2/, 

d-^ — d^ — 2ce -4- 2h/~ 2ag + 2h, &c. ; 

and we may in the same way derive h^, c^, &c., from Ui, bi, Ci, &c., and 
so on. 

As regards the function 


we have as follows 
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5n + 11 

+ (n + 2)^w + 3.n + 4’ 

25n^ 4- 231n + 542 

^ 2^^ . (?i + 1 . « + 2)^ (w + 3 . w + 4)^ w + 5 . . . n + 8 ’ 

429n^ + 76407?." + 53752ti^ + 18543Qn^ + 311387?^ + 202738 ^ 
— 216 (ji _|_ 2)^ (w 4 3 , n + 4)^ w + 6 . n 4 6 . 4- 7 . w + 8 

rr A ^ 101369 _ 

If n = 0, tp-^^ = aa = ^ ^3 ^ ^ ^ = px suppose ; 


whence 


p, = 2-404825 ” 


It will be seen that the expression as for 'tp “ gives a very accurate 
value ofpi, without any allowance for the other roots. 

If» = l,wehave S,- —.« = <. = ; 

whence 

a = 3-831690, 

and this is the approximate value of pi. To get a corrected value, we may 
take 

y, = <x(l+*a“2rp-); 

or, if all but pa may be omitted, 




In the present case ps = 7 '01 5, so that 

Pi = a X 1-0000039 = 3-831705. 

It may be observed that the value obtained without correction for the 
higher roots is always an under-estimate. 


* I have altered the coefficient of n® in the numerator from 53572 to 53752. 
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A HISTORY OF THE MATHEMATICAL THEORIES OF ATTRAC- 
TION AND THE FIGURE OF THE EARTH FROM THE 
TIME OF NEWTON TO THAT OF LAPLACE. By I. Tod- 
hunter, M.A., F.R.S. Two Volumes. (London, Macmillan & Co. 
1873.) 


[The Academy, v. pp. 176—177, 1874.] 


Scientific men must often experience a feeling not far removed from 
alarm, when we contemplate the flood of new knowledge which each year 
brings with it. New societies spring into existence, with their Proceedings 
and Transactions, laden with the latest discoveries, and new journals con- 
tinually appear in response to the growing demand for popular science. 
Eveiy year the additions to the common stock of knowledge become more 
bulky, if not more valuable j and one is impelled to ask, Where is this to 
end ? Most students of science who desire something more than a general 
knowledge, feel that their powers of acquisition and retention are already 



29] HISTORY OF THE MATHEMATICAL THEORIES OF ATTRACTION. 197 

that so much of them as is really valuable will be found embodied in recent 
memoirs and treatises. Of the dangers of such a course, History gives ample 
warning. The case of Young will at once suggest itself as that of a man who 
from various causes did not succeed in gaining due attention from his con- 
temporaries. Eositions which he had already occupied were in more than 
one instance reconquered by his successors at a great expense of intellectual 
energy. 

It is one of the objects of books like Mr Todhunter’s to check this 
deplorable waste of labour, by bringing together all the writings of the older 
authors which bear on certain selected subjects. No one who has not tried 
it, can imagine how much time is lost in hunting backwards and forwards 
through endless Transactions and periodicals in various tongues, many of 
them difficult of access, for memoirs of which after ail the value may prove 
very trifling. When the problem in hand is of no great difficulty, the 
student may even find an independent attack the shortest in the end. There 
cannot be two opinions as to the great importance of the work that Mr 
Todhunter has undertaken. It is one demanding much clear-sightedness 
and patience, and we are not surprised to learn that it occupied seven years. 
Some may think that the same talents and industry would be better devoted 
to original work; but it must be allowed that to elucidate and render 
accessible the labours of others may be a service as valuable as the addition 
of new material to the common store. To deny this would be an error 
parallel to that of some economists, who glorify the labourer and manufac- 
turer at the expense of the merchant. 

The theory of Attraction and of the Figure of the Earth is a subject to 
which most of the greatest mathematicians have contributed. In itself of great 
interest, it was the occasion of the invention of the mathematical weapons 
which have since been so successfully used in almost all branches of Physics. 
The first steps or rather strides were made by Newton. His theorems with 
respect to the attraction of spheres — that a spherical shell exerts no force on 
an internal particle, and attracts an external one exactly as if its mass was 
concentrated at the centre — are the foundation of the whole subject, and it is 
difficult to imagine anything more simple and beautiful than his exposition 
of them. To him we owe the first investigation of the earth’s figure. A 
mass of uniform attracting fluid, if at rest, would evidently shape itself into 
a sphere. The question is. How will this form be altered when the whole 
revolves? W^hat will be the effect of the centrifugal force? Newtons 
solution of this important problem was not complete ; but on the assumption 
that the form might be that of an oblate spheroid, or as Mr Todhunter calls 
it, an Ohlatum, he investigated the degree of eccentricity and the law of 
variation of gravity at the surface. Though progress had been made by 
Stirling and Clairaut, the gap in N ewton’s work was not fully filled up until 
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the time of Maclaurin, who proved conclusively that the conditions of relatiwe 
equilibrium were satisfied in the case of an oblatum. 

The period embraced in Mr Todhunter’s history extends to the first 
quarter of the present century. Perhaps this was the best point at which to 
stopj though a slight sketch of more recent discoveries would have been 
acceptable. The most important part of the work, considered as a book of 
reference, is probably the analysis of the memoirs of Legendre and Laplace; 
but for the genuine student of scientific history the earlier efforts are of 
equal, if not superior, interest. The whole work bears evidence of its 
author s well-known care ; and the claims of the various mathematicians, 
whose labours are reviewed, appear to be discussed with perfect impartiality. 
D Alembert and Ivory are perhaps those whose reputations suffer most in 
Mr Todhunter’s hands, while Laplace takes a position even higher than had 
been assigned to him by previous writers. Without a compiete survey of 
earlier memoirs it was difficult to know how much of the Mecaniq'ue Celeste 
was original, and how much borrowed ; for Laplace, like too many modern 
French writers, was not in the habit of acknowledging his obligations. 

In such a work as that before us accuracy and completeness are almost 
everything, and minor defects may well be passed over. Of course many 
points are discussed which admit of some difference of opinion. In estimating 
the value of various contributions to his subject, Mr Todhunter shows perhaps 
a tendency to prefer rigour of treatment to originality of conception. But 
the strictest proof is not always the most instructive or even the most 
convincing. To deserve the name of demonstration an argument should 
make its subject-matter plain, and not merely force an almost unwilling 
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ON THE MANUFACTURE AND THEORY OF DIFFRACTION- 

GRATINGS. 


{Phil. Mag. xlvii. pp. 81 — 93, 193—205, 1874] 

In a “ Preliminary Note on the Reproduction of Diffraction-gratings by 
means of Photography,” published in the Proceedings of the Royal Society 
for 1872, and in the Philosophical Magazine for November of the same year 
[Art. xvii], I gave a short account of experiments with which I had been 
for some time occupied. A few further details were communicated to the 
British Association at Brighton {Brit. Assoc. Report, p. 39) [Art. xvili].^ I 
now propose to give the results of more recent experience in the practical 
manufacture of gratings, as well as some theoretical conclusions which have 
been in manuscript since the subject first engaged my attention. 

There are two distinct methods of copying practised by the photopapher 
—(1) by means of the camera, (2) by contact-printing. The first, if it 
were practicable for our purpose, would have the advantage of leaving the 
scale arbitrary, so that copies of varying degrees of fineness might be taken 
from the same original. By this method I have obtained a photograph of a 
piece of striped stuff on such a scale that there was room for about 200 lines 
in front of the pupil of the eye, capable of showing lateral images of a candle ; 
but I soon found that the inherent imperfections of our optical appliances, if 
not the laws of light themselves, interposed an almost insuperable obstacle to 
obtaining adequate results. 

However perfect a lens may be, there is a limit to its powers of con- 
densing light into a point. Even if the source from which the light 
proceeds be infinitely small, the image still consists of a spot of finite size 
surrounded by dark and bright rings. That this must be so may be shown 
by general considerations without any calculations. If a lens is absolutely 
free from aberration, the secondary waves issuing from the different parts of 
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its hinder surface agree perfectly in phase at the focal point. Let us con- 
sider the illumination at a neighbouring point in the focal plane. If the 
distance between the two points is so small that the difference of the 
distances between the point under consideration and the nearest and furthest 
parts of the object-glass is but a small fraction of the wave-length (X), the 
group of secondary waves are still sensibly in agreement, and therefore give a 
resultant illumination the same as before. At a certain distance from the 
focal point the secondary waves divide themselves into two mutually destruc- 
tive groups, corresponding to the nearer and further parts of the object-glass. 
There is therefore here a dark ring. Further out there is again light, then 
another dark ring, and so on, the intensity of the bright rings, however, 
rapidly diminishing. 

The radius r of the first dark ring subtends at the centre of the lens an 
angle 6 given by 

sin ^ = -61 ^ 

Jti 

where R is the radius of the lens. If /be the focal length, we have 

r = -61^. 

Let us now suppose that the problem is to cover a square inch with 3000 
lines. On account of the curvature of the field it would be impossible to 
obtain extreme definition over the surface of a square inch with a less focal 
distance than (say) four inches. If we take /= 4 and X — — i — , we find 

‘61 

10,000 r ’ 

which gives R = ''2, for r — . That is to say, if the focal length were 

4 inches and aperture '4 inch, the first dark ring corresponding to one of the 
lines would fall on the focal point of the neighbouring one — a state of things 
apparently inconsistent with good definition. It is true that the aperture 
might well be greater than half an inch, so that it may seem possible to 
satisfy the requirements of the case. But the result of the above calculation, 
being founded on the supposition of entire freedom from aberration, both 
spherical and chromatic, is subject in practice to a large modification. In 
astronomical telescopes, where everything is sacrificed to the requirement of 
extreme definition at the centre of the field, the theoretical limit is sometimes 
closely approached ; but the case is very different with a photographic lens. 
In fact the very first thing it occurs to a photographer to do, when he wishes 
to improve the definition, is to contract the aperture of his lens by means of 
a stop — a course which would be attended with the opposite result in the 
case of a perfect object-glass, or even a good astronomical telescope. While, 

* Verdet, Legons d'Oj>tiqiie Physique, vol. i. p. 306. 
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therefore, it might be too much to say that the reproduction of 3000 lines in 
an inch by lens and camera is impossible, the attempt to do so without very 
special appliances appears in a high degree unpromising. It would certainly 
require a lens more than usually free from spherical aberration, and unlike 
either a telescopic or a photographic object-glass*, achromatic (if the expres- 
sion may be allowed) for the chemical rays, unless indeed the latter require-** 
ment could be evaded by using approximately homogeneous light. It must 
be understood that nothing is here said against the practicability of covering 
a small space with lines at the rate of 3000 to the inch, a feat probably well 
within the powers of a good microscopic object-glass. 

The method of contact-printing, on the other hand, is free from optical 
difficulties. The photographic film prepared on a flat piece of glass (or other 
support) may be brought by moderate pressure in a printing-frame within a 
very short distance of the lines of the original grating ; and if the source of 
light be moderately small and the rays fall perpendicularly, the copy rarely 
fails in definition, unless through some photographic defect. When direct 
processes not depending on development are employed, the unclouded light 
of the sun is necessary. To avoid too much diffused light, I usually place 
the printing-frame on the floor of a room into which the sun shines, and 
adjust its position until the light reflected from the plate-glass front is sent 
back approximately in the direction of the sun. Too much time should not 
be lost in this operation, which requires no particular precision. Usually 
I cut off part of the extraneous light by partially closing the shutteis; but 
I cannot say whether this makes any difference in the result. Those who 
are accustomed to this kind of experimenting will know that it is often less 
trouble to take a precaution than to find out whether it is really necessary. 
In an early stage of an investigation, when the causes of failure are numerous 
and unknown, it is best to exclude everything that can possibly be supposed 
to be prejudicial. When the principal difficulties have been overcome, it 
will be time enough to determine what precautions are necessary, if the 
question has not been already settled by accidental experience. 

In the case of developed plates there is more choice of lights in conse- 
quence of the higher sensitiveness. I have used successfully cloud or skylight 
reflected horizontally from the zenith by a mirror through a hole of two or 
three inches diameter in the shutter of a darkened room, the frame being 
set up in a vertical plane at a few feet distance. The principal objection to 
this plan is the difficulty of estimating the exposure with proper precision— 
a difficulty which is more felt than in ordinary photography, as it is con- 
venient to develop a good many copies at once. On a really fine day the 
image of the sun formed by a condensing lens of short focus placed in the 

* Photographic lenses are corrected on the principle of making the “visual and chemical 
foci ” coincident, which leads to a different construction from what would be adopted were the 
chemical rays alone attended to. 
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shutter (as used in diffraction experiments) constitutes a very convenient 
source of light. As the exposure is only a few seconds, there is no difficulty 
in dodging isolated clouds, whose progress may be watched from within by 
examining their image with a coloured glass. When there is any haze this 
method is not more satisfactory than the other. 

With the more sensitive processes artificial light may be employed. I 
have done a good many copies by the aid of a moderator-lamp (without the 
globe) at two feet distance from the frame. An Argand gas-flame would 
probably be still better. 

The printing-frame I employ has a thick plate-glass front, against which 
the original grating and the prepared plate are pressed by screws. These 
are more under control than the springs generally used in the common 
printing-frames. When everything is ready, the original is placed on the 
glass front of the frame with the engraved face upwards, care being taken to 
exclude all grit by means of a camel’s-hair brush. The prepared plate is 
then placed face downwards on the grating, then a pad to equalize the 
pressure (I have used one of india-rubber), and on the pad the rigid back of 
the frame, on which the screws are made to press with a moderate force. 
When the film is delicate, care should be taken to place it in the proper 
position at once without sliding. 

The two surfaces of the plate-glass front of the printing-frame and the 
back of the original grating may be cleaned in the ordinary way with a soft 
cloth or wash-leather ; but the engraved face of the grating requires more 
delicate treatment. If touched at all with a solid (wash-leather), the greatest 
care should be used. I prefer to wash it, when soiled, with a stream of 
water from a tap, afterwards flooding it with pure alcohol and setting it up 
to drain and dry spontaneously. Sometimes I have found nitric acid useful ; 
but I always try to avoid the rubbing contact of a solid. These precautions 
have been so successful that, after several hundred copies have been taken, 
the originals have scarcely, if at all, deteriorated. 

For the support of the photographic film it is no doubt most satisfactory 
to use optically worked '‘parallel” glass. Ordinary glass would fail, for two 
reasons, In the first place it would generally be impossible to secure a 
sufficiently close contact in the printing. But even if this difficulty could be 
surmounted, the spectrum given by the copy would not bear the magnifying- 
power which it is generally desirable to apply. It is indeed evident that the 
glass support of the grating requires the same precision of workmanship 
as the object-glass of the telescope used in conjunction with it. 

Although ordinary glass taken at random is inadmissible, I have done a 
great number of excellent gratings on selected pieces of patent plate. In 
order to choose the best, I lay the plates on a table in such a position that 
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the bars of a window or skylight are seen reflected in them. Each bar 
appears in general double, one image corresponding to each surface. By 
sliding the plate about, while the head is kept still, irregularities are easily 
detected by the shifting or curvature of the images. From a package of two 
dozen 5x4 plates as issued by photographic dealers, three or four, often 
lying together, may usually be selected as flat enough for the purpose, or at 
any rate decidedly superior to the remainder. It is worth notice that the 
object aimed at is flatness of the two faces, exact paTcdlelis'm being of much 
less consequence ; for it is evident that the interposition of a truly worked 
prism of very acute angle would produce no evil result. A glass is therefore 
not to be rejected merely because the two images of the bar seen reflected in 
it are decidedly separated. The question is rather whether this separation 
remains constant as the plate is moved about without rotation. I have never 
seen a piece of patent plate that could not be at once distinguished from 
worked glass in the way described ; so that the test is abundantly sufficient 
for the purpose. The more delicate methods by which worked glass is 
examined would be less practically useful. 

Whatever kind of glass be used, if the photographic process be at all 
complicated, there is considerable economy of labour in preparing compara- 
tively large pieces, to be afterwards cut with the diamond to the required 
size. A 5 X 4, or even a 4^ x 3^, plate will do very well for four gratings. 
In the case of worked glass economy is an object ; but when patent plate is 
used I should recommend 5x4 glasses, as a margin is convenient. Even 
when, as in the collodio-chloride process to be presently described, the plate 
for each grating is prepared separately, it is convenient to perform the 
preliminary operations of cleaning and albumenizing on larger pieces. The 
cutting of prepared plates requires a little care. I place them face down- 
wards on a sheet of clean paper, make the diamond cuts on the back, and 
then, before breaking, remove as much as possible of the glass powder. As 
it is important to prevent any grit from getting between the film and the 
engraved face of the original, I usually brush the surface with a large cameVs- 
hair brush kept scrupulously clean. 

In the preparation of the plates I have used a considerable variety of 
methods. The process with gelatine and bichromate of potash described in 
my previous papers has decided advantages; but all my efforts to obtain a 
mastery of it have been unavailing. Plates prepared to all appearance in 
precisely the same manner, and even at the same time, turned out differently, 
while modifications purposely introduced seemed to be for the most part 
without effect. It required a strong scientific prejudice to hold the uniformity 
of nature in the face of so much adverse evidence. The uncertainty of this 
method is provoking, as some of the results are exceedingly good ; but I gave 
up my attempts sooner than I might otherwise have done in consequence of 
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the discovery of another method by which most of the advantages of the 
gelatine 2DrocesSj namely simplicity of manipulation and brilliancy of results, 
might be attained with much less risk of failure. 

It is very possible that a photographer skilled in the employment of 
gelatine might succeed where I failed. In case any such should wish to 
make the attempt, I will mention a few points that seemed important. The 
solution of gelatine should be carefully filtered. For thick liquids containing 
gelatine, albumen, &c., the best filtering material that I know of is tow. 
The tow should be cleaned from grease by boiling with soda and subsequent 
washing, and a small plugget of it pushed with moderate force into the neck 
of the funnel. Some arrangement must be adopted for keeping the gelatine 
hot, or the operation will hardly succeed. It is important that the coat of 
gelatine should be even, for which object the glass must be free from grease, 
and the plate on which the prepared glasses are put away to set perfectly 
level. Even then a good deal depends on the manipulation; but this is 
soon learned. The uniformity of the coat may be tested by the colour when 
the plate is placed on a sheet of white paper and examined in a weak white 
light. By candle-light the colour of weak bichromate of potash is scarcely 
visible. The exposure may be from two to six minutes to the direct rays of 
the sun. I have not been able to detect any deterioration when the plates 
were kept a few days in the dark before being used. 

A photographer accustomed to either the plain albumen or the Taupenot 
process will find it very suitable for gratings. The hardness of the surface, 
which allows varnish to be dispensed with, is a great advantage. In my 
experiments with plain albumen, the principal difficulty was the purely 
photographic one of avoiding stains. It must be observed, however, that in 
actual use the gratings are not seen in focus, and that excellent spectra may 
be obtained from copies which a photographer would be inclined to throw 
away at once as hopelessly faint and dirty. The objection to the Taupenot 
process is the trouble of preparing the plates ; but this is much mitigated 
when the plan is adopted of preparing large pieces to be afterwards cut up. 

Among those requiring development, the tannin process is the one with 
which I have been most successful. In order to counteract the well-known 
tendency of the film to loosen, a preliminary coating of dilute albumen or 
gelatine is generally necessary. In the production of gratings the photo- 
grapher must not be satisfied with merely keeping the film on the glass ; 
the slightest tendency to looseness must be considered highly objectionable. 
The plates are coated with Mawson^s collodion, excited in an ordinary silver- 
bath, washed first in distilled water and afterwards under the tap, and then 
immersed for a minute in a well-filtered 16 -grain solution of tannin. On 
removal from the tannin, they are set up cornerwise on blotting-paper to 
drain and dry. 
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For the development of these plates I prefer a solution of gallic acid 
employed in a dish, though I have obtained very good results by the ordinary 
method with pyrogallic acid. Prepare the two following : — 


(1) Gallic acid . . . 100 grains. 

Alcohol . , . . 2^ oz. 

Distilled water ... 2| oz. 

(2) Nitrate of silver . . 100 grains. 

Glacial acetic acid . . 2 oz. 

Distilled water . . . 16 oz. 


The dish used for developing should be of glass, and is best cleaned with 
a little strong nitric acid, which may be used over and over again. The 
developing solution is prepared by mixing (1) and (2) in equal parts and 
diluting with water to half the strength. The alcohol helps to keep the film 
tight ; and the development is well under control. In warm weather the 
operation may take an hour; but much depends upon the exposure, and 
still more upon the temperature. The proper point to which to carry the 
development can only be learned by experience; but the beginner is most 
likely to err on the side of excess, particularly if he uses pyrogallic acid. If, 
as ia desirable, the film be creamy and thick, the spectra of a candle do not 
appear to advantage at this stage, in consequence of the unaltered iodide of 
silver. For fixing, '' hypo ” is the safest, though cyanide may be used if the 
film will bear it. 

Tannin plates when finished are hardly secure without varnish ; but 
there is considerable risk of spoiling gratings in the operation if an ordinary 
negative varnish be used. The crystal (benzole) varnish, which is applied 
cold, is much easier to use and gives adequate protection. 

But the process which I am now most inclined to recommend is that 
introduced by Mr Wharton Simpson, and known as the collodio-chloride 
process. The collodion, which may be procured ready for use from Messrs 
Mawson and Swan, of Newcastle, consists of an emulsion of finely divided 
chloride of silver held in suspension by the dissolved gun-cotton, together 
with a carefully adjusted excess of free nitrate. After a time the chloride of 
silver is precipitated and the preparation becomes useless , but if properly 
mixed in the first instance, it will remain fit for use for weeks or even 
months. In the production of gratings the consumption is very small; 
so that, if required for this purpose alone, it is well to order it in small 
quantities. 

In order to secure a proper adhesion, I have found a preliminary coating 
of albumen absolutely necessary. The white of an egg beaten up with a 
pint of distilled water gives a solution of sufficient strength. The plates, 
previously cleaned, are coated in any way that may be found convenient, and 
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fchen set up on blotting-paper to drain and dry. The principal precautions 
necessary are to filter the albumen very carefully and to work in a room free 
from dust. It will generally be convenient to prepare a considerable number 
of plates at a time. Though of almost infinitesimal thickness, the film of 
albumen produces a very marked effect. Without the albumen the skin of 
collodion will usually come right away from the glass when washed under 
the tap ; with it the adhesion is remarkably good, and the film so tough as 
even to bear rubbing with the finger while wet. 

The plate is coated with collodion in the ordinary way, and, after resting 
a few seconds, is dried by heat over a spirit-lamp or otherwise. After the 
plate has been made quite warm, it is put aside in the dark to cool and to 
absorb a certain amount of moisture from the atmosphere. This may take 
five or ten minutes. If the plate is used too soon the result is unsatisfactory; 
but, on the other hand, it will not do to leave it long enough to become 
sensibly moist. Something will probably depend on the particular sample of 
collodio-chloride. 

The exposure required is about five or seven minutes to the autumn sun. 
On a ha 25 y day something more may be required ; but if there are many 
clouds about, the experimenter will do well to postpone operations. 

On removal from the frame, the plates may be placed in a dish of water 
until it is convenient to finish them. They are fixed, without any toning, in 
a dilute solution of hyposulphite of soda, such as is used for paper prints, 
and then carefully washed. The most effective washing is a combination of 
rinsing and soaking. My practice is to rinse the plates under the tap for 
half a minute in order to remove the greater part of the hyposulphite of 
soda, and then to allow them to soak for an hour or two in water changed 
two or three times. After a final rinsing the plates may be set up to dry. 

Gratings finished in this way give excellent definition, but the spectra are 
rather deficient in brilliancy. This defect is of less importance than might 
be supposed ; for in order to see the finer fixed lines, sunlight is in any case 
indispensable, and with sunlight there is usually illumination to spare. 
Nevertheless, as gratings are likely to be largely used for the purpose of 
popular illustration under circumstances where artificial light must be 
employed, I am glad to be in a position to recommend a simple mode of 
treatment by means of which the brilliancy of the spectra may be materially 
enhanced. For this purpose it is only necessary to treat the fixed and 
washed impression with a solution of corrosive sublimate. When the whiten- 
ing effect is complete, the plate must be again washed and then set up to 
dry. Considered as a photographic transparency, the grating is reduced 
rather than heightened in intensity by this process. The cause of the 
improvement of the spectra will be touched upon presently. These mer- 
cury-treated gratings cannot be varnished without sacrificing most of the 
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advantage of the method. I have occasionally applied the same treatment 
successfully to tannin plates. 

When not in use, the finished gratings should he kept in a dry place and 
protected from dust and other atmospheric deposit. For this purpose they 
may he put away wrapped in paper. For a short time there is no objection 
to leaving them standing, face inwards, against a wall ; hut a better plan is 
to place them, face downwards, on a flat and thoroughly clean piece of plate- 
glass. 

The originals from which I have hitherto taken copies are three in 
number. Two are by Nobert, and contain respectively 3000 and 6000 lines, 
in each case covering a square inch (Paris). On a casual inspection the 
second, apart from the greater number of its lines, would be preferred as 
presenting a more even appearance. The 3000-line grating is divided into 
three parts, giving spectra of differing degrees of brightness, corresponding 
no doubt to a variation in the cut of the diamond or other stone employed, a 
peculiarity which is faithfully preserved in the copies. But on actual trial it 
is found that the spectra of the 3000-line grating are much the best in 
respect of definition; and the same difference is observed in the copies. 
The superior brilliancy of the closer-ruled grating is thus of little or no 
advantage for the investigation of the solar spectrum. In order ‘to make 
good use of it, a higher degree of magnifying-power would be necessary than 
the definition of the spectra will bear. 

The other original grating was engraved by Mr Rutherfurd, of New York, 
and was kindly lent me by Mr Browning ; it contains 6000 lines to the inch. 
Owing to a change of residence, I have not hitherto had an opportunity of 
besting either the original or the copies on the solar spectrum; but I may 
observe that in respect of brightness they fall far short of Nobert's. This, as 
I have already remarked, is not always an objection; and the accuracy of 
division, on which definition depends, is Said to be very superior*. 

In testing gratings I prefer to work in a dark room. The slit is fastened 
in the window-shutter, outside which is placed the heliostat or porte-hmih-e. 
As slits are frequently required in optical experiments, and as usually made 
are rather expensive, I may be allowed to mention a very simple method by 
which serviceable slits may often be obtained. A piece of glass is covered 
with tinfoil, which must be made to adhere well; I have found a weak 
shellac-varnish a suitable cement. The alcohol is allowed to evaporate, and 
the thin layer of shellac softened by heat. In order to make a slit, it is only 
necessary to lay a straight-edge on the tinfoil and to draw a line with a sharp 
knife, afterwards wiping the line of the cut with a rag moistened with alcohol. 
The width and regularity of the slit may be judged of by holding it close to 


* Draper, “ On Diffraction-Spectrum Photography,” Phil. Mag. Dec. 1873, p. 419. 
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between two parallel cuts. 

At ^ distance of 12 feet or more from the shutter are placed the gratmg 

At a . Observing-telescope. In making the prehminary 

and the object-glass of the ob^r g F ^ 

adjustments, it is conyement to use a ** so wide ^he 

aspect of the p ane oti^ w!l be known that the lines of the gratmg are 
spectra is hori , obiect-glass, I am in the habit of using 

vertical ^ ^ solai- focus. The eyepiece is a high-power 

a single lens Browning, and forms,' with the object-glass, a 

achromatic S^pterthan is ordinarily used inspectro- 

telescope of moh higher m y ^S^P 

tlM In order^ Jobtain the best definition, it is necessary to adjust 
the grating, in ryiasc.- and I find that the best aspect is not 

carefully the S’SP^* °f ® |at the performance of other optical instru- 

alwaysthesame Itispo bl P ^ 

agents might one of the lenses employed. , 

"tihg i«f I u-ally place approximately in the position of minimum 
deviation. 

The conies on worked glass by the ordinary photographic processes and 
bv the modification of the oollodio-chloride last described rai-ely fail in defini- 
tfon With the original (3000) grating, or with the copies, I can ma o 
nearly but not quite, all that is shown in Angstrom s map. With this 
* 1 ,. third sneotrum is generally the most serviceable. When the 
^■t“?natcnt nlate fo employedj^there will generally be a proportion whose 
Cformance is less satisfactory, though few which would not give very fair 
results when tested by a low power only. Some cannot be considered infenoi 
n Z worked glass, at least when the object-glass is specially adjusted for 

them iTmany eases the definition may be considerably improved by he 
them in u y ^ horiiorOal slit, so placed that only the 

Ztral paZof the lines of the grating are operative. In respect of bnlliancy, 
gmi maybe more quickly judged of; it is sufficient merely to examine 

the spectra of a candle placed m a dark room. 

The lines themselves are of course too close to be seen without a micro- 
scope W their presence may be detected, and even the inter™! between 
Zm measured, without optical aid, by a method not depending on the 
production of spectra or requiring a knowledge of the wave-length of light 
If two photographic copies containing the same number of lines to the moh 
, , be pLd in foit, film to film, in such a manner that the lines are nearly 
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parallel in the two gratings, a system of parallel bars develops itself, whose 
direction bisects the external angle between the directions of the original 
lines, and whose distance increases as the angle of inclination diminishes. 
The cause of the phenomenon will be readily understood by drawing on paper 
two sets of equally distant and not too thin bars inclined at a small angle. 
Where the opaque and transparent parts severally overlap, the obstruction of 
light is, on the average, less than the double of that due to each set sepa- 
rately*, and consequently these places appear by comparison bright. The 
interval between the bars is evidently half the long diagonal of the rhombus 
formed by two pairs of consecutive lines, and is expressed by g cos ^ ^ -r sin 6, 
or approximately a-^ 9, where a is the interval between the primary lines, 
and 9 the mutual inclination of the two sets. 

When parallelism is very closely approached, the bars become irregular, 
in consequence of the imperfection of the ruling. This phenomenon might 
perhaps be made useful as a test. 

If the planes of the films be not quite parallel, bars parallel to the 
original lines may appear when the line of intersection of the planes is in the 
same direction. This arises from a fore-shortening. of one of the sets, making 
it equivalent to a grating of a somewhat higher degree of fineness. 

When examined under the microscope, the opaque bar on the copy, which 
corresponds to the shadow of the groove of the original, is seen to be compo- 
site, being not unfrequently traversed along its length by several fine lines of 
transparency. In one case, where the copy was on common glass, this effect 
went so far that at certain parts of the grating the periodicity was altered by 
each line splitting into two, the first spectrum altogether disappearing. In 
order to make this observation, the eye should be placed at the point where 
the pure spectra are formed and be focussed on the grating. The places in 
question will then appear as irregular dark bands. 

The disappearance of the first spectrum is very unusual ; but it is common 
for bands to appear when the eye is adjusted to the place of the fourth and 
higher spectra. When the order is high, the bands will not be black, but 
coloured with light belonging to one of the other spectra. There is no diffi- 
culty in understanding how this occurs. In the process of copying, the groove 
of the original is widened into a bar, whose width depends on the closeness 
of contact, an element which necessarily varies at different parts of the plate. 
The dark bands are the locus of points at which the relation of the alternate 
parts is such as to destroy the spectrum in question. 

I have not had an opportunity of trying the method of copying on lines 
closer than 6000 to the inch ; but I have no doubt that the limit of fineness 
was not attained. I should expect to find no difficulty with lines 10,000 or 

* The mathematioal reader will easily prove this from the law of absorption. 

R. I. 14 



experiments I should be inclined to try mica as a support, whose flexibility 
would facilitate a close contact. I may mention that I have done copies of 
the 3000-line grating on sheets of mica, such as may be obtained very thin 
and smooth from the photographic dealers. For more convenient manipula- 
tion in the preliminary stages of preparation, the mica should be mounted on 
a sheet of glass of the same size as itself. A small drop of water interposed 
will ensure a sufficiently close adhesion. 

I have tried to take copies of copies, but with indifferent success, even 
when the performance of the first was not perceptibly inferior to that of the 
original. 

Gratings may be copied without the aid of photography by simply taking 
a cast. Following Brewster, I have obtained a fair result by allowing filtered 
gelatine to dry after being poured on the 3000 Nobert. This method, how- 
ever, is attended with much more risk to the original, and is besides open to 
other objections, sufficient, I think, to prevent its competing with photo- 
graphy. 

The remainder of this paper is principally occupied with theoretical 
considerations relating to the performance of gratings considered as light- 
analyzing apparatus. The more popular works on the theory of light give 
only the main outlines of the subject, and pass over almost in silence the 
important questions of illumination and definition. On the other hand, the 
mathematical treatises, such as Airy’s Tracts” and Verdet’s Lemons, though 
they give analytical results involving most of the required information, are 
occupied rather with explaining the production of spectra as a diffraction- 
phenomenon than with investigating on what conditions their perfection 
depends. On examining the question for myself, I came to the conclusion 
that the theory of gratings, as usually presented, is encumbered with a good 
deal that may properly be regarded as extraneous. 

One of the first things to be noticed is the extraordinary precision 
required in the ruling. The difference of wave-length of the two sodium- 
lines is about a thousandth part. If, therefore, we suppose that one grating 
has 1000 lines in the space where another has 1001, it is evident that the 
first grating would produce the same deviation for the less-refrangible D i 
line that the second would produce for the more-refrangible D line. We 
have only to suppose the two combined into one in order to see that, in a 
grating required to resolve the D line, there must be no systematic irregu- 
larity to the extent of a thousandth part of the small interval. Single lines 
may, of course, be out of position to a much larger amount. It is easy to 
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see^ too, that the same accuracy is required, whatever be the order of the 
spectrum examined. 

The precision of ruling actually attained in gratings is very great. In 
the 3000 Nobert it is certain that the average interval between the liues 
does not vary by a six-thousandth part in passing from one half of the 
grating to the other ; for the D lines, when well defined, do not appear so 
broad as a sixth part of the space separating them. 

In considering the influence of the number of lines (n) and the order of 
the spectrum (m), we will suppose that 
the ruling is accurate, and that plane 
waves are incident perpendicularly upon 
the face of the grating whose width is 
represented in the figure by AB. But 
inasmuch as a large part of the phe- 
nomenon covered by the usual mathe- 
matical investigation depends upon the 
limitation of the grating at A and J5, we 
shall find it convenient to take first the simple case of an aperture represented 
by AB, and afterwards to consider the influence of the ruling. 

In the perpendicular direction BO all the secondary waves emanating 
from AB are in complete agreement of phase, and their resultant accordingly 
attains its highest possible value. In a direction BP, making with BO a 
very small angle, the agreement of phase will be disturbed. If BP be so 
drawn that the projection of AB upon it is equal to X, the phases of the 
secondary waves will be distributed uniformly over a complete period, and 
the resultant will therefore be nil. The same result must ensue whenever 
BB is an exact multiple of X. 

For the intermediate directions we require a little more calculation. 

The phase of the resultant will always correspond with that of the 
secondary wave which issues from the middle of the aperture. If x denotes 
the retardation of any element with respect to this one, the amplitude of the 
resultant is given by 

cHR 

I cos xdx-T- R, 

J 

where R is the relative retardation of the extreme parts A and B, or, on 
integration, 

sin IR 

This expression gives the magnitude of the resultant amplitude compared 
with that in the principal direction BG, where all the components agree in 
phase. 
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The composition of elementary vibrations whose phases vary uniformly 
within certain limits may be illustrated by a mechanical analogy. Each 

elementary vibration is represented by a force 

© proportional to the element of circular arc PQ and 

acting at 0 along a direction OP, making with a 
fixed line of reference OX an angle corresponding 
to the phase of the vibration. The force may be 
supposed to be due to the attraction of the arc on 
a particle placed at 0. The group of vibrations is 
thus represented by the group of forces whose 
directions are distributed uniformly through the 
angle AOB", and the resultant of the forces^ found 
by resolving in the ordinary way, represents on the same system the resultant 
of the vibrations. In the present case AOB corresponds to R, and the inte 
grated expression sin -f- ^R denotes the ratio of the resultant force to the 
aggregate of its components calculated without allowance for the difference 
of direction — that is, as if the whole attracting mass were concentrated at X 

According to what has been already explained, (sin ^R ^Rf vanishes 
when ^R is an even multiple of ^ir. The positions of the maxima (deter 
mined by tan ^R = ^R) do not exactly bisect the angles between the vanish- 
ing directions ; but it will be sufficient for our present purpose to note that 
the principal maximum (R = 0) is unity, and that the others do not differ 
greatly from (2/37r)^ (2/57r)^ (2/7'7r)^ &c. It is evident that on either side of 
the principal direction the illumination falls off with great rapidity. If AB 
is 1 (inch) and X = , the angle GBP corresponding to the first minimum 

is only about 5^'. 

The image of an infinitely narrow line of light (whose length is perpen 
dicular to the plane of the diagram) as formed by an object-glass with 
aperture AB, is thus a series of parallel stripes, composed of a central narrow 
band whose illumination varies from a maximum in the middle to zero at 
the edges, enclosed by parallel bands of rapidly decreasing illumination. We 
have now to examine the effect of the ruling. 

For the sake of simplicity, we will take first the case of a grating com 
posed of transparent bars of width a, alternating with opaque bars of width d, 
and consider the central image or spectrum of zero order. In the principal 
direction, BG, the secondary waves are, as before, in complete agreement, but 
the amplitude is diminished by the ruling in the ratio a:a-hd. In another 
direction, making a small angle with BG such that the relative retardation 
of A and B amounts to a few wave-lengths, it is easy to see that the mode of 
interference is the same as if there were no ruling. For example, when the 
direction is such that the projection of A B upon it amounts to one wave 
length, the elementary components neutralize one another, because their 




and thus 


jBo •. B — a^ -.{a + df, 
: B = -r-„ sm^ — 


The sine of an angle can never be greater than unity; and consequently 
under the most favourable circumstances only 1/mV* of the original light 
can be obtained in the mth spectrum. We conclude that, with a grating 
composed of transparent and opaque parts, the utmost light obtainable in 
any one spectrum is in the first (the central image not being included), and 
there amounts to I/tt*, or about and that for this purpose a and d must 
be equal. 

* This point is perhaps made clearer by supposing the original light to be always incident at 
such an angle that the diffracted spectrum under consideration occurs in the normal direction. 
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phases are on the whole distributed symmetrically, though discontinuously, 
round the entire circumference. The only effect of the ruling is to diminish 
the amplitude in the ratio a-.a + d] and except for the difference in illumi- 
nation, the appearance of a line of light is exactly the same as if the aperture 
were perfectly free. 

The lateral images occur in such directions that the projection of the 
element a -t- d! of the grating upon them is an exact multiple of The 

effect of each element of the grating is then the same; and unless this 
vanishes on account of a particular adjustment of the ratio a : d, the resultant 
amplitude becomes comparatively very great. These directions, in which the 
retardation between A and B is exactly mnA, may be called the principal 
directions. On either side of any one of them the illumination is distributed 
according to the same law as for the central image (m = 0), vanishing, for 
example, when the retardation amounts to (mn + 1) X. In considering the 
relative brightness of the different spectra, it is therefore sufficient to attend 
merely to the principal directions, provided that the whole deviation be not 
so great that its cosine differs considerably from unity*. 

Under the restriction just stated, the intensity of the secondary waves 
may be supposed not to be diminished by the obliquity; and thus we obtain 
for the ratio of brightnesses : — 


Bm • Bn — 


, 2am'7r' 

cos 00 dx -. — , 

amn Cl d 


where B^ denotes the brightness of the mth spectrum, and B^ of the central 
image. 

If B denotes the brightness of the central image when the whole of the 
space occupied by the grating is transparent, we have 
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When d = a, the general formula becomes 


showing that, when m is even, vanishes, and that, when m is odd, 


\a + d)’ 

so that the brightness of all the (lateral) spectra is the same. According to 
this, the spectra of a sodium-flame observed through a grating should be of 
equal brilliancy when a is small relatively to a + d. In the grating with 
3000 lines this condition is fulfilled ; but the theoretical result is contradicted 
by observation, the second and third lateral spectra being much brighter 
than the first. I am not in a position to explain the discrepancy, which I 
only noticed while drawing up this paper for the press. Unless due to some 
mathematical blunder, the cause would appear to be deep-seated. The effect 
of an insufficient narrowness of grooves would be in the opposite direction. 

Our expressions have been obtained without taking into account the 
reflection from the face of the grating ; and therefore the light stopped by 
the opaque parts, together with that distributed in the central image and 
lateral spectra, ought to make up the original brightness. Thus, if a = d we 
ought to have ' 


which is true by a known theorem. In the general case. 


/ m7ra\ 
-f- dj 


a -f d \cb-\-d) 9j-2'^m=i I 

a result which may be verified by Fourier’s theorem. 

By Babinet’s principle it is a matter of indiffere 
ness of the lateral spectra are concfimpH 
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the transparent or of the opaque part, inasmuch as the secondary waves from 
the transparent and opaque parts together would give a zero resultant. The 
same conclusion may be derived from the expression for the ratio Bm '• B. 

From the value of Bm : Bq we see that no lateral spectrum can surpass 
the central image in brightness; but this result depends upon the hypothesis 
that the lines of the grating act by opacity, which is generally very far from 
being true. In an engraved glass grating or in a gelatine copy there is no 
opaque material present by which light could be absorbed, and the effect 
depends on a difference of retardation due to the alternate parts. It is 
remarkable that this point is never alluded to in the ordinary treatises on 
optics, and, so far as I know, was first noticed by Quincke (Pogg. Ann. 
vol. cxxxil. p. 321, 1867), who made a theoretical and experimental exami- 
nation of the phenomena presented when light is diffracted at the edge of 
a transparent obstacle. My attention was first drawn to it, before I was 
acquainted with Quincke’s work, by observing that, contrary to my anticipa- 
tions, it was possible for the lateral spectra of a soda-flame to exceed the 
central image in brilliancy. When once the question is raised, the explana- 
tion is easy enough; for if the grating were composed of equal alternate 
parts, both alike transparent but giving a relative retardation of half a wave- 
length, it is evident that the central image would be entirely extinguished, 
while the first spectrum would be four times as bright as if the alternate 
parts were opaque. If it were possible to introduce at every part of the 
aperture of the grating an arbitrary retardation, all the light might be con- 
centrated in any desired spectrum. By supposing the retardation to vary 
uniformly and continuously, we fall on the case of the ordinary prism ; but 
there would then be no analysis of light, except such as depends on the 
variation of retardation with wave-length. To obtain a diffraction-spectrum 
in the ordinary sense containing all the light, it would be necessary that the 
retardation should gradually alter by a wave-length in passing over each 
element of the grating and then fall back to its previous value, thus spring- 
ing suddenly over a wave-length. It is not likely that such a result will 
ever be obtained in practice; but the case was worth stating, in order to 
show that there is no theoretical limit to the concentration of light of 
assigned wave-length in one spectrum, ^ 
and as illustrating the frequently ob- 
served unsymmetrical character of the 
spectra on either side of the central image. 

We have now to consider the depen- 
dence of the resolving -poiuer of a grating 
on the number of its lines {n) and the 
order of the spectrum observed (m). 

Let BP be the direction ‘of the principal maximum for the wave- 
length A in the mth spectrum ; then the projection of AB on BP is 
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[representing the relativ'e retardation of the extreme rays which pass through 
A and J5]. If JBQ be the direction corresponding to the first minimum, the 
projection of AB on jBQ is (mn + 1) X. Suppose now that \ -1- is the wave- 
length for which BQ gives the principal maximum, then 

(mn 1) X = mn (X -f 3x) ; 

whence 

3X ^ _1_ 

X mn ’ 

which shows that the resolving-power varies directly as m and n*. 

It is not possible to say precisely under what circumstances a double line 
would appear to be resolved — something no doubt would depend on the 
intensity of the light — but it seems probable that there would be no distinct 
resolution when the two images are separated by only half the width of the 
central band of either. If this be so, we may take X/to3X as the least number 
of grooves capable of resolving in the mth spectrum a double line whose 
wave-lengths are X and X -f 3X. In the case of the soda-lines 8X/X is about 
T^yVfr 5 therefore to resolve them in the first spectrum would require 1000 
grooves, in the second spectrum 500, and so on. It is evident that if the 
ruling be perfectly accurate and the illumination sufficient, the work may be 
accomplished with comparatively few lines by using a spectrum of elevated 
order. 

The result of an attempt to determine experimentally the number of lines 
necessary to resolve D in the solar spectrum may here be recorded. The 
3000-to-the-inch Nobert was used, its horizontal aperture being limited by 
the jaws of an adjustable slit. From the width of the slit found to be 
necessary the number of lines in operation was calculated. 

In the first spectrum 1200 lines wei'e required, in the second 630, and in 
the third 375. These numbers should be in the ratio 6 : 3 ; 2 1 but the last, 
which presents the greatest deviation, was difficult of exact measurement. 

The number of lines necessary in the first spectrum is very much what 
might have been expected. The effect of a limitation of the aperture of the 
grating by a slit whose length is horizontal, is, of course, quite different. As 
the slit is narrowed, the image of a point would be dilated in a vertical direc- 
tion; but this is of no moment when the subject of observation is itself a 
uniform vertical line. As was mentioned in the first part, the definition is 
often materially improved. 

* [1899. If we define as the dispersion in a particular part of the spectrum the ratio of the 
angular interval d9 to the corresponding increment of wave-length d\, we may express it by a 
very simple formula. For the alteration of wave-length entails, at the two limits of a diffracted 
wave-front, a relative retardation e^ual to mnd\. Hence, if a be the width of the diffracted 
beam, and dO the angle through which the wave-front is turned, add=mnd\, or 

dispersion = = 7?w/a.] 
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Since a grating resolves in proportion to the total number of its grooves, 
it might be supposed that the definiug-power depends on different principles 
in the case of gratings and prisms ; but the distinction is not fundamental. 
The limit to definition arises in both cases from the impossibility of repre- 
senting a line of light otherwise than by a band of fiinite though narrow 
width, the width in both cases depending only on the horizontal aperture 
(for a given A-). If a grating and a prism have the same horizontal aperture 
and dispersion, they will have equal resolving-powers on the spectrum ; the 
greater dispersion is the only cause of the superiority of the diffraction- 
spectra of high order. 

In estimating the value of light-analyzing apparatus, there are three 
things to be considered — the brightness, the purity, and the apparent magni- 
tude of the resulting spectrum. In the case of a prism, where the loss of 
light by reflection and absorption may in a rough approximation be neglected, 
the first two characteristics are inseparably connected, whether a telescope 
be used or not, so long as the pupil of the eye is filled with light. In what- 
ever degree the purity be enhanced, whether by increasing the dispersion or 
narrowing the slit, in the same degree must the brightness suffer. The 
angular magnitude of the spectrum is merely a question of magnifying-power. 
No matter how small the dispersion may be, the spectrum may yet be made 
to appear as long as we please by sufficiently increasing the focal length of 
the object-glass and the power of the eyepiece. But if the brilliancy is not 
to suffer, the size of the prism and the aperture of the telescope must be 
proportionally increased; for otherwise the condition will be violated of 
keeping the pupil filled with light. There are thus two ways of obtaining a 
powerful spectroscope. The first is to procure a great dispersion by multi- 
plication of prisms ; the second is to be satisfied with a small dispersion, and 
attain the necessary length of spectrum by a high -power telescope, which 
may involve a larger aperture. It may be questioned whether the second 
method has received as much attention as it deserves. When there is light 
to spare, a higher power than usual may often be employed advantageously 
without an augmentation of aperture. 

In the case of gratings the question is complicated by the choice of 
spectra; but some remarks may perhaps be useful. Much misapprehension 
appears to exist as to the nature of the advantage derived from close ruling. 
It is generally supposed that the closer the ruling the greater the resolving- 
power of the instrument ; but this is for the most part a mistake. When 
there is no limitation on the order of the spectrum to be observed, resolving- 
power depends not on the closeness but on the ciccuvcLcy of the ruling. Let 
us take the case of a grating with 3000 lines in an inch, and consider the 
effect of interpolating an additional 3000 lines. The effect of the addition 
will be to destroy by interference the first, third, and the odd spectra 
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generally ; while the advantage gained in the spectra of even order is not in 
dispersion, nor in resolving-power, but simply in brilliancy, which is increased 
to four times. If we now suppose half the grating to be cut away, so as to 
leave 3000 lines in half an inch, the dispersion will evidently not be altered, 
while the brightness and resolving-power are halved. If, therefore, resolving- 
power be our object, we should aim at covering a considerable breadth with 
very accurately placed lines, rather than at extreme closeness of the lines 
themselves. On the other hand, for experiment on dark heat, or whenever a 
narrow slit is not available, resolving-power is of less importance, and the 
best grating will be one that covers the largest space with the finest lines. 

I have already mentioned that, my 6000-to-the-inch Nobert defines not 
only not better, but decidedly worse, than the one with 3000 lines in the 
inch. This inferior definition is probably an accident ; for there seems to be 
no theoretical reason for it. In brightness the closer-ruled grating has 
greatly the advantage. 


The preceding investigations are founded on the principles ordinarily 
adopted in explaining diffraction-phenomena, and not on a strict dynamical 
theory. In the present state of our knowledge with respect to the nature of 
light and its relations to ponderable matter, vagueness in the fundamental 
hypotheses is rather an advantage than otherwise j a precise theory is almost 
sure to be wrong. Nevertheless it is often instructive to examine optical 
questions from a more special point of view ; and therefore I hope that an 
investigation of an ideal grating on dynamical principles will not be out of 
place, though not very closely connected with the preceding portion of the 
paper. 

In actual gratings the lines or grooves occur at the boundary of two 
media of different refrangibilities ; but, for the sake of simplicity, we shall 
here suppose the medium on both sides to be the same. The grating will 
thus consist simply of bars (infinitely long) whose optical properties differ 
from, those of the rest of the medium) and we further suppose 

(1) that the variation of optical properties depends upon a difference of 
inertia, and is small in amount ) 

(2) that the diameter of the bars is very small in relation to the wave- 
length of light. 

The supposition that refraction depends upon a difference of inertia is 
that of Fresnel and Green, and has been shown by the latter to lead to 
Fresnel’s laws.^ In several papers in this magazine* I have shown that, if 
the analogy with an elastic solid holds good at all, no other supposition is 
reconcilable with the facts of the reflection of light from surfaces and its 

* Fhil. Mag. 1871. [Arts, viii, ix, xi.] 
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Whether true or not, it is at any rate 


diffraction by small particles, 
mechanically possible. 

Since the bars are very small, the effect of each is quite independent of 
the rest ; and so the dynamical theory need only concern itself with one. In 
my paper “ On the Light from the Sky*,” I proved that the effect of a body 
in disturbing the waves of light incident upon it may be calculated by 
ordinary integration from those of its parts, provided that the square of the 
alteration of mechanical properties may be neglected. This proposition, 
though true as stated, requires some caution in use, and is practically 
inapplicable when the body is elongated in the direction of original propa- 
gation, because the dimension of the body in this direction divided by X 
may occur as a factor in the terms omitted. In the present case, however, 
where the light is incident normally to the plane of the grating, this diffi- 
culty does not arise. 

Let the bar under consideration be taken for axis of 2:, and let the axis 
of 00 be parallel to the direction of 
propagation of the original light. The 
original vibration is thus, according to 
the polarization, parallel to either 2 
or y. We will take first the former 
case, where the disturbance due to the 
bar must be symmetrical in all direc- 
tions round OZ, and parallel to it. 

The element of the disturbance at A due to PQ {dz) will be proportional to 
dz in amplitude, and will be retarded in phase by an amount corresponding 
to the distance r. In calculating the effect of the whole bar, we have to 
consider the integral 



/: 


dz 27 r ,,, 

— cos — iot 
r X 


r)=f 


dr cos ^ (bt — r) 


Now the denominator = Jr — R>Jr + B, a product of which the second 
factor may be treated as constant in the integration in view of the fact that 
the parts for which r differs much from R destroy each other’s effects. After 
this simplification the integral may be evaluated by means of the formula 


The result is 


/■“ sin 00 , f°° cosoo j Irr 


Jo 'T 


dz 27 r , 

cos {bt — r) = 


^X 

2aJR 




Phil. Mag., 1871. [Art. vni,] 
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showing that the total effect is retarded behind that due to the element 
at 0. This result is analogous to^ though different from, that of the ordinary 
integration by Huyghens’s zones. In that case the effect of each zone is 
very nearly the same, and therefore the whole is the half of that of the first 
zone. If the first zone be divided into rings by circles drawn so that r 
increases in arithmetical progression, the rings will be of equal area, and 
therefore the phase of the resultant vibration will be halfway between that 
corresponding to the centre and circumference — that is, will be retarded 
relatively to the centre by one fourth of A. In the present case, if the bar 
be divided on the same principle so that each piece gives a result retarded 

behind its predecessor, the lengths will rapidly diminish from the centre 
outwards, and therefore the same argument does not apply. The retardation 
of the resultant relatively to the central element is less than before, on 
account of the preponderance of the central parts. 

By the result investigated in my paper previously referred to, if T be the 
volume of the element PQ, P and U the original and altered densities, the 
disturbance at A due to the element is 


D' 


JDtt.T . 27r ,, , 

sin 0 £ cos — {bt 


D rV 


A 


0 *, 


the original vibration PQ being denoted by cos (^TrhtfX). a is the angle 
between the ray PA and the direction of original vibration OZ ; but in the 
present application we may put sin a = 1, since only the central parts are 
really operative. If we replace T by Adz, A being the sectional area of the 
bar, and use the integral just investigated, we find for the effect of the 
whole bar 


U-D 

D 




corresponding to cos {^TrhtfX) for the incident light. 

When the original vibration is parallel to y, the disturbance due to the 
bar will no longer be symmetrical round OZ. If a be the angle between Occ 
and the direction of the scattered ray, it is only necessary to introduce the 
factor cos a in order to make the preceding expression applicable. 

If the direction of the original vibration be inclined at an angle 6 to OZ, 
and that of the scattered ray at an angle <^, we have on resolution 

tan <j!> = cos a tan d, 

which expresses the important law enunciated by Stokes f. 

* The factor w was inadyertently omitted in the original memoir, 
t “Dynamical Theory of Diffraction,” Camb. Trans, vol. ix. 
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The preceding investigation depends upon the smallness of Z) — 2) as 
well as of ; but where the original vibrations are parallel to the bar, the 
result is correct to all powers of D' — D. I find that, if the bar be circular 
and composed of material for which the density is D' and the rigidity n (the 
corresponding quantities for the rest of the medium being D and n), the 
expression for the scattered vibration is 


27rJ. D-D w' - w ) ^ ^ 27r 

y = -rvTi \ ^ 7 cos a V X cos — 

^ I 2D n + n ] X 


ht-R- 


corresponding to 


7 = cos 

At 


for the incident light at the centre of the bar"*". If we suppose that n' = n, 
this agrees with the result already found ; and it is correct if the bar be 
small enough, whatever may be the magnitude of (D' — D)/D. 

[For further work upon this subject see Phil. Mag. voL xi. p. 196, 1881.] 


* [An analogous investigation is given in Theory of Sound, § 343.] 




There is oae point connected with Mr Darwin’s explanation of the bright 
colours of flowers which I have never seen referred to. » The assumed attrac- 
tiveness of bright colours to insects would appear to involve the supposition 
that the colour-vision of insects is approximately the same as our own. 
Surely this is a good deal to take for granted, when it is known that even 
among ourselves colour-vision varies greatly, and that no inconsiderable 
number of persons exist to whom, for example, the red of the scarlet gera- 
nium is no bright colour at all, but almost a match with the leaves. 
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A STATICAL THEOREM. 

[Phil. Mag. xlviii. pp. 452 — 456, 1874; XLix. pp. 183 — 185, 1875.] 

In a paper “ On some General Theorems relating to Vibrations,” pub- 
lished in the Mathematical Society's Proceedings for 1873 [Art. xxi], I 
proved a very general reciprocal property of systems capable of vibrating, 
with or without dissipation, about a position of stable equilibrium. The 
principle may be shortly, though rather imperfectly, stated thus; — If a 
periodic force of harmonic type and of given amplitude and period act 
upon the system at the point P, the resulting displacement at a second 
point Q will be the same both in amplitude and phase as it would be at 
the point P were the force to act at Q. 

If we suppose the period of the force to be very great, the effects both of 
dissipation and inertia will ultimately disappear, and the system will be in a 
condition of what is called moveable equilibrium ; that is to say, it will be 
found at any moment in that configuration in which it would be maintained 
at rest by the then acting forces, supposed to remain unaltered. The statical 
theorem to which the general principle then reduces is so extremely simple 
that it can hardly be supposed to be altogether new ; nevertheless it is not 
to be found in any of the works on mechanics to which I have access, and 
was not known to the physicists to whom I have mentioned it. In any case, 
I think, two or three pages may not improperly be devoted to the considera- 
tion of it. 

Let the system be referred to the independent coordinates t/tj, &c., 
reckoned in each case from the configuration of equilibrium. Since only 
small displacements are . contemplated, &c. are small quantities whose 
squares are to be neglected. Then, if 'T^i, 'T'a, are the impressed forces 
of the corresponding types, the equations of equilibrium are of the form 

Oii'yfry + + COisf's + • • . = ] 

aziS^i + U22'^2 + + • . . = T's, 

Chlf'l + »82'^2 + «'ss'^8 + ... = 'T'a, 


(A) 
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being the same in number as the degrees of freedom. It may be observed 
that forces of a constant character need not be included in &c. ; for the 
effect of suclj is only to alter the configuration of equilibrium, and they may 
be supposed to be already accounted for in the estimation of that configuration. 

If the system be conservative, as is here supposed, the coefficients in the 
equations (A) are not all independent ; for in order that an energy- function 
may exist, any coefficient such as cq-g must be equal to the corresponding 

The solution of equations (A) is 

+ ^22^2 -f- . . . , 

y w 

~ •Asi'T^'i ^.32^1^2 + . . • , j 

where V denotes the determinant 


(hi (f>12 (^IS • . . 

^21 ^22 ®23 • • • 

^81 ^32 ^38 . . • 


.1 I 


in which, therefore, by a property of determinants, 


In the application that we are about to make it will be supposed that all 
the forces but two vanish, for example that &c. vanish. Under 

these circumstances we obtain from (B) 

Vfx = + A A 7^2 = ^21^1 + ^22^2, .(C) 

equations which determine the displacements when the forces are 

given. The consequences which follow from the fact that A^^ = A^, may be 
exhibited in three ways. 

First Proposition. — Suppose = 0. From the second equation, we see 

that Vi/oa = Aai'T'i. Similarly if we had supposed 'T'l = 0, we should get 
= Aia'T'a, showing that the relation of 'yjri to in the second case is the 
same as the relation of in the first. 

In ordei to fix our ideas we will take the case of a rod, not necessarily 
uniform, supported in any manner in a horizontal position — for example, 
with one end clamped and the other free. Then, if P and Q be any two 
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points of its length, we assert that a pound weight hung on at P will give 
the same linear deflection at Q as is observed at P when the weight is hung 
at Q; and the only thing on which our conclusion depends is the propor- 
tionality of strains and stresses. If we take angular instead of linear displace- 
ments, the theorem will run : — A given couple at P will produce the same 
rotation at Q as the couple at Q would give at P. Or if one displacement be 
linear and the other angular, the result may be stated thus : — A couple at P 
would do as much work in acting over the rotation at P due to a simple 
force at Q, as the force at Q would do in acting over the linear displacement 
at Q due to the couple at P. In the last case the statement is more compli- 
cated, since the forces, being of different kinds, cannot be made equal. 

Second Proposition. — Suppose that = 0. Then, from (G), 

= (A 12® A 11 A 22 ) 

From this we conclude that if -yfr^ is given, it requires the same force T’l to keep 
= 0, as luould he required in ^"2 to keep ^2 = if '^1 given value. 

Thus, if the rod be supported at P so that that point cannot fall, while Q 
is depressed one inch by a force there acting, the reaction on the support at 
P is the same as it would have been on a support at if P had been 
depressed one inch*. 

Tim'd Proposition. — Suppose, first, that = 0. Then, from (C), 

: ^^2 = Ai2 : A 22 . 

Secondly, suppose ^^2 = 0- Then 

%:% = -Ai2'.A22^ 

Thus, when % alone acts, the ratio of displacements ^|r 2 : is the negative of 

the ratio of the forces Ta : necessary to keep yp '2 = 0. 

If the rod is supported at P and bent by a force acting downwards at Q, 
the reaction bears the same ratio to the force as the displacement at Q would 
bear to the displacement at P when the unsupported rod is bent by a force 
applied at P. 

In this proposition the interchange of P and Q gives a different, though 
of course an equally true statement. The first two propositions are them- 
selves reciprocal in form. 

The second and third propositions, as well as the first, admit of the 
extension to the vibrations of systems subject to inertia and dissipation | but 
I do not here pursue this part of the subject. 

* The verification of these results with rods variously supported, or more complicated 
structures, gives a very good experimental exercise. 


B. I. 
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Our fundamental equations (C) may be arrived at with leas analysis ana 
nertos equal rigour by a somewhat modified process. The condrtions that 
affoLsV 'Pi, &c. vanish, impose linear relations on the coordinates, and 
vltiially reduce the degrees of freedom enjoyed by the system to two. But 
for only two independent coordinates we have at once 

-iPj = hii-fi + ^2 = , 

where the coefficients b^ are equal. The equality of the coefficients 
h h is a consequence of the existence of an energy-function, or may he 
proved de novo by taking the system round the cycle of configurations repre- 
sented bv the square whose angular points are 


From (D) we may deduce the three propositions directly, or mediately 
with the aid of (C), which is merely the algebraic solution of (D). 

Finally, I would remark that essentially the same method, though with a 
somewhat different interpretation, is applicable to systems other than those 
contemplated in the preceding demonstrations. In thermodynamics the 
condition of a body is regarded as depending on two independent coordinates 
such as the temperature and volume ; and by the principles of that subject 
it is known that a function of that condition exists, representing the work 
that can be got out of the system in reducing it to a standard condition of 
volume and temperature, any communication or abstraction of heat bemg 
made at the standard temperature. The simplest course that can be tacen 
is along an adiabatic up to the standard temperature, and then along the 
isothermal until the standard volume is attained. If the actual condition o 
the body be defined by v + dv, t + dt, while the standard condition corre- 
sponds to V, t, we have for the available energy, or entropy (de), 

2de = dp dv + dj) dt, 

where dp is the variation of pressure, and d(f> the variation of the thermo- 
‘dynamic function. 

In this equation dv, dt correspond to dp, dcf) to and de 

oorresponda to the potential energy of the purely mechanical system. Out 
first proposition shows that, if (f<^. = 0, dtjdp has the same value as that ol 
dv/d6 when there is no variation of pressure, the interpretation of which ie 
that the heat (measured as work) necessary to increase the volume by unit) 
at constant pressure, is numerically equal to the product of the absoluh 
temperature into the increase of pressure required to raise the temperatur( 
one degree when no heat is allowed to escape. (See Maxwell’s Meat, p. 167. 
In like manner the other propositions may be interpreted. 
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Since the publication of the paper in the December Number of the 
Pliilosophiccd Magazine, entitled “ A Statical Theorem, I have made some 
tolerably careful experimental measurements in illustration of one of the 
results there given, which are perhaps worth recording. The “system” 
consisted of a strip of plate-glass 2 feet long, 1 inch broad, and about inch 
in thickness, supported horizontally at its ends on two very narrow ledges. 
In the first experiment two points, A and B, were marked upon it, A near 
the centre, and B about 5 inches therefrom, for which the truth of the 
theorem was to be tested. When a weight W is suspended at A, the deflec- 
tion in a vertical direction at B should be the same as is observed at A when 
W is attached at B. 

The weight was suspended from a hook whose pointed extremity rested 
on the upper surface of the bar at the marked points. In this way there was 
no uncertainty as to the exact point at which the weight was applied. The 
measurements of deflection were made with a micrometer-screw reading to 
the ten-thousandth of an inch, the contact of the rounded extremity of the 
screw with its image in the upper surface of the glass being observed with a 
magnifier. The reading in each position was repeated four times, with the 
following results. 


Case 1. W hung at A. Deflection observed at B 


w on. 

79 

82 

79 

76 

Mean . . 79 


J'F off. 

1473 

1473 
1476 

1474 

Mean. . . 1474 


The deflection at B due to F at A was therefore 1395. 
Case 2. W hung at B. Deflection observed at A : 


W on, 

50 

47 

45 

45 

Mean . . 47 


Won. 

1447 

1449 

1445 

1446 

Mean . . . 1447 


Accordingly the deflection at A due to F at 5 was 1400. 

The difference of the two deflections, amounting to only about ^ per cent., 
is quite as small as could be expected, and is almost within the limits of 
experimental error. 


15—2 
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In the second experiment the test was more severe, B being replaced by 
another point B' *7^ inches distant from A, instead of only 5 inches. The 
deflections in the two cases here came out identical and equal to 993 
divisions, W being the same as before. With W at A, the deflection at A 
was about 1700 ; and with W at B', the deflection at B' was 760. 

The theorem here verified might sometimes be useful in determining the 
curve of deflection of a bar when loaded at any point A. Instead of observ- 
ing the deflection at a number of points P, it might be simpler to measure 
the deflections at the fixed point A, while the load is shifted to the various 
points P. 

For the benefit of those whose minds rebel against the vagueness of 
generalized coordinates, a more special proof of the theoretical result may 
here be given. The equation of equilibrium of a bar (whose section is not 
necessarily uniform) is 


= Y*, 


in which for the present application Y denotes the impressed force, not 
including the weight of the bar itself, and y is the vertical displacement 
due to Y. 

Let 2 /, y denote two sets of displacements corresponding to the forces 
F, Y'. Then 

k' - y ^ 

where the integration extends over the whole length of the bar. Now, 
integrating by parts, 

f , , d fr>d^y\ dy' ■nd?y , (nd^yd^y' j 

J ^ dd^VdxV^^~y Wx V dxV dx ^ dx^ T dx^ dx^ 

in which the integrated terms always vanish in virtue of the terminal con- 
ditions. In the present case, for example, y, y', (Byjdx^, d^y'jdo)^ vanish at 
each extremity. Thus the left-hand member of (B) vanishes, and we derive 


J{y'Y-yY']dx^0. 


Let us now suppose that F vanishes at all points of the bar except in the 
neighbourhood of A, and also that F' vanishes except in the neighbourhood 
of B. Then from (0), 

yJJYdx = ysJY'dx ; 

or if fYdx = fY'dx, 

(^) 

as was to be proved. 

* Thomson and Tail’s Natural Philosophy, § 617. 
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A similar method is applicable to all such cases. 

I may here add that, corresponding to each of the statical propositions in 
my former paper, there are others relating to initial motions in which 
impulses and velocities take the place of forces and displacements. Thus, to 
take an example from electricity, if A and B represent two circuits, the 
sudden generation of a given current in one of them gives rise to an electro- 
motive impulse in the other, which is the same, whether it be A or 5 in 
which the current is generated. Or, to express what is really the same 
thing in another way, the ratio of the currents in A and B due to an electro- 
motive impulse in B is the negative of the ratio of the impulses in B and A 
necessary in order to prevent the development of a current in B. These 
statements are not affected by the presence of other circuits, 0, B, &c., in 
which induced currents are at the same time excited. 

[1899. The following presentation of the matter is due to Prof. Everett. 

A weight W, corresponding to jYdx above, applied at the point A 
produces a drop a at A and a drop h at B] while a weight W applied 
at B produces a drop a' at A and b' at B. If both weights be in operation, 
the potential energy of deformation is definite, and its value may be arrived 
at in two ways by applying the weights in different orders. If we first apply 
W, the potential energy so far is ^Wa; and if we then apply W the 
additional potential energy is ^ W'b' -I- Wal, making altogether 

iFa-biF'&'+Fa'. 

In like manner if the order of application be reversed, we find 

^Wa + ^W'h'+W'b. 

Accordingly 

Wa'=W'h, 

as was to be proved.] 




MR HAMILTON’S STRING ORGAN. 


[Nature, xi. pp. 308, 309, 1875.] 


In the Philosophical Magazine for February there is a paper by Mr R. 
Bosanquet on the mathematical theory of this instrument, in which, however, 
as it appears to me, the principal points of interest are not touched upon. 
As the remarks that I have to offer will not require any analysis for their 
elucidation, I venture to send them to Nature as more likely than in the 
Philosophical Magazine to meet the eyes of those interested. 

The origin of the instrument has led, as I cannot but think, to consider- 
able misconception as to its real acoustical character. The object of Mr 
Hamilton and his predecessors was to combine the musical qualities of a 
string with the sustained sound of the organ and harmonium. This they 
sought to effect by the attachment of a reed, which could be kept in con- 
tinuous vibration by a stream of air. Musically, owing to Mr Hamilton’s 
immense enthusiasm and perseverance, the result appears to be a success, 
but is, I think, acoustically considered, something very different from what 
was originally intended. I believe that the instrument ought to be regarded 
rather as a modified reed instrument than as a modified string instrument. 

Let us consider the matter more closely. The string and reed together 
form a system capable of vibrating in a number, theoretically infinite, of 
independent fundamental* modes, whose periods are calculated by Mr 
Bosanquet. The corresponding series of tones could only by accident belong 
to a harmonic scale, and certainly cannot coexist in the normal working of 
Mr Hamilton’s instrument, one of whose characteristics is great sweetness 
and smoothness of sound. I conceive that the vibration of the system is 
rigorously or approximately simple harmonic, and that accordingly the sound 


* In the mechanical, not the musical sense. 


MR HAMILTON’S STRING ORGAN. 


231 


33 ] 


emitted directly from the reed, or string, or from the resonance-board in 
connection with the string, is simple harmonic. On the other hand, it is 
certain that the note actually heard is compound, and capable of being 
resolved into several components with the aid of resonators. 

The explanation of this apparent contradiction is very simple. Exactly 
as in the case of the ordinary free reed, whose motion, as has been found by 
several observers, is rigorously simple harmonic, the intermittent stream of 
air, which does not take its motion from the reed, gives rise to a highly 
compound musical note, whose gravest element is the same as that of the 
pure tone given by the string and resonance-board. One effect of the string, 
therefore, and that probably an important one, is to intensify the gravest 
tone of the compound note given by the intermittent stream of air. 

The fact that the pitch of the system is mainly dependent upon the 
string, seems to have distracted attention from the important part played by 
the stream of air, and yet it is obvious that wind cannot be forced through 
such a passage as the reed affords without the production of sound. A few 
very simple experiments would soon decide whether the view I am advo- 
cating is correct, but I have not hitherto had an opportunity of making them 
properly. I may mention, however, that I have noticed on one or two 
occasions an immediate falling off in the sound when the wind was cut off, 
although the string and reed remained in vibration for a second or two 
longer. A resonator tuned to one of the pi’incipal overtones was without 
effect when held to the string, but produced a very marked alteration in the 
character of the sound when held to the reed. 

It will be seen that according to my explanation the principal acoustical 
characteristic of the string — that its tones form a harmonic scale does not 
come into play, the office of the string being mainly to convey the vibration 
of the reed itself (as distinguished from the wind) to the resonance-board and 
thence through the air to the ear of the observer. A second advantage due 
to the string appears to be a limitation of the excursion of the reed, whereby 
the peculiar roughness of an ordinary reed is in great measure avoided. 


GENEEAIi THEOKEMS RELATING TO EQUILIBRIUM AND 
INITIAL AND STEADY MOTIONS. 

\Phil Mag. xlix. pp. 218—224, 1875.] 

If a matGrial systGin start from rest undGr the action of given impulses, 
the energy of the actual motion exceeds that of any other which the system 
might have been guided to take by the operation of mere constraints ; and 
the difference is equal to the energy of the motion which must be com- 
pounded with either to produce the other (Bertraiid). A proof of this 
interesting theorem is given in Thomson and Tait’s Natural Philosophy, 
§ 311 by a slight modification of which a more general result may be 
arrived at, giving rise to important corollaries. 

Let P, Q, denote the components of impulse on the particle m, and 
X, y, z the component velocities assumed. Then, if os', y , z denote any other 
velocities consistent with the connexions of the system, the Principle of 
Virtual Velocities gives 

% {(P - mx) ic' + (Q - my) y + (P - mz) P} = 0, .(1) 

by means of which the initial velocities x, &c. are completely determined. 

In equation (1) the hypothetical velocities x , &c, are any whatever 
consistent with the constitution of the system ; but if they are limited to be 
such as the system could acquire under the operation of the given impulses 
with the assistance of mere constraints, we have 

2P = {x"^ + + z'^) = (P^' + Qy' + JSi') (2) 

This includes the case of the actual motion. 

Returning now to the general case, suppose that E' denotes the function 
E' = t {Px 4- Qy' + Rz') (x'^ + y"^ + i'^), (3) 


283 
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Tbecoming for the actual motion 

+ (4) 

or, for any motion of the kind considered in (2), 

E' = r = \ (x'^ + y'^ + (5) 


For the difference between E' and E in (3) and (4), we get 

E-E' = l%m (x^ + f i tm (x'^ + y'^ + z'^) - t {Ex' + Qy' + Rz), 

in which by (1), 

% (Px' + Qy + Rz') = Sw ixx' -^-yy' + z z) ; 

so that 

E — E' — \ Xm {{x — xy 4- (2/ — yy + (-2 — zf], (6) 

which shows that E is a maximum for the actual motion (in which case it is 
equal to T), and exceeds any other value by the energy of the difference 
of the real and hypothetical motions. From this we obtain Bertrand’s 
theorem, if we introduce the further limitation that the hypothetical motion 
is such as the system can be guided to take by mere constraints, for 
then by (5) 

E-E' = T- T'. 

By means of the general theorem (6) we may prove that the energy due 
to given impulses is increased by any diminution (however local) in the 
inertia of the system. For whatever the motion acquired by the altered 
system may be, the value of E corresponding thereto (viz. T) is greater than 
if the velocities had remained unchanged; and this, again, is evidently 
greater than the actual E (viz. T) of the original motion. The total increase 
of energy is equal to the decrease which the alteration of mass entails in the 
energy of the former motion, together with the energy (under the new condi- 
tions of the system) of the difference of the old and new motions. If the 
change be small, the latter part is of the second order. 

On the other hand, of course, any addition to the mass lessens the effect 
of the given impulses. 

A similar deduction may be made from Thomson s theorem, which stands 
in remarkable contrast with that above demonstrated. The theorem is, that 
if a system be set in motion with prescribed velocities by means of applied 
forces of corresponding types, the whole energy of the motion is less than 
that of any other motion fulfilling the prescribed velocity-conditions. "And 
the excess of the energy of any other such motion, above that of the actual 
motion, is equal to the energy of the motion which would be generated by 
the action alone of the impulse which, if compounded with the impulse 
producing the actual motion, would produce this other supposed motion.” 
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From this it follows readily that, with given velocity-conditions, the energy 
of the initial motion of a system rises and falls according as the inertia of the 
system is increased or diminished*. 

We now pass to the investigation of some statical theorems which stand 
in near relation to the results we have just been considering. The analogy 
is so close that the one set of theorems may be derived from the other almost 
mechanically by the substitution of ‘"force” for “impulse,” and “potential 
energy of deformation” for “kinetic energy of motion.” A similar mode of 
demonstration might be used, but it will be rather more convenient to 
employ generalized coordinates. 

Consider then a system slightly displaced by given forces from a position 
of stable equilibrium, from which configuration the coordinates are reckoned. 
The potential energy of the displacement F is a quadratic function of the 
coordinates &c. 

V — ^ + I" ('('‘22^2^ Cll2^1^2 + (^22^2^3 + (7) 

If, then, 

E' = (8) 

where "Ti, T'a, &c. are the forces, E' will be an absolute maximum for the 
position actually assumed by the system. In equation (8), F is to be under- 
stood merely as an abbreviation for the right-hand member of (7), and the 
displacements &c. are any whatever. 

In the position of equilibrium, since then % = dVjd^\r ^ , &c., 

( 9 ) 

and thus 

E — E + •• •) + V' — ■+•...) 

= + +...). 

Now, by a reciprocal property readily proved f, 

W + = + (10) 

and also 

= + ,.( 11 ) 

where ''Fj, &c. is the set of forces necessary to maintain the configuration 
f'l, &c. Thus by (10) and (11), 

= + ( 12 ) 


a positive quantity representing the potential energy of the deformation 
(tI^i — ^jr^), &c. Thus E' attains its greatest value E in the case of the actual 


* See a paper by the author on Eeaonanoe, Phil. Trans. 1871, p. 94 [Art. v. p. 61]. 
t By substituting &c., <ir-^ = dV'jd\l 2 .^‘, &c. 
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configuration^ and the excess of this value JiJ over any other is the potential 
energy of the displacement which must he compounded with either to produce 
the other. So far the displacement represented by &c. is any whatever ; 
but if we confine ourselves to displacements due to the given forces and 
differing from the actual displacements only by reason of the introduction of 
constraints limiting the freedom of the system, then jEJ' = V ; and the theorem 
as to the maximum value of E' may be stated with the substitution of V for 
E\ Thus the introduction of a constraint has the effect of diminishing the 
potential energy of deformation of a system acted on by given forces; and 
the amount of the diminution is the potential energy of the difference of the 
deformations*. 

For an example take the case of a horizontal rod clamped at one end and 
free at the other, from which a weight may be suspended at the point Q. If 
a constraint is applied holding a point P of the rod in its place {e.g. by a 
support situated under it), the potential energy of the bending due to the 
weight at Q is less than it would be without the constraint by the^ potential 
energy of the difference of the deformations. And since the potential energy 
in either case is proportional to the descent of the point Q, we see that the 
effect of the constraint is to diminish this descent. 

The theorem under consideration may be placed in a clearer light by the 
following interpretation of the function E. 

In forming the conditions of equilibrium, we are only concerned with the 
forces which act upon the system when in that position ; but we may, if we 
choose, attribute any consistent values to the forces for other positions. 
Suppose, then, that the forces are constant, as if produced by weights. 
Then, in any position, E denotes the work, positive or negative, which must 
be done upon the system in order' to bring it into the configuration defined 
by F=0. Thus, to return to the rod with the weight suspended from Q, E 
represents the work which must be done in order to bring the rod from the 
configuration to which E refers into the horizontal position. And this work 
is the difference between the work necessary to raise the weight and that 
gained during the unbending of the rod. Further, if the configuration in 
question is one of equilibrium with or without the assistance of a constraint 
(such as the support at P), the work gained during the unbending is exactly 
the half of that required to raise the weight ; so that E is the same as the 
potential energy of the bending, or Imlf the work required to raise the 

weight. , 

When the rod, unsupported at P, is bent by the weight at Q, the point P 
drops. The energy of the bending is the same as the total work required to 
restore the rod to a horizontal position. Now this restoration may be effected 
in two steps. We may first, by a force applied at P, raise that point into its 

* Compare Maxwell’s Theory of Heat, p. 131. 
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proper position, a process requiring the expenditure of work. The system 
will now be in the same condition as that in which it would have been found 
if the point P had been originally supported ; and therefore it requires less 
work to restore the configuration = 0 when the system is under constraint 
than when it is free. Accordingly the potential energy of deformation is 
also less in the former case. 

We may now prove that any relaxation in the stiifness of a system 
equilibrated by given forces is attended by an increase in the potential 
energy of deformation. For if the original configuration be maintained, E 
will be greater than before, in consequence of the diminution in the energy 
of a given deformation. A fortiori, therefore, will E be greater when the 
system adjusts itself to equilibrium, when the value of E is as great as 
possible. Conversely, any increase in F as a function of the coordinates 
entails a diminution in the actual value of F corresponding to equilibrium. 
Since a loss of freedom may be regarded as an increase of stiffness, we see 
again how it is that the introduction of a constraint diminishes F. 

The statical analogue of Thomson’s theorem for initial motions refers to 
systems in which given deformations are produced by the necessary forces of 
corresponding types — for example, the rod of our former illustration, of which 
the point P is displaced through a given distance, as might be done by 
raising the support situated under it. The theorem is to the effect that the 
potential energy F of a system so displaced and in equilibrium is as small as 
it can be under the circumstances, and that the energy of any other configu- 
ration exceeds this by the energy of that configuration which is the difference 
of the two. 

To prove this, suppose that the conditions are that 'v/tj , . . . are 

given, while the forces of the remaining types 'T'r+i, >1^+2, &c. vanish. The 
symbols &c., M/'i, &c. refer to the actual equilibrium-configuration, and 

+ A'fi, ^|r^ -H Afs, (fee., &c. to any other configura- 

tion subject to the same displacement-Gonditions. For each suffix, therefore, 
either A'yjr or vanishes. Now for the potential energy of the hypothetical 
deformation we have 

2 (F-f AF) = A'Fi) - 1 - Af,) + ... 

= 2V+ T^iA-x/ri + -I- . . . 

+ A%.yfr^ + A^Jr^.^^r^+ ... 

+ A^, . Af^ + AT-a .A'f,+ (13) 

But by the reciprocal relation. 



. Afi -f ^2 . Af^ + ... = AT'i .^lr^ + A^,.^^r^ + ... , 
of which the former by hypothesis is zero. Thus 

2AF= AT^i. A-^^q- AM^2. A^a-I- ..., (14) 

as was to be proved. 
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The effect of a relaxation in stiffness must clearly be to diminish V ; for 
such a diminution would ensue if the configuration remained unaltered, and 
therefore still more when the system returns to equilibrium under the altered 
conditions. It will be understood that in particular cases the diminution 
spoken of may vanish. 

The connexion between the two statical theorems, dealing respectively 
with systems subject to given displacements and systems displaced by given 
forces, will be perhaps brought out more clearly by another demonstration of 
the latter. We have to show that the removal of a constraint is attended by 
an increase in the potential energy of deformation. By a suitable choice of 
coordinates the conditions of constraint may be expressed by the vanishing of 
the first r coordinates -v/rj ... The relation of the two cases to be com- 
pared is expressed by supposing the forces of the remaining types ^r+i, 
to be the same, so that AT,.+i, &c. vanish. Thus for every suffix either f 
vanishes or else A'T'. Accordingly S-v/^A^ is zero, and therefore also, by the 
law of reciprocity, S'l'A-v/r. Hence, as above, 

2AF=SA>FAa/., (15) 

showing that the removal of the constraint increases the potential energy by 
the potential energy of the difference of the deformations. 

Corresponding to the above theorems for T and V, there are two more 
relating to the function F introduced by me in a paper printed in the Pro- 
ceedings of the Mathematical Society for 1873 [Art. xxi.], expressing the effects 
of viscosity. We have here to consider systems destitute both of kinetic and 
potential energy, of which probably the best example is a combination of 
electrical conductors, conveying currents, whose inductive effects, dependent 
on inertia, may be neglected. The equations giving the magnitudes of the 
steady currents are of the form 

= ( 16 ) 

where jP is a quadratic function (in this case with constant coefficients) of the 
velocities ■yjri, &c., representing half the dissipation of energy in the unit of 
time, and 'T'l, &c. are the electromotive forces. It is scarcely necessary to 
go through the proofs, as they are precisely similar to those already given 
with the substitution of F for T, and steady forces for impulses. The 
analogue of Bertrand’s theorem tells us that, if given electromotive forces act, 
the development of heat in unit time is diminished by the introduction of any 
constraint, as, for example, breaking one of the contacts. And by comparison 
with Thomson’s theorem for initial motions we learn that, if given currents be 
maintained in the system by forces of corresponding types, the whole develop- 
ment of heat is the least possible under the circumstances (Maxwell s .Piec- 
tricity and Magnetism, § 284). And precisely as before, we might deduce 
corollaries relating to the effect of altering the resistance of any part ot the 
combination. 



ON THE DISSIPATION OF ENERGY. 

[Roy. Imtit. Proc. vii. pp. 386 — 389, 1875; Nature, xi. pp. 454 — 465, 1876.] 

Tpie second law of thermodynamics, and the theory of dissipation founded 
upon it, has been for some years a favourite subject with mathematical 
physicists, but has not hitherto received full recognition from engineers and 
chemists, nor from the scientific public. And yet the question under what 
circumstances it is possible to obtain work from heat is of the first import- 
ance. Merely to know that when work is done by means of heat, a so-called 
equivalent of heat disappears is a very small part of what it concerns us to 
recognize. 

A heat-engine is an apparatus capable of doing work by means of heat 
supplied to it at a high temperature and abstracted at a lower, and thermo- 
dynamics shows that the fraction of the heat supplied capable of conversion 
into work depends on the limits of temperature between which the machine 
operates. A non- condensing steam-engine is not, properly speaking, a heat- 
engine at all, inasmuch as it requires to be supplied with water as well as 
heat, but it may be treated correctly as a heat-engine giving up heat at 
212° Fahr. This is the lower point of temperature. The higher is that at 
which the water boils in the boiler, perhaps 360° Fahr. The range of tem- 
perature available in a non-condensing steam-engine is therefore small at 
best, and the importance of working at a high pressure is very apparent. In 
a condensing engine the heat may be delivered up at 80° Fahr. 

It is a radical defect in the steam-engine that the range of temperature 
between the furnace and the boiler is not utilized, and it is impossible to 
raise the temperature in the boiler to any great extent, in consequence of the 
tremendous pressure that would then be developed. There seems no escape 
from this difficulty but in the use of some other fluid, such as a hydrocarbon 
oil, of much higher boiling point. The engine would then consist of two 
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parts — an oil-engine taking in heat at a high temperature, and doing work 
by means of the fall of heat down to the point at which a steam-engine 
becomes available, and secondly a steam-engine receiving the heat given out 
by the oil-engine and working down to the ordinary atmospheric tem- 
perature. 

Heat-engines may be worked backwards, so as by means of work to raise 
heat from a colder to a hotter body. This is the principle of the air or ether 
freezing machines now coming into extensive use. In this application a 
small quantity of work goes a long way, as the range of temperature through 
which the heat has to be raised is but small. 

If the work required for the freezing machine is obtained from a steam- 
engine, the final result of the operation is that a fall of heat in the prime 
mover is made to produce a rise of heat in the freezing machine, and the 
question arises whether this operation may be effected without the inter- 
vention of mechanical work. The problem here proposed is solved in Carry’s 
freezing apparatus, described in most of the text-books on heat. There are 
two communicating vessels, A and 5, which are used alternately as boiler 
and condenser. In the first part of the operation aqueous ammonia is heated 
in A, until the gas is driven off and condensed under considerable pressure 
in B, which is kept cool with water. Here we have a fall of heat, the 
absorption taking place at the high temperature and the emission at the 
lower. In the second part of the operation A is kept cool, and the water in 
it soon recovers its power of absorbing the ammonia gas, which rapidly distils 
over. The object to be cooled is placed in contact with B, and heat passes 
from the colder to the hotter body. Finally the apparatus is restored to its 
original condition, and therefore satisfies the definition of a heat-engine. 
M. Carrd has invented a continuously working machine on this principle, 
which is said to be very efficient. 

Other freezing arrangements depending on solution or chemical action 
may be brought under the same principle, if the cycle of operations be made 
complete. 

When heat passes from a hotter to a colder body without producing 
work, or some equivalent effect such as raising other heat from a colder to a 
hotter body, energy is said to be dissipated, and an opportunity of doing 
work has been lost never to return. If on the other hand the fall of heat is 
fully utilized, there is no dissipation, as the original condition of things 
might be restored at pleasure; but in practice the full amount of work can 
never be obtained, in consequence of friction and the other imperfections o 

our machines. 

The prevention of unnecessary dissipation is the guide to economy of fuel 
in industrial operations. Of this a good example is afforded by the regene- 
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f cjipTYiPTis in which the burnt gases are passed through 
rating furnaces of , allowed to escape until their 

a passage point. After a time the products 

temperature is reduc .Mother passat^e, and the unburnt gaseous fuel 

of combustion m. pass«^^^^^ 

and air are introduc g degree on the fact that the 

efficiency of the ™'“ge P 

cold - brought & St j„ 

to way tt M of heat is never great, and there is comparatively little 

dissipation. ooonomv of fuel arises from the fact that the 

The prmcyal i cu y furnace is seldom available for 

whole fall of Lelting furnaces heat below the temperature 

one purpose. Thus naeless But when the spent gases arc used for 

of melting iron is “cly again at another part of its fall*, 

raising steam, the same heat m u^d 

There 13 no reason wiy P steam-engines, which is more than 

*• - 'r 

:^ratos in which only low temperature heat is necessary. 

The chemical bearings of the theory of dissipation are very important, 

but have not hit the opposite of dissipation (for 

IS impossible, if it 

which there 13 ™ .““’bch would involve dissipation must necessarily take 
r ^‘o"The eKplosives^ike gunpowder would he 

place, 0*®™ t development of heat is the criterion 

impossible. I ^d transformation, though exceptions to to rule 

of the possibi y P P ‘ „„ffiaient to mention the solution of n salt 

i^wrier ^Thillperation involves dissipation, or it would not occur, and it is 

* chXnlt to see how work might have boon obtained in the process. Phe 

be placed under a piston in a cylinder nmintaine, at a rigorously 
water may oe pi ^ water is 

constant ‘;3ts“t;ntntduC to I at which the salt would 

TelTo absl it at the temperature in question. After the salt and vapour 
begin to absOTD „ effected. 

In thi 3 °^oceaB work is gained, since the pressure under tlio piston during 
L exWon is greater Ln at the corresponding stage o the contraction. 
K tS is disilved in the ordinaty way energy is dissipated an oppor- 
Lity of doing work at the expense of low temperature heat has been missed 

and will not return. 

ri899. This illustration is inappropriate, inasmuoli as the blast furnaoe gases are still 
combustible, and raise steam in virtue of chemical action.] 
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The difficulty in applying thermodjuamical principles to chemistry arises 
from the fact that chemical transformations cannot generally be supposed to 
take place in a reversible manner, even although unlimited time be allowed. 
Some progress has, however, recently been made, and the experiments of 
Debray on the influence of pressure on the evolution of carbonic anhydride 
from chalk throw considerable light on the matter. By properly accommo- 
dating the pressure and temperature, the constituents of chalk may be 
separated or recompounded without dissipation, or rather dissipation may 
theoretically be reduced without limit by making the operation slowly 
enough. 

The possibility of chemical action must often depend on the density of 
the reacting substances. A mixture of oxygen and hydrogen in the proper 
proportions may be exploded by an electric spark at the atmospheric 
pressure, and energy will be dissipated. In this operation the spark itself 
need not be considered, as a given spark is capable of exploding any quantity 
of gas. Suppose, now, that previously to explosion the gas is expanded at 
constant temperature, and then after explosion brought back to the former 
volume. Since in the combination there is a condensation to two-thirds, the 
pressure required to compress the aqueous vapour is less than that exercised 
at the same volume by the uncombined gases, and accordingly work is gained 
on the whole. Hence the explosion in the expanded state involves less 
dissipation than in the condensed state, and the amount of the difference 
could be increased without limit by carrying the expansion far enough. It 
follows that beyond a certain point of rarity the explosion cannot be made, as 
[according to what has been said its occurrence] could not then involve any 
dissipation. But although the tendency to combine diminishes as the gas 
becomes rarer, the heat developed during the combination remains approxi- 
mately constant. 

It must be remembered that the heat of combination is generally 
developed at a high temperature, and that therefore work may be done 
during the cooling of the products of combustion. If, therefore, it is a 
necessity of the case that the act of combustion should take place at a high 
temperature, the possibility of explosion will cease at an earlier point of 
rarefaction than would otherwise have been the case. 

It may probably be found that many mixtures which show no tendency 
to explode under ordinary conditions will become explosive when sufficiently 
condensed. 


R. I. 


16 



ON THE WOEK THAT MAY BE GAINED DUEING THE 
MIXING OF GASES. 


The well-known fact that hydrogen tends to escape through fine apertures 
more rapidly than air enters to supply its place, even although the advantage 
of the greater pressure may be on the side of the air, proves that the opera- 
tion of mixing the two gases has a certain mechanical value. In a common 
form of the experiment a tube containing hydrogen and closed at the upper 
end with a porous plug of plaster of Paris stands over water. In a short time 
the escape of hydrogen creates a partial vacuum in the tube, and the water 
rises accordingly. Whenever then two gases are allowed to mix without the 
performance of work, there is dissipation of energy, and an opportunity of 
doing work at the expense of low temperature heat has been for ever lost. 
The present paper is an attempt to calculate this amount of work. 

The result at which I have arrived is extremely simple. It appears that 
the work that may be done during the mixing of the volumes Vi and Va of 
two different gases is the same as that which would be gained during the 
expansion of the first gas from volume to volume v^ + v^, together with the 
work gained during the expansion of the second gas from to Vi + v,,, the 
expansions being supposed to be made into vacuum, Now these expansions 
may be considered actually to take place ; and thus the rule is brought under 
Dalton’s principle that each gas behaves to the other as a vacuum. It is 
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a uniform mixture of (for example) hydrogen and steam confined under a 
piston, and that the walls of the cylinder are maintained at a constant 
temperature. When the piston descends, heat will be generated; but the 
operation is supposed to proceed so slowly, that not only is the temperature 
rigorously constant throughout, but also the mixture is at any time in that 
condition which it would finally attain were the descent of the piston 
arrested. The pressure on the piston resisting the descent is by hypothesis 
the sum of those which it would experience from the hydrogen and steam 
separately*. When the space under the piston is reduced to that which the 
given quantity of steam is capable of saturating at the given temperature, 
condensation commences and continues as the steam-space is gradually 
diminished. 

By carrying this process sufficiently far, the condensation of the steam 
may be effected with any desired degree of completeness, and thus the water 
and hydrogen separated. A second moveable piston may now be inserted 
immediately over the condensed water, and a very gradual expansion allowed 
until the original total volume is recovered. If the second piston be allowed 
free motion, the constituents of the original mixture are now separated, 
under equal pressures, and occupying the same total volume as before ; and 
the question is, how much work has been expended in arriving at this state 
of things ? 

In view of the fact that during the first part of the operation the 
hydrogen and steam press independently, it is clear that the total work done 
is the same as that which would be I’equired to compress the hydrogen from 
the original volume Vi + % to the volume Vi if no steam were present, together 
with the work necessary to compress the steam from Vi + to if no hydro- 
gen were present. And since every step of this process is reversible, the 
same amount of work might be gained in making the mixture, and is dissi- 
pated if the mixture is allowed to take place by free diffusion. 

The same argument will apply when the condensation of one of the gases 
is effected by chemical means. Suppose, for example, that we have a mixture 
of carbonic anhydride and hydrogen at a red heat, and that it is proposed to 
absorb the carbonic gas with quicklime. It has been proved by Debray that 
at every temperature above a certain point carbonic gas in contact with 
quicklime and carbonate has a definite tension ; any excess will be absorbed 
by the lime, and any deficiency supplied by a decomposition of the carbonate. 

If the tension of the carbonic gas in the given mixture be higher than 
that proper to the temperature, absorption will take place in an irreversible 
manner. In order to prevent dissipation, the mixture of gases must be first 

* For the sake of simplicity we may suppose a vacuum on the other side of the piston, 
though, of course, any constant pressure would give finally no result. 
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expanded until the tension of the carbonic gas is no higher than that corre- 
sponding to the temperature at which it is proposed to work. When the 
contact is made, the mixture may be very slowly condensed, so that after the 
point is passed at which chemical action commences, the tension of the 
carbonic anhydride remains constant. This process may be continued until 
nearly all the carbonic anhydride is absorbed. The hydrogen may then be 
separated. The space over the carbonate of lime must next be slowly 
increased until the original quantity of carbonic gas has been again evolved, 
when the connexion with the quicklime must be cut off. It now only remains 
to reduce the separated gases to the same pressure and to a total volume 
equal to that of the original mixture. 

From the preceding considerations we may, I think, infer that the law 
above stated is general whenever the gases really press independently ; for it 
is difficult to see how its truth could depend on what would seem to be the 
accident of the existence or non-existence of a chemical capable of absorbing 
one or other of the gases. 

It is worthy of notice that exactly the same rule applies for the mechanical 
value of the separation of two gases, even when the pressures are different ; 
for we get the same result whether we first before mixing allow the pressures 
to become equal and add the work gained in this process to that due to the 
subsequent mixing, or whether we calculate at once the work due to the 
separate expansion of the two gases from their original volumes to the total 
volume of the mixture. 

In like manner the work that can be gained during the mixing of any 
number of pure and different gases, which press independently, is the sum of 
those due to the expansions of the several gases from their original to their 
final volumes, where the volume of a gas is understood to mean the space in 
which the gas is confined. 

The next problem which presents itself is that of finding the work that 
may be done during the mixture of two quantities of mixed gases — for 
example, oxygen and hydrogen. Suppose the two mixtures to be contained 
in a cylinder, and separated from one another by a piston which moves freely. 
The rule is that the work required to be estimated is that which would be 
gained during the equalization of the oxygen-pressures if the hydrogen were 
annihilated, together with that which would be gained during the equaliza- 
tion of the hydrogen-pressures if the oxygen were annihilated. 

If the proportions of the gases are the same in the two mixtures, and also 
the total pressures, there is, of course, no possibility of doing work. If, on 
the other hand, the gas on the one side of the piston be pure oxygen, and on 
the other side pure hydrogen, the more general rule reduces to that already 
given for pure gases. 
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I now pass to another proof of the fundamental rule, depending on the 
possibility of separating two gases of different densities by means of gravity. 
In a vertical column maintained at a uniform temperature, two gases which 
press independently will arrange themselves each as if the other were absent. 
Consequently, if there be any difference in density, the percentage compo- 
sition will vary at different heights, and a partial separation of the gases is 
thus effected. 

Imagine now a large reservoir containing gas at sensibly constant 
pressure, on which is mounted a tall narrow vertical tube ; and first, in order 
to understand the operation more easily, let there be only one kind of gas 
present. If p be the pressure and p the density, p — kp, since the tern-, 
perature is constant ; and if z be the height measured from the reservoir in 
which the pressure is P, 

dp = — gpdz — — ppdz, if //. = gjk ; 
whence, by integration, 

p=^P6-f^ ( 1 ) 

expresses the law of variation of pressure with height. Suppose now that a 
small quantity of gas of volume -y is (1) removed from the top of the tube, 
(2) compressed to volume Vq until it is of the same pressure as the gas in the 
reservoir, (3) allowed to fall through the height z to the level of the reservoir, 
and (4) forced into the reservoir. The effect of this series of operations is 
nil, and there can be neither gain nor loss of work. The work gained in the 
first operation is consumed in the fourth, since so that attention 

may be confined to the second and third operations. Now the work con- 
sumed in the compression from d to is 

rpdv = Fvof ~=Pvolog^ = Pvolog^; (2) 

J Vo j Vo ^ "0 F 

and the work gained in the descent 

= gzpoVo = pzVoP. 

And these are equal, since log (P/p) = so that on the whole no work is 
lost or gained. 

The case is different when there are two kinds of gases present. 
Although, as before, the work gained in the first operation is consumed in 
the fourth, there is no longer compensation in the second and third opera- 
tions. If Pi and Pa are the partial pressures in the reservoir, the work 
required for the compression from v to Vq is 

(Pi + Pa) 1^0 log 
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On the other hand, the work gained in the descent is 

(^ + ^) = {^iQi + 

if Qxi Qa are the partial pressures of the abstracted gas after condensation to 
volume Va. Thus, on the whole, if W be the work done on the gases, since 

Qi + Q% = Pi-\- P‘ 1 , 

^ = ft (log I - m) + ft (log ■ 

Now Pi ^ and vpi = VqQi ; so that vPl6~^^^^ = VqQi. 

Accordingly 

log = log (|r - [XiZ = log . 


Similarly 


and thus 


1 w 1 ^Ja 

\og--ix,z = \og-pi 
Vq X 2 

ir=».|ftiog| + ftiog^ 


Since the process is reversible, (3) gives the work which may be done 
during the mixing of a volume ■yo of two gases under the partial pressures 
Qi and Qs, with a large quantity of the same gases under an equal total 
pressure, but with partial pressures Pj and Pg. 

The quantity denoted by W can never be negative. To verify this from 
(3), write it in the form 


w ,,00 ,, V , 




ooy y 


\y') ] ’ 


where 


P, + P,’. ■^"P. + P, 


y iX) 


Qi + O2 ' ' Qi+ Qa ^ 


so that 00 + y = 00 ' + y' = 1. 


Now (Todhunter’s Algebra, p. 392) if a, b, c, ... be any positive quan- 
tities, 

gA A+‘ ’ + ^+->(aM...)^. 

Suppose that a, b, c, ... consist of p equal quantities a and q equal quantities 
then 
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If now we take 

pln = x\ qln = y', a^xjx', I3 = yly', 

we see that 



and therefore; since x-\-y = l, that W is always positive, unless a = /3, in 
which case the composition of the two mixtures is the same, and W vanishes. 

We have now to show how the formula for the mixture of two pure gases 
may be derived from (3). Let % be the volume of the first gas and of the 
second, at the constant pressure Pj + Pa. The value of the interdiffusion of 
Vi and must be the same as that of their diffusion into a large quantity of 
a mixture whose composition is identical with that of the mixture of Vi and v^. 
For, on this supposition, the separation of the two mixtures spoken of would 
have no mechanical value. Now by (3) the value of W for the diffusion of a 
quantity Vq of pure gas into a large quantity of a mixture whose partial 
pressures are Pj and Pa is (since and log Qa vanish) 

W = {P, + I‘,)v,\og?i^‘; {5) 

and hence the value of W for the interdiffusion of the quantities and is 
Tf = % (P, + P,) log % (P. + P,) log , 

or, since by hypothesis : Pi — : v^, 


-irr / Tt Ti \ 1 1 'Wi + Wa , "f" 

Tf = (Pi + Pa) log — ~ + Wa log-— 

Ui Vi 

(Vi + 


= (P, + Pa)l0g 


-y/i vp 


.( 6 ) 


This equation agrees with the rule enunciated at the beginning of this paper, 
inasmuch as (Pi + Pa) Vi log represents the work gained in the expan- 
sion of the first gas from volume Vi to volume Wi + Va; 


(Pi + Pa) .a log 

Ui 

represents the corresponding quantity for the second gas. 

The significance of equation (5) may perhaps be more fully brought out 
by the following investigation of it. Whatever the relative proportions of 
the two gases in the reservoir may be, it will always be possible by going 
high enough to obtain a small quantity of the lighter gas in any required 
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degree of puritj. The removal of this at the top of the tube, its condensa- 
tion to the pressure in the reservoir, the fall to the level of the reservoir, and 
the introduction into the reservoir would, on the whole, require no work to 
be done if this kind of gas had alone been present. The only effect of the 
heavier gas is to render necessary a greater condensation in the third 
operation; and thus W is the work that is required to condense the gas from 
the partial pressure Pi to the total pressure in the reservoir Pi 4- Pa, whence 
equation (5) follows at once. If it is desired to isolate a small quantity of 
the heavier gas, the tube must be taken downwards. 

It is to be observed that the work required to force a given quantity of 
gas into a large reservoir containing gas at the same pressure is independent 
of this pressure, since, accordmg to Boyle’s law, v is diminished in the same 
proportion that p is increased. 

The principle of dissipation may be employed to prove that the pressure 
in a vertical column of mixed gases is greater when there is free diffusion 
than when the gases are uniformly mixed; for if the gases be allowed to rise 
from the reservoir tolerably quickly (or if a series of moveable pistons be 
interpolated), the composition in the tube will be the same as in the reservoir. 
If fr:ee diffusion be now allowed, there must be dissipation. The original 
state of things' will be restored if the mixture be slowly forced back into the 
reservoir;' and accordingly the work consumed in condensation must be 
greater than that gained in the expansion. In fact it may be proved alge- 
braically by a process somewhat similar to that applied to equation (3), that 
the pressure of the gases under free diffusion p, where , 


p = 4- P2e'“'^a® , 

is greater than the pressure of a uniform mixture p', where 


•(7) 


p 


{Pi + P^e-^ p,+p, 


.( 8 ) 


ti fl- 


it is, however, possible to imagine other distributions which shall give a 
pressure greater than (7). The mechanical equilibrium gives one equation 
involving the two quantities px and p.^, viz. 




.(9) 


and the subsidiary conditions are that pi = Pi, p^^Pi, when Hence 

we may take as the most general solution. 


Pi — Pie 4 ) e^'^Xdx, 

J 0 

Pz = P^e~>^^ — f e>^^Xdx, 
J 0 


i 

il 

^ 
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where X is an arbitrary function of x. Thus the total pressure 



+ 1 '’ Xdx (10) 

For free diffusion Z = 0 ; but it could always be taken so as to make the 
integral either positive or negative, as might be desired. 

The work required to decompose a mixture of gases is in general small, 
and could scarcely be of much importance from an industrial point of view. 
When, however, the proportion of one ingredient is very insignificant, more 
work is required. Thus the separation of the carbonic anhydride from the 
atmosphere would require, relatively to the quantity obtained, a much larger 
expenditure of work than the separation of the oxygen. ^ Thus consideration 
shows that extreme purity in any gas will always be attained and inaintaine 
with difficulty. Even when the necessary work is small, as in the separation 
of oxygen from the atmosphere, it is well to bear in mind that some work is 
absolutely essential. The reversible absorption of the oxygen of air may be 
effected by a substance like baryta ; but we must not expect to recover the 
pure oxygen at the same temperature and under a pressure equal to the 
total pressure at which it was absorbed. Either the temperature must be 
raised, or the gas must be exhausted at a pressure less than that under 
which it existed in the mixture during the absorption*. It is just possible 
that this point might be found to be of practical importance in the solution 
of the problem of extracting oxygen from the air. 

* [1899. This is the method employed in the Brin process, subseauently introduced.] 







VIBRATIONS OF A LIQUID IN A CYLINDRICAL VESSEL. 


{Nature, xii. p, 251, 1875,] 


See Phil. Mag. i. pp. 257 — 279, 1876; Art. xxxviii. below. 

The fact that the period of a given mode of vibration of liquid in a 
cylindrical vessel of infinite depth and of section always similar to itself {e.g. 
always circular) is proportional to the square root of the linear dimension of 
the section, follows from the theory of dimensions without any calculation. 
For the only quantities on which the period (r) could depend are (i) p the 
density of the liquid, (ii) g the acceleration of gravity, and (iii) the linear 
dimension d. Now, as in the case of the common pendulum, it* is evident 
that T cannot depend upon p. If the density of the liquid be doubled, the 
foice which acts upon it is also doubled, and therefore the motion is the 
same as before the change. Thus r, a time, is a function of d, a length, and 
oi g. Since g is, of -2 dimensions in time, r oc p-i, and therefore in order 
to be independent of the unit of length, it must vary as d^, inasmuch as g 
is of one dimension in length. Hence t oc d^ g~^. This reasoning, it will be 
observed, only applies when the depth may be treated as infinite, [or when it 
bears some constant' finite ratio to the linear dimension of the section]. 



ON WAVES. 


[PUl Mag. 1. pp. 257—279, 1876.] 


The theory of waves in a uniform canal of rectangular section, in the 
case when the length of the wave is great in comparison with the depth of 
the canal and when the maximum height of the wave is small in comparison 
with the same quantity, was given long ago by Lagrange, and is now well 
known. A wave of any form, subject to the above conditions, is propagated 
unchanged, and with the velocity which would be acquired by a heavy body 
in falling through half the depth of the canal. ^ The velocity of propagation 
here referred to is of course relative to the undisturbed water. If we attri- 
bute to the water in the canal a velocity equal and opposite to that of the 
wave, the wave-form, having the same relative velocity as before, is now fixed 
in space, and the problem becomes one of steady motion. It is under this 
aspect that I propose at present to consider the question ; and we will there- 
fore suppose that water is flowing along a tube, whose section undergoes a 
temporary and gradual alteration in consequence of a change in the vertical 
dimension of the tube. The principal question will be how far the pressure 
at the upper surface can be made constant by a suitable adjustment of the 
velocity of flow to the force of gravity. 

That the two causes which tend to produce variation of pressure at the 
upper surface act in opposition to each other is at once evident. ^ If there 
were no gravity, the pressure would vary on account of the alteration m the 
velocity of the fluid. Since there must be the same total flow across al 
sections of the pipe, the fluid which approaches an enlargement must lose 
velocity, and the change of momentum involves an augmented pressure On 
this account, therefore, there is an increased pressure at a place of Bnlarge- 
ment and a diminished pressure at a contraction. On the other hand e 
effect of gravity is in the opposite direction, tending to produce a loss of 
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pressure at the upper surface where that surface is high, and a gain of 
pressure where the surface is low. This effect of gravity is independent of 
the velocity ; but the changes of pressure due to acceleration and retardation 
depend on the velocity of flow, and we can therefore readily understand that, 
with a certain definite velocity of flow, compensation may take place, at least 
approximately. When this happens, the condition of a free surface is satis- 
fied, the constraint may be removed, and we are left with a stationary 
wave-form. 


In the theory of long waves it is assumed that the length is so great in 
proportion to the depth of the water, that the velocity in a vertical direction 
can be neglected, and that the horizontal velocity is uniform across each 
section of the canal. This, it should be observed, is perfectly distinct from 
any supposition as to the height of the wave. If I be the undisturbed depth, 
and h the elevation of the water at any point of the wave, Mq) 'it the velocities 
corresponding to l,l^h respectively, we have, by the condition of continuity,- 


u = 


Iuq 

TTTi’ 


so that 


Uo^- 


= Uq 


„ 2ilh -{• 
(I -f- 


By the principles of hydrodynamics, the increase of 
tion will be 




2lh + 

Y {I + hy ' 


pressure due to retarda- 


On the other hand, the loss of pressure due to height will he gph\ and there- 
fore the total gain of pressure over the undisturbed parts is 

Mo® 1 -1- hj2l \ , 


If now the ratio h'.lloe very small, the coefiScient of h becomes 


p(Uo^jl-g), 

and we conclude that the condition of a free surface is satisfied provided 
Uo^ = gl. This determines the rate of flow in order that a stationary wave 
may be possible, and gives of course at the same time the velocity of a wave 
in still water. 


If we suppose the condition Mo® = gl satisfied, the change of pressure is, to 
a second approximation. 



l+hl2l 
(1 -k h/iy 



3 gph"^ 
2 1’ 


which shows that the pressure is defective at all parts of the wave where h 
differs from zero. Unless, therefore, can be neglected, it is impossible to 
satisfy the condition of a free surface for a stationary long wave — which is 
the same as saying that it is impossible for a long wave of finite height to be 


f 

1 


i 
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propagated io still water without change of type. If, however, h be every- 
where positive, a better result can be obtained with an increased value of ito ) 
and if h be everywhere negative, with a diminished value. We infer that a 
positive wave moves with a somewhat higher, and a negative wave wit a 
somewhat lower velocity than that due to half the undisturbed depth. . 

[1899. The approximation may be continued as follows. In a small 
positive progressive wave the relation between the particle-velocity u at 
any point (now reckoned relatively to the parts outside the wave) and t e 
elevation h is 

uz=^{gll).h ( 1 ) 

If this relation be violated anywhere, a wave will emerge, travelling in the 
negative direction. Let us now picture to ourselves the case of a positive 
progressive wave in which the changes of velocity and elevation are very 
gradual but become important by accumulation, and let us inquire what 
conditions must be satisfied in order to prevent the formation of a negative 
wave. (Theory of Sound, § 251.) It is clear that the answer to the question 
whether or not a negative wave will be generated at any point will depen 
upon the state of things in the immediate neighbourhood of the point, and 
not upon the state of things at a distance from it, and will therefore e 
determined by the criterion applicable to small disturbances. In applying 
this criterion we are to consider the velocities and elevations, not absolutely, 
but relatively to those prevailing in the neighbouring parts of the medium, 
so that the form of (1) proper for the present purpose is 

du = + ^)} • j 

whence 

u=2s/gW(l + h)-s/l]. : (^) 

This is the relation between u and h necessary for a long positive progressive 
wave. 

Consider now the velocity of the crest of a wave of elevation h. It is 
propagated relatively to the surrounding water with the velocity due to the 
depth {l + h)i but in addition to this there is the particle-velocity defined 
above. The velocity of the crest relatively to still water is accordingly 

2>dg y(i + h) - fl} + vb G + ^0}. 

Or approximately 

W 

as given by Airy.] 

Although a constant gravity is not adequate to compensate the changes 
of pressure due to acceleration and retardation in a long wave of finite height, 
it is evident that complete compensation is attainable if gravity be a function 
of height ; and it is worth while to inquire what the law of force must be in 
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order that long waves of unlimited height may travel with type unchanged. 
If / he the force at height A, the condition of constant pressure is 


whence 




/=- 


Ut? d P 


P 




which shews that the force must vary inversely as the cube of the distance 
from the bottom of the canal. Under this law the waves may be of any 
height, and they will be propagated unchanged with the velocity 
where /i is the force at the undisturbed level 

The same line of thought may be applied to the case of a long wave in a 
canal whose section is uniform but otherwise arbitrary. Let A be the area 
of the section below the undisturbed level, b the breadth at that level. 
Then, as before, 

(A H- bh) u = Auq 


Wo 




m 

A 

2gh, 


Uo^ 


if h be small; whence 


Now by dynamics i 

if the upper surface be free; and thus 

w«2 = gAjb, 

which gives the velocity of propagation. In the case of a rectangular section 
we have the same result as before, since A = hi. 

The energy of a long wave is half potential and half kinetic. If we 
suppose that initially the surface is displaced, but that the particles have no 
velocity, we shall evidently obtain (as in the case of sound) two equal waves 
travelling in opposite directions, whose total energies are equal, and together 
make up the potential energy of the original displacement. Now the eleva- 
tion of the derived waves must be half of that of the original displacement, 
and accordingly the potential energies less in the ratio of 4:1. Since 
therefore the potential energy of each derived wave is one quarter, and the 
total energy one half of that of the original displacement, it follows that in 
the derived wave the potential and kinetic energies are equal. 

We may now investigate the effect on a long wave of a gradual alteration 
in the breadth of the canal and the area of the section. The potential- energy 
of the wave varies directly as the length, breadth, and square of the height ; 
and, by what has been proved above, the same is true of the total energy. 
Now the length of the wave in various parts of the canal is obviously 
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proportional to the velocity of propagation, viz. hJi^Ajh), and we may there 
fore write 

E cc kJ {A fh) . (height)^ . h. 

But when the alteration in the canal is very gradual, there is no sensible 
reflection and the energy of the wave continues constant ; so that 

height cc A~^lr^. 

In the case of a rectangular section, 

height oc 

These results are due to Green, Kelland, and Airy . The same method 
may he even more easily applied to the sound-wave moving in a pipe o 
gradually varying section. 

The theory of long waves may be applied in many cases to ascertain the 
effect on a stream of a contraction or enlargement of its channel. If t e 
section of the channel up to the natural level of the stream be altered from 
Ao to A, the equation of continuity gives 

(^A "t" u ~ A(jU(\, 

where b, the breadth at the surface of the water, is supposed not to vary with 
height. The condition of a free surface is 

Ao^ 


— W 


1 - 


(A + hh) 


= 2gh, 


or 




1 - 


2gh 


{A + bhy tV 

which shows that h ca.n never exceed the height due to the velocity -Uo, as is 
indeed otherwise obvious. 

If the variations in A and b are small as well as gradual, and if we put 
A — Aq + BA, we find 

7 _ M . ^^0 1 

" 6 • bu,^ ' 

When the velocity Uq is less than that of a free wave, gA^ > bu^% and h has 
the same sign as 8A ; viz. a contraction of the channel produces a depression 
of the surface, and an enlargement produces an elevation. But if the 
velocity of the stream exceed that of a free wave, these effects are reversed, 
and an enlargement and contraction of the section entail respectively a 
depression and an elevation of the surface. 

If the velocity of the stream is nearly the same as that of a free wave, a 
state of things is approached in which a wave can sustain itself in a stationary 

* Stokes, Brit. Assoc. Report on Hydrodynamics, 1846. 
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position without requiring a variation in the channel ; and then the e:fects 
of such a variation are naturally much intensified. 

W^e must not forget that these calculations proceed on the supposition 
that a steady motion is possible. It would appear that the motion thus 
obtained is uUstable in the case where the velocity of the^ stream exceeds 
that of a free wave. If we suppose the upper surface to consist of a moveable 
envelope, it would indeed be in equilibrium when disposed according to the 
law above investigated ; but if a displacement be made and steady motion be 
conceived to be re-established, the pressure of the fluid will be less than 
before if the displacement be downwards, but will be increased if the displace- 
ment be upwards ; so that the forces brought to bear on the envelope are in 
both cases in the direction of displacement. The expression for the variation 

of pressure at the envelope is 

-^ = ' 1 ^- 7 -+ 4 -- 


The Solitary Wave. 

This is the name given by Mr Scott Russell to a peculiar wave described 
by him in the British Association Report for 1844. Since its length is about 
six or eight times the depth of the canal, this wave is, to a rough approxima- 
tion, included under the theory of long waves ; but there are several circum- 
stances observed by Mr Russell which indicate that it has a character 
distinct from that of other long waves. Among these may be mentioned the 
very different behaviour of solitary waves according as they are positive or 
negative, viz. according as they consist of an elevation or a depression from 
the undisturbed level. In the former case the wave has a remarkable 
permanence, being propagated to great distances without much loss ; but a 
negative wave is soon broken up and dissipated. 

Airy, in his treatise on Tides and Waves, still probably the best authority 
on the subject, appears not to recognize anything distinctive in the solitary 
wave. He says " We are not disposed to recognize this wave as deserving 

the epithets 'great’ or ‘primary,’ and we conceive that ever since it was 

known that the theory of shallow waves of great length was contained in the 

equation d’^Xjdt'^ = qk d^Xjdx^ the theory of the solitary wave has been 

perfectly well known.” And again, “Some experiments were made by 
Mr Russell on what he calls a negative wave — that is, a wave which is in 
reality a progressive hollow or depression. But (we know not why) he 
appears not to have been satisfied with these experiments, and has omitted 
them in his abstract. All the theories of our IVth Section, without excep- 
tion, apply to these as well as to positive waves, the sign of the coefficient 
only being changed.” 
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On tlie other hand, Professor Stokes says* : — “ It is the opinion of Mr 
Eussell that the solitary wave is a phenomenon sui generis, in no wise 
deriving its character from the circumstances of the generation of the wave. 
His experiments seem to render this conclusion probable. Should it be 
correct, the analytical character of the solitary wave remains to be dis- 
covered.’’ 

The theory of the solitary wave has been considered by Earnshaw (Gamh. 
Trans, vol. Vlil.), who, distrusting what he calls analytical approximations, 
bases his calculation on a supposed result of experiment, namely that the 
horizontal velocity is uniform over each section. This, as we have seen, is 
the fundamental assumption in the theory of long waves; but when the 
length of the wave is moderate, such a state of things is impossible in a 
frictionless fluid which has been once at rest; for it involves molecular 
rotation. In fact if there be a velocity-potential, the horizontal velocity u 
satisfies Laplace’s equation d^uldx^ -h dhijdy'^ = 0, and therefore cannot be a 
function of a; without being also a function of y. The motion mvestigated 
by Earnshaw has therefore molecular rotation; and bhe rotation remains 
constant for each particle ; otherwise the equations of fluid motmn would not 
he satisfied. This is the explanation of the difficulty with which Earnshaw 
meets,— that while the necessary conditions are satisfied iii the wave itsell, 
there is discontinuity in passing from the wave to the undisturbed water. 
The discontinuity arises from the fact that, as there is no rotation outside 
the wave, it is necessary to suppose finite rotations imparted to the particles 
as the wave reaches and leaves them. It is evident that, except in the case 
of very long waves, u must be treated as a function of y as well as of x. 

In considering the theory of long waves (reduced to rest by imparting 
an opposite motion to the water), we saw that it was impossible to satisfy 
the condition of a free surface if the height of the wave were finite. It 
occurred to me to inquire whether there might not be compensa,tion in 
certain cases between the variation of pressure at the upper surface due to a 
finiteness of height, and the variation due to a departure from the law of 
uniform horizontal velocity proper to very long waves. It was conceivable 
that the surface-condition in the case of a wave of given finite height might 
be better satisfied by a moderate than by a very great wave-length. In this 
way I have obtained what seems to be a perfectly satisfactory approximate 
theory of the solitary wave. 

If 11 and 1 ) be the horizontal and Tertical velocities in a stream moving in 
two dimensions without molecular rotation, and <#., ^ the potential and 
stream functions, we have 

d^) _ d'yjr jj i-^) 

dy dx‘ 




dx dy ’ 


* British Association Report, 1846. 
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Hence, if the bottom of the canal be taken for axis of x, we may take for u 
and y, since they satisfy Laplace s equation, 


- « = sia (y m = yf - 5-^ /»' + , . , , 



where /"(ic) is the slowly variable value of u at the bottom when y — and 
accents indicate dilferentiation with respect to x. The corresponding expres- 
sion for -v/r is 

'I' = rrlrs/" + mrlTTTs^'" - 

This equation applies to the upper boundary, if we understand by ■\|r the 
there constant value of the stream-function, and it gives us a relation be- 
tween the ordinate of the boundary and the function /. 

If p be the pressure at the upper surface, we have 

v-G 

_ 2 = ^qy -f 

P 

where G is some constant. We will write for brevity, 


+ v^ — 'ST — '^gy ; 


and the object of the investigation is to examine how far it is possible to 
make constant by varying the form of t/ as a function of x. Since 


our equation becomes 


llP' q_ y2 _ _j. 2 /'^) nr, 


-v'=! 


7/ - 25^3/® 


or, on substituting for its value. 




-ary^ — 2gy^ 

“iTyV ■ 


Between this equation and ( 0 ),y’may be eliminated by successive approxima- 
tion ; and we obtain as the relation between y and 'sr. 




'ury^ — 

1 + y'^ 


In this investigation y is regarded as a function of x, which varies slowly, or 
(as we may put it) a function of mx, where co is a small quantity. If we 





agree to neglect the fourth power of (o, the third and following terms on the 
left-hand side of (E) may be omitted, and we obtain 
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|l -P j = 1572/- - 

or 

|i - = '^y'' - ^gy^^ (F) 

by which the value of -ar is determined approximately in terms of the form of 
the upper surface. If we suppose ta- constant and integrate (F) on that 
hypothesis, we shall obtain a form of upper surface for which the pressure 
varies very slightly, provided of course that the solution so obtained satisfies 
the suppositions on which the differential equation (F) is founded. 

To integrate (F) we may write it in the form, 

[l -f- 1 — -arv* — 


which becomes a complete differential when multiplied by 2 ~ doo. Thus 
we find 

0 being the constant of integration. Suppose now that in the undisturbed 
parts of the canal the depth is I and the velocity u^. Then 

-ar = Uq- -p 2pZ, and '^= [ "^ody = Uol- 

Jo 

Substituting these, we get 

1 ./2 _ 1 , r/.. , '^0^ + „ _g 




In this equation ^ and Z are given, while tig and G are at our disposal ; and 
thus the cubic expression on the right may be made to vanish for y=l and 
y=^r, where I' is the distance between the summit of the wave and the 
bottom of the canal. If we substitute these values of y and eliminate G, 
we find 

<=gl' (H) 

as the relation between Ug and Z', The constants G and iig being now deter- 
mined so as to make y vanish when y = 0 and when y = I', it will be found 
that the third root of the cubic is also Z, so that our equation may be put 
into the form 


y'^+w^iy-ifiy-n-o. 
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From this result it appears that there is only one maximum or minimum 
value of y (besides 1 ) ; and since y — V is necessarily negative, it follows that 
the surface-condition cannot be satisfied to this order of approximation by a 
solitary wave of depression. Differentiating (I), we get 


3(y-0 

m' 




which shows that the points of zero curvature occur when y = l and when 
y=^ (21' + l) = l + ^(l'~ 1). Thus the curvature changes sign at two-thirds 
of the height of the wave above the undisturbed level, and at these points 
only. The nature of the wave is sufficiently defined by (I); but we may 
readily integrate again, so as to obtain the relation between oc and y. Thus, 
if Z' — Z = /9, y — l — rj, 

w* 


the constant being taken so that a; = 0 when vj = 13. This equation gives the 
height 7] at any point oa in terms of one constant, viz. the maximum height of 
the wave. There is therefore (in a given canal) only one form of solitary 
wave of given maximum height. On either side the height diminishes 
without interruption, but does not (according to (J)) absolutely vanish at 
any finite distance. Accordingly there is no definite wave-length; but if 
we inquire what value of x corresponds to a given ratio of y : /3, we get 

OC V{(Z + yS)/y8} 

being greatest for the smallest waves. 

Suppose, for example, that we regard the wave as ending where the 
height is one-tenth of the maximum. Then 

cc : 1 = 2T V(1 + l/^). 

The shortest wave-length is when /3 = Z; and then 2x11 = 5’96. If /3 = ^Z, 

2x11 — S4>. If ^ 2xfl = 12‘Q. These results are in agreement with 
Russell’s observations. 

The form of the wave as determined by (J) is shown in the figure, half 
the wave only being drawn : — 








* Airy, Tides and Waves, Art. 401. 


38] ON WAVES. 261 

The velocity of propagation is given by (H), which is Scott Eussell’s 
formula exactly. In words, the velocity of the wave is that due to half the 
greatest depth of the water. 

Another of Russell’s observations is now readily accounted for : — “ It was 
always found that the wave broke when its elevation above the general level 
became equal, or nearly so, to the greatest depth. The application of mathe- 
matics to this circumstance is so difficult, that we confine ourselves to the 
mention of the observed fact*.” When the wave is treated as stationary, it 
is evident from dynamics that its height can never exceed that due to the 
velocity of the stream in the undisturbed parts ; that is, I' — I is less than 
But iio® = gl', and therefore V — I ^ less than \ V, or V ~l is less than 1. 
When the wave is on the point of breaking, the watei’ at the crest is moving 
with the velocity of the wave. 


q^q-2JcIR __ 

This molecular rotation, being constant for each particle, is not inconsistent 
with the properties of frictionless fluid when the motion is once set up , but 
it is known that a motion of this kind could not be generated from rest in 
such fluid by any natural force. We proceed to consider the theory of 
periodic waves in deep water when there is no molecular rotation. 

As in the case of long waves, the problem may be reduced to one of 
steady motion by attributing to the water a velocity equal and opposite to 
that of the waves. If x be measured horizontally and y downwards from the 
surface, the conditions of continuity and of freedom from rotation are satis- 
fied by 

<^ = Gx + oie-^ymikx, ^o^kx', (A) 


Periodic Waves in Deep Water. 


The best known theory of these waves is that of Gerstner, Rankin e, and 
Froude, in which the profile is trochoidal. The motion of each particle of 
the fluid is in a circle, which is described with uniform velocity. If h, k be 
the coordinates of the centre of one of these circles, measured horizontally 
and downwards respectively, the position of the particle at time t is given by 

^ = h + Re sin , y = k-\- Re ^ cos (^at + . 


It is not difficult to show that the motion represented by these equations 
satisfies the condition of continuity, and is consistent with the principles of 
fluid mechanics ; but it involves a molecular rotation, whose amount is 
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where ^ and are the equipotential and stream functions, c the velocity at 
a great depth, a a constant depending on the amplitude of the waves, and 
k = 27 r/A, A, being the wave-length or distance from crest to crest. The 
motion represented by (A) passes into a uniform horizontal flow at a great 
depth ; and we have only to inquire how far the surface-condition of constant 
pressure can be satisfied. 

If U be the resultant velocity at any point, 

= (dcfi/dosY + (d^fdyy = 4- 2ckae~^'^ cos kx + 

= c^ + 2ck {cy — -x/r) -f k'^o?e~^y, 

and therefore 

pjp — const. + (g—kc^) y -j- c/r-x/r — -I- k‘^a?e~'^-J (B) 

Hence, when yfr is constant and a is so small that can be neglected, p will 
also be constant, provided that 


“ V w “ V Utt/ 



If c has this value, the surface-condition is satisfied approximately, and (A) 
may be understood to represent a train of free periodic stationary waves, or, 
if the motion relatively to deep water be considered, a train of periodic waves 
advancing without change of type and with a uniform velocity c. 

The profile of the wave is determined by the second of equations (A), in 
which -x/r is made constant. By successive approximation we may deduce the 
value of y in terms of x. If ^{r be taken so that the mean value of y is zero, 
we get 

a/., 5 k^cL^\ j ka^ , S k^cd 

2 / = - ( 1 -f Q — y 1 cos kx — ^ cos zkx -j- ^ — ~ cos 3/cx, 


which is correct as far as a?. Let 


^ — cx + ca{l — ^ k^a?) sin kx, 

= cy — ca {1 — ^ Ic^a?) cos kx; j 

and for the equation of the surface, 

y = a cos kx — ^ ko? cos 2kx -|- | k^a? cos %kx (B) 

From (B) we may obtain a closer approximation to the value of c. 
Expanding the exponential, we have (approximately) 

pIp= {g — kc^ ■\-k^a?)y + 

so that 

c* = gjk -1- = gjk -f k^a'^c'^, 


r 
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or = gjh . (1 + k^a^), C^’) 

where k = 27r/X. 


Formulse (E) and (F) are given by Professor Stokes in a memoir pub- 
lished in the Cambridge Philosophical Transactions, Vol. vili. 

So long as the depth is everywhere sufficiently great in comparison with 
the length of the waves, uniformity of depth is immaterial. For waves in 
water of constant finite depth I, the expression for 'yfr is 

'\^=.cy — a cos kx }, 

and the velocity c is determined by 



which passes into (C) when I is considerable in comparison with X-. When I 
is small, we get from (G) c® = gl, which is the formula proper for long waves. 
When obtained thus, it is applicable in the first instance only to waves ol a 
particular type ; but the fact that it is independent of k or A would lead us 
to the conclusion that the same formula would apply to a long wave of any 
type. 

In one respect the theory of irrotational waves may be considered inferior 
to that of Rankine, which last is exact, in the sense that it is independent of 
any supposition as to the smallness of the waves. So far as I am aware, 
writers on this subject appear to think that it is only a question of mathe- 
matics to determine the form of irrotational waves of finite amplitude to any 
degree of approximation. But it seems to me by no means certain that any 
such type exists, capable of propagating itself unchanged with uniform 
velocity. I see no reason why the possibility of such waves in deep water 
should be taken for granted, when we know that in shallow water waves of 
finite height cannot be propagated without undergoing a gradual alteration 
of type*. 

One of the most interesting results of Professor Stokes’s theory is the 
existence of a slow translation of the water near the surface in the diiectioii 
of the wave. I propose to show that this superficial motion is an immediate 
consequence of the absence of molecular rotation, and that it is independent 
of the condition of constant pressure at the bounding surface. 

Let AB be the surface from crest to hollow, and CD a neighbouring 
stream-line. Draw A'B', CD', two stream-lines at such a depth that the 

* [1899. This supposed impossibility is connected with the assumption that the waves in 
shallow water are very long. The more recent researches of Sir G. Stokes {Collected Papers, 
vol. I. p. 314) and of Prof. Korteweg and Dr De Vries {Phil. Mag. vol. xxxix. p. 422, 1895) seem 
to establish the existence of absolutely permanent waves of finite height. ] 
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steady motion of the fluid is uniform, and so as to include a total stream 
equal to that which flows between AB and GD. Then we have to show that 
a particle at A will take longer to reach B, than a particle at A' takes to 
arrive at B\ Now if cr denotes the small breadth of the tube AD at any 



point, and d the velocity, the total stream is av and is constant, 
by K, we have 


v — K -rcr. 


Denoting it 


The time t occupied by a particle in moving from to J5 is therefore 



= area AD K. 


And if t' represents the time between A' and B', 

t' ares, A'D'^K, 

K being the same in both cases, since the total streams are by supposition 
equal. Thus 

t :1f — area AD : area A'D ' ; 
and it remains to prove that AD is greater than A'D'. 

If we draw equipotential lines in such a manner that the small spaces cut 
off between them and AB, CD are squares, then we know that the same 
series of equipotential lines will divide the space between A'B', G'D', into 
small squares also. Now if a line be divided into a given number of parts, 
the sum of the squares of the parts will be a minimum when the parts are all 
equal. Hence the space AD is greater than if the squares described on the 
parts of AB were all equal, and therefore d fortiori greater than the space 
A'D', which consists of the sum of the squares of the same number of equal 
parts of a shorter line. 

It follows that when a particle starting from A' has arrived at B', another 
particle starting at the same moment from A will fall short of B. Thus in a 
progressive wave the water near the surface has on the whole a motion of 
translation in the direction in which the waves advance. 
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Oscillations in Cylindrical Vessels. 

If liquid contained in a cylindrical vessel of any section, whose generating 
lines are vertical and whose depth is uniform, be disturbed from the position 
of equilibrium, oscillations will ensue in consequence of the tendency of the 
fluid to recover its horizontal boundary. 

Let us consider in the first place the small vibrations in two dimensions 
of a compressible fluid such as air when contained within a cylindrical rigid 
boundary. If and y be the rectangular coordinates of any point, and the 
velocity potential, it is known that ^ will satisfy over the whole area 




= 


dx^ 


+‘^'1 


df^ \dx^ ' dy^J ' 
a being the velocity of sound ; while round the contour 


.(A) 


d4 

dn ’ 


•(B) 


where d^/d^i denotes the rate of variation of ^ in a normal direction. 

Whatever the motion of the air may be, it can be analyzed into com- 
ponents of the harmonic type. Suppose that for one of these ^ varies as 
cos kat ; then, from (A), 

d^(f> , d^<f> 


-j— + -f- k'^<f> = 0 

dx^ dy^ ^ 


.(C) 


is an equation which must satisfy for the component vibration in question. 
The equations (C) and (B) can only be satisfied with certain definite values 
of k ; and the functions (f) corresponding to these values are proportional to 
what may be called the normal functions of the air-system. We may denote 
these functions by Ujc. Any function arbitrary over the area can be expanded 
in a series of the functions u*. 

Keturning to the liquid-problem, we see that the elevation h of the 
surface at any point above the undisturbed position may be expressed by the 
series 

h = %(xj,uic{x, y\ (L) 

the quantities o. being constants with respect to space, but dependent upon 
time. The potential energy of the displacement, calculated on the hypothesis 
of a constant pressure on the surface, will clearly be 


.(E) 


V = ypJJ.j zdz .dxdy = \gp ^^hHxdy 

= ^gpjj ('^(ik'^^'kYdxdy^lgp JJ u^dxdy 

by the conjugate property of the functions u. This is the potential energy. 

* See on this subject several papers by the author, especially “ General Theorems relating to 
Vibrations,” Math. Society Proceedings, vol. iv. No. 63, and Phil. Mag. 1873 [Arts, xxi., xxv.]. 
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}; 

I 

1 


I 


The motion of the fluid throughout the interior depends, according to a 
known theorem, only upon the motion of the surface ; and the surface normal 
velocity 

— d<f>ldz = h = %dkUk- 

If I be the depth, the complete value of (f> is given by 

pk[z—l) I p~k(z—l) 



For, in the first place, this value of satisfies Laplace’s equation, inas- 
much as each term Uk satisfies the equation (C) ; 

Secondly, (F) satisfies the condition imposed by the rigid cylindrical 
boundary, since dukjdn = 0 ; 

Thirdly, (F) makes d^fdz — 0, when z — l\ 

And fourthly, when z = 0, —dcjildz — h. 

The kinetic energy T may now be readily calculated: 

+ ©■ + (S)l = lilt 

by Green’s theorem, dB denoting an element of the surface bounding the 
mass, and d4>/dn the rate of variation of ^ in a normal direction outwards. 
The surface 3 consists of three parts — the bottom of the vessel, the cylin- 
drical side of the vessel, and the upper surface of the fluid. Over the first 
two of these, d(f)/dn = 0, and thus 

Now when z = 0, 

^ = '2tdkk~^ coth kl .ujc, d(f>ldz = — Sd-k iik, 

so that 

T = \p XcLk^kr-^ coth kl .// Uk dxdy, (G) 

the product of any two functions it*, m*' vanishing when integrated over the 
area. 

We have now to calculate the work done by impressed forces corre- 
sponding to the displacement represented by Sa^. It must be remembered 
that these forces are limited to be such as have a potential. Let denote the 
variable part of the pressure at the surface, supposed to remain in its position 
of rest, whether applied directly or due to impressed body-forces, then 

work done on system =— JJBpBhdxdy. 

If 8p be expanded in the series, 8p = X/SkUki^, y), 

work = — jj%BkUk • XBttkUk .dxdy = — XBk ^^k JJuk^ dx dy. 



I 
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We can now form the equations of motion in terms of the generalized 
coordinates otf^. By Lagrange’s method, 

coth kl+ga]c= — ^k/p (H) 

is the equation determining the variation of the coordinate otjfe, where 

= If dy ^ If %• 

When the oscillations are free, /3k = 0. If the period be Tk, and the corre- 
sponding period for the air- vibration 

T^ — 27r -7- \/{gJc tanh Jd), Tk -^ka (I) 

If V be the wave-length of plane aerial vibrations having the period , 

k — 27r -T- 

If kl be very small, the ratio of periodic times is 

Tk : rk = a : (J) 

and is independent of k. Hence the two problems of the vibrations of air 
and liquid are mathematically analogous whatever the initial circumstances 
may be j so that if the condensation in the first follows the same law initially 
as the elevation in the second, the correspondence will be preserved throughout 
the subsequent motion, if a? = gl. The initial circumstances, however, must 
be such as not to give prominence to the higlier components, for which kl 
would no longer be small. 

When kl is not negligible, we learn from formula (I) that the period 
increases with I until kl is moderately great, when it becomes sensibly 

Tjfc = 27r sfigk) (3^) 

In any case the period is independent of the density of the liquid. 

Some careful observations on liquid vibrations have been recently made 
by Professor Guthrie*, with which it may be interesting to compare the 
results of theory. Professor Guthrie used troughs whose horizontal section 
was rectangular and circular. We will take the rectangular section first. 

Confining ourselves to those modes of vibration which depend on only 
one horizontal coordinate, we may take for the normal functions 

w = cos {mrw/Ij),. 

L being the length of the trough, n integral, and as being measured from one 
end. The corresponding value of k is mrjL. Hence, from (I), the length of 
the simple equivalent pendulum is 

i coth^ : (L) 

niT L 

* Phii. Mag. October and November 1875. 
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When mrljL is considerable^ (X) becomes 

LjUTT , (M) 

or, for a closer approximation, 

T. 2wirZ 

— (H-2e-X) (N) 

Formula (M) was found by Professor Guthrie to agree with observation 
when n = 1 or 2. The periods in the two cases are in the ratio 1 : \/% if the 
depth be sufficient. 

If the depth bear a constant ratio to the length, (L) or (I) shows that the 
period is directly proportional to the square root of the linear dimension; 
and the same law will obtain when the depth is great, whatever the absolute 
value may be. 

If n=l, the points of constant elevation occur when x — (that is, in 
the middle of the length) ; and if = 2, when x = \L or fX. The maximum 
elevations (or depressions) are equal. 

These results take into account inertia and gravity only. From some 
expressions in his paper Professor Guthrie would appear to attribute the 
effect of shallowness in increasing the period to friction. No doubt friction 
must act in this direction ; but its immediate effect is on the amplitude, and 
not on the period. In all ordinary cases the action of insufficient depth may 
be sufficiently accounted for by the increase of the effective inertia due to 
the contraction of the channels along which the liquid flows, in the same 
way as the pitch of an organ-pipe is lowered by an obstruction at the mouth. 
In such vessels as those used by Professor Guthrie it may be doubted 
whether friction and capillarity have any sensible influence on the periodic 
time. 

The theory for the circular trough depends on the class of functions named 
after Bessel, which are an extreme case of Laplace’s spherical functions. For 
the symmetrical vibrations we have 

u = J,{kr), (0) 

r being the radius vector ; and if R be the radius of the vessel, k is a root of 

Jo'ikR) = 0 (P) 

If x = kR, the values of x satisfying (P) are 3-832, 7-016, 10T74, &c., of 
which only the first belongs to the cases experimented on by Professor 
Guthrie. The approximate formula for the length of the simple equivalent 
pendulum corresponding to (N) is 

3 ^ (1 + 


(Q) 



I or, when I is considerable, 

I jR -f- 3'832 simply (R) 

j Professor Guthrie compares his observations with a pendulum of length 

I E 4 - 4, and finds a fair agreement, which, however, would be improved by the 

substitution of the theoretical formula (R). 

According to (0) the place of zero elevation and depression occurs when 

According to observation, 

r = f R = -6667 R. 

\ From the Tables of Bessel’s functions it appears that the amplitude at the 

I edge of the vessel is '403 of that at the centre. Professor Guthrie makes 

! this 'S. 

I For the next set of vibrations in a circular dish u is of the form 

u = sindJi(A;r), 

where the admissible values of hR are 1'841, 5‘332, 8‘636, &c. Hence for 
the gravest of this group the length of the equivalent pendulum is 

I R 4- 1-841 (S) 

I In this group of modes the elevation vanishes at all points along a certain 

diameter {6 = 0). 

In the third group we have 

and the admissible values of hR are 3-054, 6-705, 9-965, &c. For the gravest 
of these the length of the equivalent pendulum is 

12 4-3-054, (T) 

if the depth be sufficient. The elevation vanishes along two perpendicular 
diameters (^ = 0, 61 = 

‘ In the fourth group there would be three diameters for which u = 0 , and 

j the length of the pendulum isochronous with the gravest mode will be 

j E 4- 4-201 (U) 

^ The frequencies of vibration in the three gravest modes, being inversely as 

S the square roots of the corresponding pendulum-lengths, are in the ratio 

I 1; 1-29: 1-44. 
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Professor Guthrie’s observations give for the value of these ratios 

1 : 1*31 : 1 - 48 . 

Possibly too low a frequency is attributed to the gravest vibration owing to 
the effect of insufficient depth. 

When the complete theory of the free vibrations of any system is 
thoroughly known, it is in general easy to investigate the effect of periodic 
forces. If Ml, Ma, &c. are the normal functions, and 27r/Mi, 27r/w2, &c. the 
periods of the corresponding free vibrations, the effect of forces whose period 
is 27r/jp can be expressed in terms of the effect produced by similar forces of 
infinite period, which last can be calculated statically. Thus, if the solution 
of the problem according to the equilibrium theory is 

A^Ui cos pt + J-aMa COS pt+ , 

the true solution as modified by the inertia of the system will be 

Ml cos + Ma cos + . . ■ . 

^ — p n^—p^ ^ 

Let us calculate in this way the motion in a circular cylindrical basin due 
to a small hori 2 ontal force, acting uniformly throughout the mass of liquid, 
but variable with the time according to the harmonic law. The equilibrium 
value of h (the elevation) is evidently 

h = r QOS 6 cos p ; 

and the only difficulty consists in expressing r by a series of Bessel’s func- 
tions /i. It may be proved that 

r - - ^ 2/ i {hjr) _ ^ 

Qoi -Y)Jr (k) 

where ^i, Ic^, &c. are the roots of Ji(k) = 0, and the radius E is taken as 
unity. Thus the true value of h (after the motion has been going on long 
enough to be independent of initial circumstances) is 

7 = 2 ^ 1 ^ cos cos 6> Ji (^i7-) 

(ni‘-p‘}{Jci‘-l)J,{k,)'^-’ 

the summation being extended to all the admissible values of k. The value 
of w® is given by 

= gk tanh kl. 

If the system be at rest at t = 0, and displaced according to the law 
h = r cos 0 (that is, with an inclined plane surface), the subsequent motion is 
given in rapidly converging series by 

2Ji(kir)Gos0 ^ , 2J-^{k^r) QOS 6 

+ 
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f P.S. — Some recent observations on the periods of the oscillations of water 

in a large circular tank may be worth recording. The radius of the tank is 
! 60'3 inches [153'2 cm.], and the depth about 43 inches [109 cm.]. The 

I oscillations were excited by dipping one or more buckets synchronously with 

{ the beats of a metronome set approximately beforehand. Soon after the 

j withdrawal of the buckets the vibrations were counted (in most cases for 

five minutes), and the results reduced for a space of one minute. 


Gravest symmetrical mode. — Frequency by observation 47-3 [complete 
oscillations per minute]. The theoretical result for an infinite depth is 
47‘32, and for actual depth 47 T3. 

Next highest symmetrical mode. — By observation, frequency = 64T, by 
theory 64-02. In this case the correction for finite depth is insensible, and 
the length of the equivalent pendulum —R-^ 7-015. 

Gravest mode with one nodal diameter. — By observation, frequency = 30-0. 
By theory, for infinite depth 32-81, for actual depth 30*48. 

One nodal diameter and one nodal circle. — By observation, frequency 
= 56*0; by theory 55*8. The length of equivalent pendulum 5*332. 

Two nodal diameters. — By observation, frequency =41*5. By theory, for 
infinite depth 42*09, for actual depth 41*59. 

The agreement between theory and observation is as close as could be 
expected. 


I have lately seen a memoir by M. Boussinesq (1871, Gomptes Rendus, 
Vol. LXXII.), in which is contained a theory of the solitary wave very similar 
to that of this paper. So far as our results are common, the credit of priority 
belongs of course to M. Boussinesq. 









ON THE APPROXIMATE SOLUTION OF CERTAIN PROBLEMS 
RELATING TO THE POTENTIAL. 

[Proceedings of the London Mathematical Society, vii. pp. 70 — 75, 1876.] 


The first problem that I propose for consideration is that of the flow of 
electricity in two dimensions along a strip of uniform metal sheet, such as 
tinfoil, the strip being bounded by curves symmetrical with respect to a 
central line, taken as axis of oo, and nowhere more than moderately inclined 
to that axis.^ The equations of the boundary may be written 2/ = ± 2/i» where 
is a slowly varying function of x. On account of the symmetry the poten- 
tial is an even function of y, and the axis of x is a stream-line, so that the 
problem is the same as if the axis were itself a boundary. The conditions to 
be satisfied by the potential (f> are therefore the usual equation of Laplace, 

V^(f) — d'^^fdx^ - 1 - dr(^jdy'^ = 0 , 

which must be true over the whole area of the strip, together with the 
boundary conditions, that there must be no normal flow across the curves 
y =yi and y = 0. If we introduce the stream function ^fr, which is related to 
by the equations 

d^Jdx = d'yp'Idy, d(f>Jdy — — d'y^jdx , (1) 

and itself satisfies = 0, the boundary conditions may be expressed by 
supposing to be zero when y = 0, and when y = yj to assume a second 
constant value 

If the boundary of the strip were straight and parallel to the axis, the 
current dj>ldx would be constant at all points, and we should have 

c})=f.x, f=f.y, 

where /represents the constant current. 
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The object of the present investigation is to determine the values of 
(f) and -x/r, when the above simple values may be taken as a basis of approxi- 
mation, and to calculate corrections for the effect of the deviation of from 
constancy. 

Denoting by / the slowly varying magnitude of the current when y = 0, 
we may take 


^ ° l 7 2 ^ - . 3 : 4 f" - 1 


d\ „ „ y® 


^ f. = yf- rrfTg /' + 

where fi—ffdoa. 


.( 2 ) 


These values satisfy the general conditions of the potential and stream 
functions, and when y = 0 make 

d<p/diiG —f, yfr = 0 . 

The second of equations (2) may be regarded as determining the lines of 
flow (any one of which may be supposed to be the boundary of the sheet) in 
terms of /. What remains to be effected is the determination of / from the 
condition that when y = yu viz., 


= 2/i/- 


yi 


1.2.3 




Vi 


1 . 2 . 3 . 4 . 5 


- &c., 


an equation which may be treated by the method of successive approxi- 
mation. We have 


/=i' + T- 
1 


yr 


2 . 3 


f- 




1 . 2 . 3 . 4 . 5 


+ &c. 


(3) 


whence we obtain 


/ _ 4 . y" 
^ 2/1 6 


\ y 


+ 


1 dM , 



yi^ d* 

(±2) 

VyJj 

_ ~ iw dx* 

VyJ 


= ^‘ + T(2yrV'-yi' 


Jl 

36 dw^ 




yi - 


yA AL (ti 

120 d®'* Vyi 




where accents denote differentiation with respect to x. 


In order to calculate the electrical resistance of the strip, we must compare 
the total current with the difference of potentials at the two extremities. 
If the lamina be of unit specific conductivity, the total current 


=r 





( 
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For the potential on the axis we have (f>=Jfdos, and therefore the resistance 
of the strip is represented by 

where / has the value given by (4). 

If the equipotential lines, between which the resistance is required, be 
situated in parts of the strip, where the edge is straight and parallel to the 
axis (for a sufficient distance in comparison with the width), our expression 
may be simplified by integration by parts, since all the differential coefficients 
of 2/1 with respect to a) may be supposed to vanish at the limits under the 
circumstances contemplated. 


We have 


■ 2 




' j (^yr^! 


2/1 -yi 2 /i 




and the final result for the resistance may be written 


This expression admits of various forms. For example, instead of the second 
term we might take 




which differs by the addition of a term which is a complete differential, and 
therefore disappears on integration. 

The success of the approximation depends of course upon the degree of 
slowness with which varies, but it is not necessary to suppose that the 
whole variation of is small within the limits of x under consideration. If 
we suppose that y-^ is a function of ax, where a is a small quantity, our 
expression for the resistance will include all terms containing as factors lower 
powers of a than co\ 

The same expression (5) gives us the conductivity of the strip between the 
curves y = yx and y = 0, supposed equipotential. For it is a general proposi- 
tion in the theory of conduction in two dimensions that if two opposite sides 
of any curvilinear quadrilateral be at uniform (through different) potentials 
and the other pair of sides be non-conducting, the resistance is the reciprocal 
of that corresponding to an altered state of things in which the first pair of 
opposite sides are non-conducting and the second pair are equipotential. 
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Its truth is easily seen if we fill up the quadrilateral with the intermediate 
stream and equipotential curves, which will ultimately divide the area into 
elementary squares. The resistance of any square between opposite edges is 
independent of the size of the square, any augmentation of resistance due to 
an increased distance to be travelled being compensated by the effect of 
increased width. Thus, if the number of interpolated stream and equipoten- 
tial curves be respectively m - 1 and n — 1, the whole resistance is to that of 
a square in the ratio n:m; while for the same reason, if the equipotential 
and stream-lines be interchanged, the resistance is m of that of a square. 

The same result is applicable to other problems mathematically analogous ; 
for example, the calculation of the capacity of an electrical accumulator. 

A similar method applies to the investigation of conduction in three 
dimensions in a conductor, which is symmetrical round the axis of x, and 
whose boundary does not differ violently from a cylindrical surface. If r be 
the distance of any point from the axis, (f> and the potential and stream 
functions, we have 

_ 1 d'yjr d(ji _ 1 dyjr 

dx r dr ’ dr r dx * ^ 

whence by elimination 


+ S = 0 (7) 


d^-^ 1 d-^ ^ d^'^ _ Q 

dr"^ r dr dx^ ~ ’ 


which show that and are not now, as in the case of two dimensions, 
interchangeable. The series corresponding to (2) are 


F 


rr 

L 

2^ 

r-^F' rF'‘ 


22 , 42 2^ 4 '* . 6" 

' ^ ^vll 

^ 2'‘ . 42 . 6 "" 2=* . 42 . 6® . '8 


where is a function of x so far arbitrary. If the form of the boundary be 
defined by r = y, we have 

_y^F' y^F'" fF'^ 

■ 2 2V 4 2“ . 4^ 6 

from which F' is to be determined in terms of y. By successive approxima- 
tion we obtain 

r = ^ A- 1 li! + 1 iL ^2 ^ _ t n ON 

y^ 8 (dic® V y"/ 8 dx^^ dw^ \ y^ J) 12 . 4^ dx* V 2/ / ' ^ 

The total stream is given by the integral 


^Trrdr 


. 2’jrrdr = 27rylri’, 
Jo r dr ^ 
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and therefore the resistance between any two equipotential surfaces is repre- 


sented by 



On the supposition that at each limit the boundary is cylindrical for a suffi- 
cient distance in comparison with the diameter, we may treat this expression 
by integration by parts in the same manner as for the corresponding problem 
in two dimensions, and we then obtain 


resistance = |l + i _ (U) 

where, as before, accents denote differentiation with respect to x. 

In a memoir on the Theory of Resonance published in the Phil. Trans. 
for 1871*, I had occasion to consider this problem, and I then proved that 
the first term of (11) represents an inferior limit to the resistance, and that 
the first and second terms together give a su'perior limit, these limits being 
applicable without any restriction on the form of the symmetrical boundary. 
It now appears that the superior limit coincides with the accurate value as 
far as a second approximation, and that the correction is approximately given 
by the third term in (11), which is essentially negative. 


Other problems in Electricity and Heat depending upon the potential 
may be treated by the above method. For example, the conductivity between 
the plane z — 0, and a neighbouring equipotential surface z — z^, where z^ is a 


function of x and 
approximately 


y differing from a constant over a finite region only, is 






( 12 ) 


where the area of integration includes the whole of the region through which 
variesf . 


Finally it may be noticed that the preceding methods are applicable in 
two dimensions, when we replace x and y by any conjugate functions a, /3, of 
V' transformation the scope of the analysis may be considerably 

increased, but to enlarge upon this would take us too far from the principal 
subject of the paper. 


* [A.rt, V. p. 86.] See also Maxwell’s Electricity and Magnetism, vol. i., Art. 307. In 
connection with this subject I may be allowed here to record that I have proved that the 
“correchon for the end” of a cylindrical conductor is less than -8242 of the radius, by a 
calculation based on an assumed motion containing two arbitrary constants; this result is 
probably very near the truth. The corresponding superior limit obtained from one arbitrary 
constant is -8281 {Phil. Mag., Nov. 1872). If the motion at the end be assumed to be uniform, 
we get -849 (Maxwell, Art. 309). An inferior limit is *786. 

+ Math. Tripos, 1876, Jan. 21, 1-^ to 4, Question x. [Art. xli. p. 286.] 
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OUE PEEOEPTION OF THE BIEEOTION OF A SOUECE 

OF SOUND. 

[Nature, xiv. pp. 32—33, 1876.] 

The practical facility with which we recognisse the situation of a sounding 
body has always been rather a theoretical difficulty. In the case of sight a 
special optical apparatus is provided whose function it is to modify the 
uniform excitation of the retina, which a luminous point, wherever situated, 
would otherwise produce. The mode of action of the crystalline lens of the 
eye is well understood, and the use of a lens is precisely the device that 
would at once occur to the mind of an optician ignorant of physiology. The 
bundle of rays, which would otherwise distribute themselves over the entire 
retina, and so give no indication of their origin, are made to converge upon a 
single point, whose excitation is to us the sign of an external object in a 
certain definite direction. If the luminous object is moved, the fact is at 
once recognized by the change in the point of excitation. 

There is nothing in the ear corresponding to the crystalline lens of the 
eye, and this not accidentally, so to speak, but by the very nature of the 
case. The efficient action of a lens depends upon its diameter being at least 
many times greater than the wave-length of light, and for the purposes of 
sight there is no difficulty in satisfying this requirement. The wave-length 
of the rays by which we see is not much more than a ten-thousandth part of 
the diameter of the pupil of the eye. But when we pass to the case of 
sound and of the ear, the relative magnitudes of the corresponding quantities 
are altogether different. The waves of sound issuing from a man’s mouth 
are about eight feet long, whereas the diameter of the passage of the ear is 
quite small, and could not well have been made a large multiple of eight 
feet. It is evident therefore that it is useless to look for anything corre- 
sponding to the crystalline lens of the eye, and that our power of telling the 
origin of a sound must be explained in some different way. 
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It has long been conjectured that the explanation turns upon the com- 
bined use of both ears ; though but little seems to have been done hitherto 
in the way of bringing this view to the test. The observations and calcula- 
tions now brought forward are very incomplete, but may perhaps help to 
clear the ground, and will have served their purpose if they induce others to 
pursue the subject. 

The first experiments were made with the view of finding out with what 
degree of accuracy the direction of sound could be determined, and for this it 
was necessary of course that the observer should have no other material for 
his judgment than that contemplated. 

The observer, stationed with his eyes closed in the middle of a lawn on a 
still evening, was asked to point with the hand in the direction of voices 
addressed to him by five or six assistants, who continually shifted their 
position. It was necessary to have several assistants, since it was found 
that otherwise their steps could be easily followed. The uniform result was 
that the direction of a human voice used in anything like a natural manner 
could be told with certainty from a single word, or even vowel, to within a 
few degrees. 

But with other sounds the result was different. If the source was on the 
right or the left of the observer, its position could be told approximately, but 
it was uncertain whether, for example, a low whistle was in front or behind. 
This result led us to try a simple sound, such as that given by a fork mounted 
on a resonance-box. It was soon found that whatever might be the case 
with a truly simple sound, the observer never failed to detect the situation 
of the fork by the noises accompanying its excitation, whether this was done 
by striking or by a violin bow. It was therefore necessary to arrange the 
experiment differently. Two assistants at equal distances and in opposite 
directions were provided with similar forks and resonators. At a signal given 
by a fourth, both forks were struck, but only one was held over its resonator, 
and the observer was asked to say, without moving his head, which he heard. 
When the observer was so turned that one fork was immediately in front and 
the other immediately behind, it Avas impossible for him to tell which fork 
was sounding, and if asked to say one or the other, felt that he was only 
guessing. But on turning a quarter round, so as to have one fork on his 
right and the other on his left, he could tell without fail, and with full 
confidence in being correct. 

The possibility of distinguishing a voice in front from a voice behind 
would thus appear to depend on the compound character of the sound in a 
way that it is not easy to understand, and for which the second ear would be 
of no advantage. But even in the case of a lateral sound the matter is not 
free from difficulty, for the difference of intensity with which a lateral sound 
is perceived by the two ears is not great. The experiment may easily be 
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tried roughly by stopping one ear with the hand, and turning round back- 
wards and forwards while listening to a sound held steadily. Calculation 
shows, moreover, that the human head, considered as an obstacle to the 
waves of sound, is scarcely big enough in relation to the wave-length to give 
a sensible shadow. To throw light on this subject I have calculated the 
intensity of sound due to a distant source at the various points on the surface 
of a fixed spherical obstacle. The result depends on the ratio (a) between 
the circumference of the sphere and the length of the wave. If we call the 
point on the spherical surface nearest to the source the anterior pole, and the 
opposite point (where the shadow might be expected to be most intense) the 
posterior pole, the results on three suppositions as to the relative magnitudes 
of the sphere and wave-length are given in the following table : — 



a=2 

a = l 


Anterior Pole 

•690 

•503 

•294 

Posterior Pole 

•318 

•285 

•260 

Equator 

•366 

•237 

•232 


When, for example, the circumference of the sphere is buL half the wave- 
length, the intensity at the posterior pole is only about a tenth part less than 
at the anterior pole, while the intensity is least of all in a lateral direction. 
When CL is less than I-, the difference of the intensities at the two poles is 
still less important, amounting to about one per cent., when a = \. 

The value of a depends on the wave-length, which may vary within 
pretty wide limits, and it might be expected that the facility of distinguishing 
a lateral sound would diminish when the sound is grave. Experiments were 
accordingly tried with forks of a frequency of 128, but no greater difficulty 
was experienced than with forks of a frequency of 256, except such as might 
be attributed to the inferior loudness of the former. According to calculation 
the difference of intensity would here be too small to account for the power 
of discrimination. 




QUESTIONS FROM MATHEMATICAL TRIPOS EXAMINATION 

FOR 1876. 


[Cambridge University Calendar, 1876.] 


January 6. 9 — 12. 

vi. Investigate the equations of equilibrium of a flexible string acted 
upon by any tangential and normal forces. 

An uniform steel wire in the form of a circular ring is made to revolve in 
its own plane about its centre of figure. Show that the greatest possible 
linear velocity is independent both of the section of the wire and of the 
radius of the ring, and find roughly this velocity, the breaking strength of the 
» w'ire being taken as 90,000 lbs. per square inch, and the weight of a cubic 
foot as ,490 lbs. 

vii. Calculate from the principle of energy the rate at which water will 
be discharged from a vessel in whose bottom there is a small hole, explaining 
clearly why the area of the vena contracta, and not that of the hole, is to be 
used. 

A cistern discharges water into the atmosphere through a vertical pipe of 
uniform section. Show that air would be sucked in through a small hole in 
the upper part of the pipe, and explain how this result is consistent with an 
atmospheric pressure in the^cistern. 

viii. Investigate the disturbance in an unlimited atmosphere due to a 
source of sound which is concentrated at a single point, and whose effect is to 
produce an alternate production and destruction of air, given in amount and 
periodic according to the harmonic law. 

Show that, if a given source of sound as defined above be situate at the 
vertex of an infinite conical tube, the energy emitted in a given time is 
inversely as the solid angle of the cone. 
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ix. Define a reversible heat-engine, and point out in what respects a 
Condensing steam-engine as ordinarily worked falls short of the definition. 

Can the theory of heat-engines be applied to a non-condensing steam- 
engine ? 

X. The ends of a coil of insulated wire can be connected with the poles 
of a constant battery ; investigate the gradual establishment of the current j 

after contact is made. ’ 

Show that, when contacts are rapidly made and broken^ the average I 

current as indicated by a galvanometer of long period may fall much below 
that due to the duration of the contacts, and explain the increased effect 
which attends the closing of the circuit of a second coil in the neighbourhood 
of the first. 

January 6. 1^ — 4?. 

V. A straight pipe whose material is thin in comparison with the bore 
is closed at both ends and subjected to internal fluid pressure. Show that 
the longitudinal tension of the material is the half of the circumferential 
tension. 

Prove that the greatest quantity of air of given pressure which can be ^ 

held in a long pipe of given weight is independent of the bore of the pipe. 

vi. Investigate the small vibrations of a simple pendulum under the ,1 

action of gravity. t 

How could the law connecting the length of the pendulum and the 
periodic time be arrived at without calculation ? 

Explain how a boy in a swing is able to increase the amplitude of : 

vibration. -« 

vii. State the law of absorption of homogeneous light in a uniform 
medium, and show that the colour of light originally white transmitted 
through a layer of the medium may be entirely altered when the thickness of 
the layer is increased. 

Homogeneous light falls upon a plate of absorbing material, whose 
surfaces partially reflect the light incident upon them. Calculate the total 
intensity of the light (1) reflected back on the first side, (2) transmitted, 

(3) absorbed. '■ I 

viii. Investigate the distribution of electricity on a conductor in the 

form of an ellipsoid situate in free space. j 

Deduce the capacity of an infinitely thin elliptic lamina, and show that if | 

the eccentricity e be small, the capacity may be expressed approximately in | 

terms of the area o- by 1 
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ix. Explain the Wheatstone’s Bridge method of measuring resistances. 
How is it applied to find the position of a fault in an otherwise well 
insulated cable immersed in a tank of water, both the ends being accessible ? 

On account of uniform leakage of electricity the apparent position of a 
fault is apt to be too near the middle of the cable. Show that, if R the 
normal insulation resistance be diminished to R' in consequence of the fault, 
and R' be small in comparison with R, the position of the fault may be found 
from the formula 

onl - 7il' ^ (L - 1'), 

where I, I' are the distances of the fault from the ends of the cable, and 
m : n is the ratio of resistances necessar}’’ to obtain a balance. 

January 17. 9 — 12. 

1. Enunciate Hooke’s law for the extension of an elastic string. 

An endless elastic string without weight is placed round a smooth fixed 
pulley in a vertical plane, whose diameter is half the natural length of the 
string. The lowest point of the string is made fast to the pulley, and to the 
highest point is attached a heavy particle. Show that the equilibrium will 
be neutral, if the weight of the particle be the force necessary, according to 
Hooke’s law, to stretch the string to twice its natural length. 

2. Show that any system of forces acting on a rigid body may be 
replaced by a force acting at a given point, and a couple. 

If any system of forces be reduced to two, of which one is of given 
magnitude and passes through a given point, prove that the line of action of 
the other will envelope a conic. 

4. Show that the solution of the differential equation for vibrations 
resisted by a frictional force proportional to the velocity, but otherwise 
free, viz. 

u + KU + rihi = 0, 

may be put into the form 

, , f . sin n't , f • / 

u — iUo 7 1- Wo cos n t + — , sm n i 

( w \ 2n 

where — and Ug, Uq are the values of the velocity and displace- 

ment when i = 0. 

Deduce the complete solution of 

u + KU + n^u = U 

in the form 

u = - + Wo ^cosw'^ + ~ sin + A j ssin w' {t — t') U'dt', 

where U' is the same function of as U is of t 




i 

■/ 1 
I 

I 
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6. Describe the arrangements necessary for obtaining a finite field of 
view uniformly lit with approximately homogeneous light. On what condi- 
tions does the brightness of the field depend ? Is there any limit to the 
possible brightness when a maximum range of refi’angibility is prescribed ? 

7. Explain the method of obtaining the solar parallax from observations 
of Mars on the meridian, giving the necessary formulae. 

•January 19. 1|- — 4. 

vi. Explain the process by which a function is determined so as to make 
one integral a maximum or minimum, while another integral involving the 
same variables is constant, and apply it to determine what functions of «, 
satisfying the conditions y — 0, when no = 0, and when oc = 1, make 

i^dx stationary in value when dx is given. 

vii. Prove that a uniform frictionless incompressible fluid once at rest 
can never acquire molecular rotation under the action of natural forces, even 
though the motion of every particle be resisted by a force proportional to its 
absolute velocity ; and that without molecular rotation - there can be no 
motion within a fixed envelope filled with fluid and enclosing a simply- 
connected space. 

Prove that if in fluid moving with a velocity-potential a portion which at 
any moment occupies a finite spherical space be instantaneously solidified, 
the solid so formed will have no motion of rotation. 

viii. Plane waves of light are incident directly on an infinite opaque 
screen, in which there is an aperture of any form. Show how the principles 
of the wave theory lead to the conclusion that there will be in general 
constant illumination behind the screen at points well withiu the projection 
of the aperture, and zero illumination at points well without the projection 
of the aperture. 

By the aid of Huyghens’ zones, or otherwise, explain the central bright 
spot in Poisson’s experiment of the shadow of an opaque circular disc. 

ix. Show that the condition of continuity in the interior of a fluid is 
satisfied by the wave-motion in which the co-ordinates of the individual 
particles at time t are 

^ / h\ 

^ = h + Ee R sin \ at + , 



-r^ -- ( h\ 

r] = h -{■ Ee R cos I tti -t- ; 


h, h being constants for each particle and a and E constants for all j and 
investigate the amount of molecular rotation involved. 
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From the general properties of equipotential and stream-curves, prove 
that in a regular series of waves moving in deep water without molecular 
rotation there is necessarily in the neighbourhood of the surface a trans- 
ference of fluid in the direction of the wave’s propagation, whether that 
surface satisfy the condition of a free surface or not. 

XI. State the mathematical conditions which determine the magnetiza- 
tion of a mass of soft iron exposed to the action of given electric currents. 

Show that the presence of the iron must increase the induction of each 
of the circuits upon itself, but may diminish the coefficients of mutual 
induction. 


January 20. 1^ — 4. 

iv. Form the differential equation of the moon’s motion, viz. 

P T du 


y +U — 


hho^ hhb^ dd 


1 + 2 j-~d0 


where u is the reciprocal of the projection on the ecliptic of the moon’s radius 
vector, and integrate it with the omission of the disturbing force, but without 
any approximation depending upon the smallness of the eccentricity or of the 
obliquity of the orbit. 

V. Explain carefully what is meant by the instantaneous orbit of a 
planet, and show how to express the momentary change of the major axis in 
terms of the energy communicated. 

A planet bursts into any number of equal fragments, which then describe 
undisturbed elliptic orbits. Prove that the harmonic mean of the major 
axes of the orbits is increased by the explosion. 

vi. Prove that if a material system start from rest under the action of 
given impulses, the energy of the actual motion exceeds that of any other 
motion which the system (under the action of the same impulses) might have 
been guided to take by the addition of mere constraints; and that the 
difference is equal to the energy of the motion which must be compounded 
with either to produce the other. 

"Verify this theorem in the case of a lamina acted on by a given impulsive 
couple in its own plane, supposing the constraint to be produced by holding 
one point of the lamina fixed. 

vii. Define the potential of matter attracting according to the law of 
nature, and prove that in free space it satisfies the equation 

da^ dy^ ^ dz^ ~ ‘ 
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The distribution of the attracting matter being symmetrical with respect 
to the axis of a, and also with respect to the plane of xy, examine the nature 
of the equilibrium of a particle at the origin ; and compare the forces called 
into play by displacements of given magnitude along and perpendicular to 
the axis respectively. 

viii. Supposing the pressure of a fluid to be a given function of the tem- 
perature and volume, investigate an expression for the difference between the 
specific heat at constant pressure and the specific heat at constant volume. 

Apply the result to the case of a perfect gas, and explain how the specific 
heat may be calculated without direct observation from the values of Joule’s 
equivalent and of the velocity of sound. 

January 21. 9 — 12. 

iv. Prove that the potential energy of a string stretched with tension T 
on a smooth spherical surface of radius a, and slightly displaced from the 
position of equilibrium, is 

where 6 is the angular displacement in the lateral direction of the point 
whose longitude (measured round the string) is 

Thence investigate fully the small motion of a uniform string of given 
length, stretched on a smooth sphere between two fixed points, and show 
that the effect of the curvature is to diminish the square of the frequency 
of vibration by a quantity which is the same for all the possible modes of 
vibration. 

vii. Investigate an approximate expression for the potential of a body 
of any form at a distant point P in terms of the distance of P from the 
centre of gravity Q, and the moment of inertia of the body about the line 
OP. 

Three equal particles rest on a smooth spherical surface of large radius 
described about 0 as centre, and are rigidly connected by a framework 
without mass in such a manner that the three sides of the spherical triangle 
formed by joining the particles are all quadrants. Prove that to the above 
order of approximation there is equilibrium in any position. 

viii. Explain generally and briefly on what circumstances it depends 
whether a tide in frictionless fluid is in the same phase as the forces which 
generate it, or in the opposite phase. 

Calculate the tidal motion of heavy liquid contained in a square vessel of 
uniform depth, due to a small horizontal disturbing force acting uniformly 
throughout the mass, whose magnitude is constant, and whose direction 
revolves uniformly in the horizontal plane. 

How could the forces here imagined be realized experimentally ? 
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January 21. 1|^ — 4. 

iii. Investigate the figure of equilibrium of a revolving fluid covering a 
symmetrical centrobaric core, supposing the density of the fluid to be so 
small that the mutual attractions of its parts may be neglected ; and find 
what ratio of equatorial and polar diameters corresponds to a vanishing 
apparent gravity at the equator. 

V. Investigate the relation which must subsist between the pressure and 
volume of a fluid in order that plane waves of sound of any amplitude may 
be propagated with type unchanged. 

Supposing the pressure to vary inversely as the volume, find what impressed 
forces, parallel to the direction of propagation, would be necessary in order to 
counteract the tendency to alteration of type. 

vii. Investigate the transverse vibration of a uniform circular membrane, 
whose boundary is fixed, due to the action of a pressure, uniform over the 
area of the membrane, but varying with the time according to the simple 
harmonic law. 

viii. Show that, according to Fresnel’s theory of double refraction, the 
velocity of propagation of a plane wave whose direction-cosines estimated 
with reference to the principal axes of a biaxal crystal are I, m, n, is given by 

P otP _ a 

Supposing that for wave- normals Ipng in each principal plane one of the 
values of v is constant, prove that a wave-surface of the fourth degree can be 
no other than Fresnel’s surface. 

X. Show that if in a uniform mass conducting electricity the potential 
be zero over the plane xy, its value at neighbouring points out of that plane 
will be 

- fy f 3 

where % is a function of x and y, and ~ d'^jdx^ -1- dPIdy"^. 

If a neighbouring equipotential surface, z — Zi, coincide with a plane 
parallel to xy, except over a certain finite region where there is a slight 
deviation, the conductivity between the equipotential surfaces z — Zi, and 
^ = 0, is expressed approximately by 

ff( 1 /dzj,y 1 (dzA\dxdy 




JJl 3\dxJ 3\dyjj Zj ’ 

the area of integration including the whole of the above-mentioned region. 
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ON THE RESISTANCE OF FLUIDS. 


[Phil Mag. 11. pp. 4.30—441, 1876.] 

There is no part of hydrodynamics more perplexing to the student than 
that which treats of the resistance of fluids. According to one school of 
writers, a body exposed to a stream of perfect fluid would experience no 
resultant force' at all, any augmentation of pressure on its face due to the 
stream being compensated by equal and opposite pressures on its rear. And 
indeed it is a rigorous consequence of the usual hypotheses of perfect fluidity 
and of the continuity of the motion, that the resultant of the fluid pressures 
reduces to a couple tending to turn the broader face of the body towards the 
stream. On the other hatid, it is well known that in practice an obstacle 
does experience a force tending to carry it down stream, and of magnitude 
too great to be the direct effect of friction ; while in many of the treatises 
calculations of resistances are given leading to results depending on the 
inertia of the fluid without any reference to friction. 

It was Helmholtz who first pointed out that there is nothing in the 
nature of a perfect fluid to forbid a finite slipping between contiguous layers, 
and that the possibility of such an occurrence is not taken into account in 
the common mathematical theory, which makes the fluid flow according to 
the same laws as determine the motion of electricity in uniform conductors. 
Moreover the electrical law of flow (as it may be called for brevity) would 
make the velocity infinite at every sharp edge encountered by the fluid ; and 
this would require a negative pressure of infinite magnitude. It is no 
answer to this objection that a mathematically sharp edge is an impossibility, 
inasmuch as the electrical law of flow would require negative pressure in 
cases where the edge is not perfectly sharp, as may be readily proved from 
the theory of the simple circular vortex, in which the velocity varies inversely 
as the distance from the axis*. 

* [1899. However, there is nothing in the constitution of a liquid to forbid negative 
pressures, even of considerable amount.] 
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The application of these ideas to the problem of the resistance of a stream 
to a plane lamina immersed transversely amounts to a justification of the 
older theory as at least approximately correct. Behind the lamina the fluid 
is at rest under a pressure equal to that which prevails at a distance, the 
region of rest being bounded by a surface of separation or discontinuity 
which joins the lamina tangentially, and is determined mathematically by 
the condition of constant pressure. On the anterior surface of the lamina 
there is an augmentation of pressure corresponding to the loss of velocity. 

The relation between the velocity and pressure in a steady stream of 
incompressible fluid may be obtained immediately by considering the trans- 
ference of energy along an imaginary tube bounded by stream-lines. In 
consequence of the steadiness of the motion, there must be the same amount 
of energy transferred in a given time across any one section of the tube as 
across any other. Now if p and v be the pressure and velocity respectively 
at any point, and p be the density of the fluid, the energy corresponding to 
the passage of the unit of volume is p -f ^pv"^, of which the first term repre- 
sents potential, and the second kinetic energy ; and thus p -h ^pv^ must 
retain the same value at all points of the same stream-line. It is further 
true, though not required for our present purpose or to be proved so simply, 
that p -h ^pv^ retains a constant value not merely on the same stream-line, 
but also when we pass from one stream-line to another, provided that the 
fliud flows throughout the region considered in accordance with the electrical 
law. 


If u be the velocity of the stream, the increment of pressure due to the 
loss of velocity is ^pu"^ — ^pv^, and can never exceed ^pu^, which value corre- 
sponds to a place of rest where the whole of the energy, originally kinetic, 
has become potential. The old theory of resistances went on the assumption 
that the velocity of the stream was destroyed over the whole of the anterior 
face of the lamina, and therefore led to the conclusion that the resistance 
amounted to ^piL^ for each unit of area exposed. It is evident at once that 
this is an overestimate, since it is only near the middle of the anterior face 
that the fluid is approximately at rest ; towards the edge of the lamina the 
fluid moves outwards with no inconsiderable velocity, and at the edge itself 
retains the full velocity of the original stream. Nevertheless the amount of 
error involved in the theory referred to is not great, as appears from the 
result of Kirchhoff’s calculation of the case of two dimensions, from which it 


follows that the resistance per unit of area is 


TT 

4 -1- TT 


pu^ instead of ^pu^ 


It is worthy of notice that by a slight modification of the conditions of the 
problem the estimate may be made accurate. For this purpose the 
lamina is replaced by the bottom of a box-shaped vessel, whose sides project 
in the direction from which the stream is flowing, and are sufficiently extended 
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to cause approximate quiescence over the whole of the bottom (fig. 1). In the 
absence of friction, the sides themselves do not con- Fig. l. 

tribute anything to the resistance. It appears from this I 

argument that the increase of resistance due to concavity H 
can never exceed a very moderate value. 


Although not very closely connected with the prin- | \ 

cipal subject of this communication, it may be well to 
state the corresponding result in the case of a compressible 
fluid such as air. If be the normal pressure in the 
streain, a the velocity of sound corresponding to the general 
temperature, 7 the ratio of the two specific heats, is replaced by 

which gives the resistance per unit of area. The compression is supposed (as 
in the theory of sound) to take place without loss of heat ; and the numerical 
value of 7 is I'^OS. 

When u is small in comparison with a, the resistance follows the same 
law as if the fluid were incompressible ; but in the case of greater velocities 
the resistance increases more rapidly. The resistance to a meteor moving at 
speeds comparable with 20 miles per second must be enormous, as also the 
rise of temperature due to compression of the air. In fact it seems quite 
unnecessary to appeal to friction in order to explain the phenomena of light 
and heat attending the entrance of a meteor into the earth’s atmosphere. 

But although the old theory of resistance was not very wide of the mark 
in its application to the case of a lamina against which a stream impinges 
directly, the same cannot be said of the way in which the influence of 
obliquity was estimated. It was argued that inasmuch as a lamina moved 
edgeways through still fluid would create no disturbance (in the absence of 
friction), such an edgeways motion would produce no alteration in the resist- 
ance due to a stream perpendicular to the plane of the lamina ; and from this 
it would follow that when a lamina is exposed to an oblique stream, the 
resistance experienced would be that calculated from the same formula as 
before, on the understanding that u now represents the perpendicular com- 
ponent of the actual velocity of the stream. Or if the actual velocity of the 
stream be V, and a denote the angle between the direction of the stream and 
the lamina, the resistance would be per unit of area 

sin® a (1) 

This force acts of course perpendicularly to the plane of the lamina ; the 
component down the current is 

\pV^ sin® a (2) 


R. 1. 


..( 2 ) 

19 
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lo will* this result is obtained, however, is quite worth- 

‘'’® "‘‘•T® ^pressed in (1) is known to 

The^!!l !r . V "f “■ 

bew Z ? obliquities is much greater than (1) would make it, 
being moie nearly in proportion to the fii-st power of sin « than to the square. 

is •’’a* “ o-lgo^ys motion of an elongated body through water 

IS not without lufluenoe on the force necessary to move it with a given speed 
broadways Mr Fronde says* "Thus when a vessel was working tf windward 

was plainly visible, and it was known to every sailor, that her leeway was 

Zlelt f ? iT- “t “ie«iy 

relatively slower, but absolutely slower.” ^ 

inn inclusive proof of the existence of this 

lucres® of pressure occasioned by the introduction of the edgeways oom- 

stand*in°o T*'™’ ‘y t*‘® simple experiment. Let him 

Um din 1 n r™? let 

him dip the blade vertically into the water alongside the boat, presenting its 

ace normally to the Hue of the boat's motion, holding the plane steady t 
thfrarul? ff 1 ®* ” ‘h® ™ter on the blade by 

ItedThi, Tet I T '*■ ''® ““““'Sly appre- 

he will at one ™ *® edgeways like a pendulum, and 

he will at once experience a very sensible increase of pressure. And if the 

rfSTr+b^^'^ *t “ "'Tf *“ considerable and is performed 

until ft’s t ' f “®’^®=“® “ ‘I'c pressure will be astonishing 

boftmen wf f ™ proposition, many 

oatmen, when rowing a heavy boat with narrow-bladed oars, were in the 

mot on^ “ ‘’‘® ''®“d with a reciprocating 

tZs owT ®“, °®®d‘®*«ry dip to the blade during each stroke, and 
thus obtamed an equally vigorous reaction from the water with a greatly 
reduced slip or sternward motion of the blade.” ^ ^ 

tbo^\“r‘ *" ®“® ctliqoity we have to do with 

Behi:^!", '•" wL the resolved ^ 

s ,l“ *®r® be a region of dead water bounded by a 

surface of discoutmuity, within which the pressure is the same as if there 
were no obstacle. On the front face of the lamina there must be an augmen- 
tation of pressure, vanishing at the edges and increasing inwards*^ to a 
maximum at the point where the stream divides. At this point the pressure 

t ’ ®°™®P°“'^“'g *c *he loss of the whole velocity of the stream. It is 
true that the maximum pressure prevails over only an infinitely small fraction 

sh*/z;ir„n'a,%t:w%mp2:n 
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of the area ; but the same may be said even when the incidence of the stream 
is perpendicular. 

The exact solution of the problem in the case of two dimensions, which 
covers almost all the points of practical interest, can be obtained by the 
analytical method of Helmholtz and Kirchhoff *. If an elongated blade be 
held vertically in a horizontal stream, so that the angle between the plane of 
the blade and the stream is a, the mean pressure is 


TT sin a 
4 + TT sin a 


pV\ 


( 3 ) 


varying, when a is small, as sin a, and not as sin^ a. The proof will be found 
at the end of the present paper. 

The fact that the resistance to the broadways motion of a lamina through 
still fluid can be increased enormously by the superposition of an edgeways 
motion is of great interest. For example, it will be found to be of vital 
importance in the problem of artificial flight. 

According to the old theory the component of resistance transverse to the 
stream varied as sin^ a cos a, and attained its maximum for a — 55° nearly. 
The substitution of expression (3) for sin® a will materially modify the angle 
at which the transverse force is greatest. The quantity to be made a maxi- 
mum is 

sin a cos a ^ 

4 -f TT sin a ’ 


and the value of a for which the maximum is attained is « = 39° nearly, 
being considerably less than according to the old theory, on account of the 
increased value of the normal pressure at high obliquities. 


The pressure, whose mean amount is given in (3), is far from symmetri- 
cally distributed over the breadth of the blade, as might be anticipated from 
the fact that the region of maximum pressure, where the stream divides, is 
evidently nearer to the anterior or up-stream edge. If the breadth of the 
blade be called I, the distance {a) of the centre of pressure, reckoned from the 
middle, is 

^^3 ( 4 ) 

4 4 -f TT Sin a 


If the blade be pivoted so as to be free to turn about an axis parallel to 
its edges, (4) gives the position of the axis corresponding to any angle of 


* Eormulro (3) and (4) were given at the Glasgow Meeting of the British Association. I was 
then only acquainted with Kirchhoff’s Vorleaungen Uber mathematische Pliysih, and was not 
aware that the case of an oblique stream had been considered by him {Grelle, Bd. nxx. 1869). 
However, Kirohhoflf has not calculated the forces ; so that the formulaj are new. [1899. They 
appear to have been given a little earlier by Thiesen. See Phil. Mag. v. p. 320, 1878.] 

19—2 
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inclination a. If a = 90°, a; = 0, as is evident from symmetry. As a dimin- 
ishes, the corresponding value of a; increases and reaches a maximum, viz. 

^ I, when a = 0. The axis then divides the breadth of the blade in the 
ratio 11 : 5. 

These results may be stated in another form as follows. If the axis of 
suspension divide the width in a more extreme ratio than 11 : 5, there is but 
one position of stable equilibrium, that namely in which the blade is parallel 
to the stream with the narrower portion directed upwards. If the axis be 
situated exactly at the point which divides the width in the ratio 11:5, this 
position becomes neutral, in the sense that for small displacements the force 
of restitution is of the second order, but the equilibrium is really stable. 
When the axis is still nearer the centre of figure, the position parallel to the 
stream becomes unstable, and is replaced by two inclined positions given by 
(4), making with the stream equal angles, which increase from zero to a 
right angle as the axis moves in towards the centre. With the centre line 
Itself for axis, the lamina can only remain at rest when transverse to the 
stream, though of course with either face turned upwards. 

The fact, rather paradoxical to the uninitiated, that a blade free to turn 
about Its centre line sets itself transversely, may be easily proved by experi- 
ment. For this purpose it is sufficient to take a piece of thin brass plate 
shaped as in the figure (fig. 2), and mount it with its points bearing in two 
Fig. 2. small indentations in a U-shaped strip of thicker 

y ~~\ easily made by striking the strip with a coni- 

\ ^ pointed piece of steel driven by the hammer, 

little apparatus is moved through the 
water, the moveable piece at once sets itself across the direction of motion. 

observed when the apparatus is exposed to the 
wina, but in this case an unexpected phenomenon often masks the stability 
ot the transverse position. It is found that when the plate is set rotating, 
the force of the wind will maintain or accelerate the motion. This effect 
mig e supposed to be due to a want of symmetry, were it not that the 
rotation occurs in either direction. It is evidently connected with the dis- 
turbance of the fiuid due to the motion of rotation, and is not covered by 
he calculation leading to formula (4), which refers to the forces experienced 
wnen the blade is at rest in any position, 

lam not aware of any experimental measurements with which (4.) could 

fudr^’T I equilibrium parallel to the stream is 

ndifferent when the axis is situated in the position defined by the ratio 

tbo’f ' ^ ™ agreement with the construction of balanced rudders, of which 
the front part is usually made of about one-half the width of the hinder part. 

The accompanying Table contains some numerical examples of the general 
formula. The first column gives the angle between the lamina and stream, 
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the second the value of sin^a, to which, on the old theory, the resistance 
should be proportional ; the third column is derived from some experiments 
by Vince on water, published in the PhilosopMcal Transactions for 1798. 
The quantity directly measured by Vince was the resolved part of the resist- 
ance in the direction of the stream, from which the tabulated number is 


a 

sin^ a 

Vince 

sin a (4 + w) 

3 cos a 


4 + TT sin a 

^ 4 + 9rsina 

90 

1-0000 

1-000 

1-0000 

•0000 

•5000 

70 

•8830 

-974 

•9652 

•0369 

•2676 

50 

•5868 

•873 

•8537 

•0752 

•0981 

30 

•2500 

•663 

•6411 

•1166 

•0173 

20 

•1170 

•458 

•4814 

•1389 

•0040 

10 

•0302 

•278 

•2728 

•1625 

•0004 


derived by division by sin a. The fourth column represents the law of resist- 
ance according to the formula now proposed, a factor being introduced so as 
to make the maximum value unity. The fifth column gives the distance 
between the centre of pressure and the middle line of the blade, expressed as 
a fraction of the total width. The sixth column is the value of 

2 (1 — 2 cos a + cos® a) -p a sin a 
4 -p TT sin a ’ 

which is the distance from the anterior edge of the point where the stream 
divides, and where accordingly the pressure attains its greatest value. It 
will be seen that, as might be expected, this distance becomes small at 
moderate obliquities. 

The result of Vince’s experiments agrees with theory remarkably well ) 
and the contrast with sin® a is especially worthy of note. The experiments 
were made with a whirling machine, and appear to have been carefully 
conducted ; but they were on too small a scale to be quite satisfactory. The 
subject might now be resumed with advantage* 

From theory it would appear that any part of the region of dead water 
behind the lamina might be filled up with solid matter without in any way 
disturbing the motion or altering the resistance ; but in practice with actual 
fluids this statement must not be taken without qualification. If the 
boundary of the solid approach too nearly the natural position of the surface 
of separation, the intervening fluid appears to be sucked out until the lines 
of flow follow the surface of the obstacle. This is the state of things aimed 
at, and approximately attained, in well-designed ships, round which the 

* [1899. The reader will hardly need to be reminded of Langley’s experiments {Smithsonian 
Contributions to Kmioledge, 1891). A notice of them in Nature (vol. xlv. p. 108, 1891) may also 
be referred to.] 
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water flows nearly according to the electrical law. The resistance is then of 
an entirely altered character, and depends only upon the friction against the 
skin. 

It was observed by Sir William Thomson at Glasgow, that motions 
involving a surface of separation are unstable. This is no doubt the case, 
and is true even of a parallel jet moving with uniform velocity. If from any 
cause a slight swelling occurs at any point of the surface, an increase of 
piessure ensues tending not to correct but to augment the irregularity. I 
had occasion myself to refer to a case of this kind in a paper on Waves, 
published in the Philosophical Magazine for April, 1876 [Art. xxxviii,]. 
But it may be doubted whether the calculations of resistance are materially 
affected by this circumstance, as the pressures experienced must be nearly 
independent of what happens at some distance in the rear of the obstacle, 
where the instability would first begin to manifest itself. 

The formula proposed in the present paper are also liable to a certain 
amount of modification from friction which it would be difficult to estimate 
beforehand, but which cannot be very considerable, if the experiments of 
Vince are to be at all relied on. 


In the following analysis ^ and are the potential and stream functions, 
z = x-\-^y, ft) = (f) + i^|r ; and it is known that the general conditions of fluid 
motion m two dimensions are satisfied by taking 0 as an arbitrary function 
of 00 . If 

dz 


dco 


— ^ = p (cos 0 + i sin 6), 


.(A) 


Kirchhoff shows that ^ represents the velocity of the stream at any point, 
with the exception that its modulus p is proportional to the reciprocal of the 
velocity instead of to the velocity itself. If the general velocity of the stream 
be unity, the condition to be satisfied along a surface of separation bounding 
a region of dead water is p = 1. The value of yjr must of course also preserve 
a constant value along the same surface. 


The form of ^ applicable to the present problem is 


^ = COS a — i sin a. 


^ = cosa + i + ^/fcosa+ ^ 

Y (U 


- 1 . 


.(B) 


When G> = 00 , 

The surface of separation corresponds to = 0, for which value of f m 
becomes real ; and the point at which the stream divides corresponds to 
ft) = 0, for which ^=00. ForT/r = 0 and real values of cos a + I/y'cd less than 
unity, p = l. This portion therefore corresponds to the surface of separation, 
for which the pressure is constant. When cos a + 1/^0) is real and greater 
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than unity, ^ is real, indicating that the direction of motion is parallel to the 
axis of a;. This part corresponds to the anterior face of the lamina. 

The augmentation of pressure at any point is represented by I- (1 — 
if the density of the fluid be taken as unity ; and thus the whole resistance 
is measured by the integral 

if dl represents an element of the width of the lamina. Kirchhoff shows 
how to change the variable of integration from I to eo. The velocity of the 
fluid is d^jdl, or, since is here zero, dcojdl. Thus, since ^ is real, 
+ ^== p = dl/dco ; and therefore the integral may be replaced by 




ill which all the elements are to be taken positive. 

From the form of ^ in (B), it appears that 

= + (D) 


The width of the lamina I is f^dco, where the limits of integration are such 
as make 

cos a + I/a/q) = + 1. 

The integration may be effected by the introduction of a new variable /S, 
where 

l3 = sin^ oLhJo) — cos a, 

and the limits for /3 are + 1. Thus 

ff 1 \ 7 /d^cosa 2/3 , 

cos a + dco — ' .-- T- — h .- 7 — h const. : 

}\ aJ(o) sin^a sm‘‘a ’ 

and therefore between the limits + 1 we have 

4 -r- sin^ a. 


The second part of ^ may be written \/(l — -f- sin a \/o), giving the integral 

dco 


^ ' 


i/t n>i\ , sin~^y8 , 

V(1 - /32) = V „ ~ + + const. 


sin a V" sm* a sm®* a 

Thus the complete value of js between the limits, or Z, is 

4 TT 4 4- TT sin a 


Z = 


• 4 “k ' 3 

Sin* a sim a 


sin* a 


(B) 


By (0) and (D) the whole pressure on the lamina is represented by the 
second part of Z in (E), or tt -f- sin^ a ; so that the mean pressure is 

'IT _ 4 + TT sin a _ tt sin a * 

sin** a ’ sin* a 4 + tt sin a ’ 

as was to be proved. 
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Again, the elementary moment of pressure about ^ = 0 is 

± i - p) dm . z 7 ^ d0. 

\ t / sm® a 

Now if the arbitrary constant be taken suitably, the complete value of ^ is 
_ cos a + 2j3 yS V(1 - yS") + sin"^ /3 

2 — r— [ 




sin® a 


The odd terms in 2 will contribute nothing to the integral ; and therefore we 
may take for the moment of pressure about 2 = 0, 

~ cos « _ _5 cos a 

J -1 sin® a ’ sin^a sin® a ’4sin^a* 

In this result the first factor represents the total pressure, and therefore 
^ cos a/sin"* a expresses the distance of the centre of pressure from the point 
2 = 0. With the same origin the value of 2 for the middle of the lamina is 
cos a/sin^ a ; and thus the displacement of the centre of pressure from the 
middle of the lamina is — f cos a/sin"* a. This distance must now be expressed 
in terms of Z or 

(4 + TT sin a) -r sin® a, 
which gives as the final result, 

3 cos a . I 

4 4 + TT sin a ’ 

The negative sign indicates that the centre of pressure is on the up-stream 
side of the middle point. 

As to the form of the surface of separation, its intrinsic equatioli is given 
at once by the value of ^ in terms of co. The real part of ^ is cos 9 (since 
p = 1), where 9 is the angle between the tangent at any point and the plane 
of the lamina. Along the surface of separation to is identical with <j>, and 
d(j)jds = 1. Thus if s be the length of the arc of either branch measured 
from the point where it joins the lamina, the intrinsic equation is 

cos d = cos a + , 

” \/(s + c) ’ 

and the constant is to be determined by the condition that 5 = 0 when 
cos d = + 1. Since ooE9 — dxjds, the relation between x and s is readily 
obtained on integration ; but the relation between y and s is more com- 
plicated. 

In the case of perpendicular incidence cos a = 0, c = 1, so that 



giving on integration 

It appears that the value 
indefinitely. 


cos ^ = + 


V(5 + l)’ 


as = 2a/( 5 + 1) -I- const, 
of X does not approach a finite 


limit as s increases 





NOTES ON HYDRODYNAMICS. 


[Phil Mag. II. pp. 441—447, 1876.] 


The Gontracted Vein. 

The contraction of a jet of fluid in escaping from a higher to a lower 
pressure through a hole in a thin plate has been the subject of much contro- 
versy. Of late years it has been placed in a much clearer light by a direct 
application of the principle of momentum to the circumstances of the problem 
by Messrs Hanlon and Maxwell* among others. 

For the sake of simplicity the liquid will be supposed to be unacted upon 
by gravity, and to be expelled from the vessel by the force of compressed air 
through a hole of area <7 in a thin plane plate forming part of the sides of 
the vessel. After passing the hole the jet contracts, and at a little distance 
assumes the form of a cylindrical bar of reduced area cr'. The ratio tr : o- is 
called the coefficient of contraction. 

The velocity acquired by the fluid in escaping from the pressure p is 
determined, in the absence of friction, by the principle of energy alone. If 
the density of the fluid be unity, and the acquired velocity V, 

v'^=^2p ( 1 ) 

The product of v, as given by (1), and <r is sometimes, though very improperly, 
called the theoretical discharge; and it differs from the true discharge for 
two reasons. In the first place, the velocity of the fluid is not equal to v 
over the whole of the area of the orifice. At the edge, where the jet is free, 
the velocity is indeed v ; but in the interior of the jet the pressure is above 
atmosphere, and therefore the velocity is less than v. And, secondly, it is 
evident that the quantity of fluid passing the orifice depends, not upon the 

* Proceedings of the Mathematical Society, November 11, 1869. 
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whole velocity with which the fluid may be moving at any point, but upon 
the resolved part of this velocity in a direction perpendicular to the plane of 
the orifice. Thus it is only in the middle of the jet that the whole velocity 
is efficient; near the edge the motion is tangential; and consequently this 
part contributes but little to the discharge. It is certain that the discharge 
will be considerably less than va-^ or, which is the same thing, that the jet 
must undergo considerable contraction before the liquid composing it can 
move in parallel lines with uniform velocity v. 


Since the actual discharge is a-'v, the quantity of momentum passing 
away with the jet in unit time is crV, and the force generating this 
momentum is that necessary to hold the vessel at rest. If the whole of the 
interior surface of the vessel were subject to the pressure p, this force would 
have no existence. On account of the orifice the equilibrium of internal 
pressures is disturbed and a force jpo- is uncompensated. But this is not all. 
Not only is the pressure that would have acted over the area of the orifice 
wanting, but there is also a relief of pressure on the surface surrounding the 
orifice corresponding to the velocity with which the fluid there moves. The 
uncompensated force tending to produce recoil may therefore be represented 
by (o- + ^a)p, where S<r is a small positive quantity ; and if the vessel is to 
remain at rest, a force of this magnitude must be applied to it acting in the 
direction in which the jet escapes. Thus 

(or + Bar)p = ar'v ^ ; (2) 

and therefore, by (1), 

o-' = (o- + So-), (3) 

expressing that the coefficient of contraction is greater than 

In the absence of a mathematical solution of the problem it is impossible 
to estimate the magnitude of So- with any precision ; but it is something to 
know from general principles that there must be a considerable contraction, 
and yet that the coefficient of contraction must exceed one-half. However, 
by a slight modification of the problem it is possible to get rid of the uncer- 
tainty arising from the unknown magnitude of So-. Suppose the hole in a 
thin plate to be replaced by a thin parallel tube projecting into the interior 
of the vessel. If the tube be long enough, the sides of the vessel are suffi- 
ciently removed from the region of rapid flow to allow of the pressure acting 
upon them being treated as constant, while the relief of pressure on the sides 
ol the tube does not add anything to the forces tending to produce momentum 
in the jet. Under these circumstances, if a be the area of the section of the 
tube and cr the area of the section of the jet after contraction, a =^cr, or 
the coefficient of contraction is one-half exactly. The rigorous mathematical 
solution of this problem, so far as relates to the case of motion in two dimen- 
sions, has been given by Helmholtz {Fhil. Mag., November, 1868); and the 
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conclusion that the width of the emergent stream is ultimately one-half that 
of the channel follows from his analysis*. 

This problem throws some light on the formation of a surface of discon- 
tinuity. If the electrical law of flow held good so that the tube were filled, 
twice as much momentum as before would have to be generated, and the 
extra momentum would have its origin in the infinite negative pressure 
which, according to that law, must prevail over the extreme edge of the tube. 
In the absence of forces capable of generating the extra momentum the tube 
could not flow full. 

A generalization of the problem just considered may be effected by 
replacing the vessel, whose dimensions were supposed 
to be indefinitely great, by a cylinder of finite sec- 
tion or" (fig. 1), in which the fluid moves with finite 
velocity ^l". If and cr' be the ultimate velocity 
and section of the escaping jet, the equation of 
continuity gives 

v' a = v" cr" ( 4 ) 

By the principle of energy, 

( 6 ) 



C2) 


and by the principle of momentum, if <r be the area of the tube, 

per — ^ v"^ {a" — or) = — cr"v'\ (fi)t 


C3) 


From these equations we obtain 
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(cr"-<rj==<x"(<x"-<r) (7) 

The problem of the contracted vein for a hole in a thin plate has been 
solved mathematically by Kirchhoff^ for the case of motion in two dimensions. 
As this solution is very little known, and many points of interest are passed 
over by Kirchhoff himself, a short account of it accompanied by a few remarks 
and calculations may not be out of place. 

With the notation explained in the previous paper, the form of ^ proper 
to this problem is 

e-" + - 1) (8) 

* The application of the principle of momentum to the case of the introverted tube was 
original with myself, but, as I learned at Glasgow, had been made previously by Mr Fronde. 
[1899. Subsequently I learned that it had been given in the last century by Borda.] In small- 
scale experiments the result is hable to be vitiated by adhesion to the side of the tube, 

t [1899. In the original paper the term {tr" - a-), representing the increase of pressure 

on the bottom of the vessel due to the loss of velocity v", was omitted. The error was pointed 
out and corrected in an important paper by Miohell (Phil. Ti'ans. vol. olxxxi. p. 408, 1890). 
The final result (7) has been altered accordingly.] 

X Grelle, vol. lxx. 1868, and Vorlesungen ilher viathematische Physih. 
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The values of i/r corresponding to the boundaries of the jet are 0 and tt ; and 
the stream-line which passes symmetrically through the middle of the orifice 
is = i'TT, for which value of i/r f is purely imagmary. For the stream-line 
'\jr = 0, 

^ -f - 1) (9) 

When <f> is negative in (9) ^ is wholly real and positive, so that this part of 
the stream-line is parallel to the axis of x, and answers to the bottom of the 
vessel up to the edge of the orifice. When cf) is positive, ^ is complex, but its 
modulus is unity. This part therefore corresponds to the free boundary. 

The width of the jet after contraction is tt, since the velocity is unity; 
and the total flow between the stream-lines 'yj/' — 0 and 'yj/' = tt is measured by 
the difference of the values of 

In equation (9) the real part of ^ (0 positive) is cos 9, where 6 is the 
angle between the direction of motion at any point and the axis of a;; so 
that the intrinsic equation to the boundary is 

cos 6 = dcDjds — (10) 

no constant being added if s be measured from the edge of the orifice where 
cos d = 3 . 


From (10), by integration, 


( 11 ) 

if the origin of x be taken at the edge of the orifice, where s = 0. This 
equation determines the width of the aperture. When s = oo , x-=l, which 
corresponds to the abscissa of the boundary of the jet after contraction ; and, 
as we have already seen, the width of the jet itself is tt. Accordingly the 
whole width of the aperture is 2 + 7r, and the coefficient of contraction 
TT : 2 -f- TT. 


The numerical value of tt : 2 •+- tt is '611, agreeing very nearly with the 
coefficient of contraction found by observation. 

From (10), 
whence 




.( 12 )* 


if the origin of y be taken at s — 0. 

If we eliminate s between (11) and (12), we get as the equation of the 
curve in Cartesian coordinates, 

\ A- k/( 2 . 7 ? — !rP'\ 

( 13 ) 


y = V(2.-^)-ilogi±^[|5|) 


* Equations (11) and (12) are given by Kirchhoff. 
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from which the following points are calculated: — 


X = 'l 

- 2/ = -0313 

x~ ‘6 

— y— *6494 

a; = ‘2 

-y = -0932 

-7 

-y= -9203 

= ‘3 

-2/ = -1815 

X — *8 

-2/ = 1-3127 

ic = ‘4 

- 2/ = -2985 

x= *9 

-2/ = 1-9915 

(B = ’5 

- 2/ = -4509 

x=10 

-y= GO 


By means of these points the curve (fig. 2), is constructed. From (10), 

s = — log cos 0 ; 

so that the radius of curvature is tan 6 . The curvature is therefore infinite 
at the origin, and diminishes continually as s increases. 

Fig. 2. 




In discussions on the cause of the contraction of the jet doubts have 
been expressed as to the reality of the deficiency of velocity in the middle of 
the orifice ; and it may therefore be worth while to examine this point more 
closely. For this purpose it will be convenient to express z ox x iy in 
terms of 

From (8) we get 


whence 


Thus 

z= J^dco 


d(o 

di 


1 + r 

2 ^ ’ 

1 1-r 




= /f 2 tan- f- r+ c. 


.( 14 ) 

.( 16 ) 



I 







302 NOTES ON HYDRODYNAMICS. [43 

In order to determine the value of the constant of integration, we may 
observe that ^ when real varies between — oo and — 1, and between + 1 and 
4- 00 . The values ± 1 correspond to the edges of the orifice when and 
z = 7r + % Hence tan~^^ varies between and Itt, and G=l—^'rr. 
Accordingly 

z = 2 tan~^^— 1 - l-TT (16) 

If V be the velocity of the stream at any point y of the line of symmetry 
X — ^nr + 1, ^ = --ijv ; and therefore by (16) the relation between y and v is 

iy — — 2 tan~^ - + - — tt ; 

V V 

or, if tan“^(^y'y) be replaced by its logarithmic equivalent, 

1 1 1 + W /T H\ 

2' = «->°grri; (m 


A few pairs of corresponding values of y and v will give an idea of the 
relation expressed in (17). 


V 

y = - 

1-834 


2/ = 4 -3792 

f 

y = ~ 

•613 

v== ^ 

y=^+ -902 

w= 1 

2/ = - 

T09.5 

v= 1 

y = -h 3 '48 9 


By interpolation we find that, corresponding to 2 / = 0, v = -6840, = ‘420. 

Hence the pressure in the middle of the orifice is *68 of that prevailing in 
the vessel, the external pressure being treated as zero. In these statements 
the ultimate velocity is understood to be unity, and the scale of linear magni- 
tude is such that 2 4- tt represents the width of the orifice. 

[1899. In equation (17) Ave have the relation between velocity and 
position along the central line. In a similar manner we may form the 
expression for the velocity in contact with the plate PO (fig. 2). Here 

z = x, ^=1/^, 

and (16) gives 

x = 2 tan"^ 1 _ 1 4- 1 __ XrjfT, 

V V 

From 0 to the left v varies from 1 to 0, tan~^ (1/^^) from \rnr to ^-tt. When v 
is very small, 

= — X + \ = AP.'\ 

Meeting Streams. 

The principle of momentum gives interesting information on the question 
of the mutual action of streams which come into collision. Suppose, for 
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example, that the motion is in two dimensions, and that two equal streams 
moving with the same velocity meet at an angle 2a (fig. 3). After the 
collision the fluid resolves itself into two other streams of unequal width 
parallel to the line bisecting the angle 2a; and a question arises as to 
the relative magnitude of these streams. The ultimate velocity is of 
course in both parts the same as before the collision. 

Fig. 3. 



The widths of the original streams being unity, let us suppose that the 
width of that derived stream which is least diverted is co. The width of the 
other derived stream is then 2 — a? ; and the principle of conservation of 
momentum gives at once the relation 

2 cos a =« — (2 — a?), 

whence « = 1 + cos a. The ratio of the two derived streams is 

2 — a? : a? = tan® (18) 

For example, if a = 60°, the ratio of the derived streams is 1 : 3. The effect 
of friction would be to make the ratio still more extreme. 


Pig. 4. 
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If we suppose the motion reversed, we obtain the solution of the problem 
of the direct impact of two streams of unequal widths which meet with equal 
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velocities. The ratio of streams being known, (18) determines the angle of 
divergence. 

In the case where a is a right angle the four streams are all equal, and 
the bounding surfaces are sj^mmetrical with respect to the straight lines bisect- 
ing the streams (fig. 4). The exact solution of this case has been indicated 
by Kirchhoff. If 6 be the angle between the tangent to the free surface at 
any point and the axis of a;, and if s be the length of the arc measured from 
the middle point (where 6 = ± ^tt), the intrinsic equation to the free surface is 

tan 6 = ± e~\ 

the scale of linear magnitude being such that the initial and final width of 
the streams is tt. 

Postscript, Nov. 14. — Although the accurate determination by experiment 
of the pressure in the interior of a stream is a matter of considerable diffi- 
culty, the theoretical value of the pressure in the middle of a jet issuing 
through a slit in a thin plate has been recently verified approximately by 
Mr A. Mallock in my laboratory. The fraction of the original head still 
remaining in the plane of the plate was found to be about *69, which agrees 
very closely with the value obtained from theory, viz. ‘58. For a circular 
hole the corresponding fraction is higher, about *67 ; but for this there is at 
present no theory. The observations were made by introducing along the 
axis of the jet a fine glass tube in the side of which was a small hole, the 
interior of the tube being in connexion with a manometer. 
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ON THE APPLICATION OF THE PRINCIPLE OF RECIPROCITY 

TO ACOUSTICS. 

[Proceedings of the Royal Society, xxv. pp. 118 — 122, 1876.] 

In a memoir published some years ago by Helmholtz {Grelle, Bd. LVii.) 
it was proved that if a uniform frictionless gaseous medium be thrown into 
vibration by a simple source of sound of given period and intensity, the 
variation of pressure is the same at any point B when the source of sound is 
at A as it would have been at A had the source of sound been situated at JS, 
and that this law is not interfered with by the presence of any number 
• of fixed solid obstacles , on which the sound may impinge. 

A simple source of sound is a point at which the condition of continuity 
of the fluid is broken by an alternate introduction and abstraction of fluid, 
given in amount and periodic according to the harmonic law. 

The reciprocal property is capable of generalization so as to apply to 
all acoustical systems whatever capable of vibrating about a configuration 
of equilibrium, as I proved in the Proceedings of the Mathematical Society 
for June 1873 [Art. xxr.], and is not lost even when the systems are subject 
to damping, provided that the frictional forces vary as the first power of 
the velocity, as must always be the case when the motion is small enough. 
Thus Helmholtz’s theorem may be extended to the case when the medium 
is not uniform, and when the obstacles are of such a character that they 
share the vibration. 

But although the principle of reciprocity appears to be firmly grounded 
on the theoretical side, instances are not uncommon in which a sound 
generated in the open air at a point A is heard at a distant point B, 
when an equal or even more powerful sound at B fails to make itself heard 
at A ; and some phenomena of this kind are strongly insisted upon by 
Prof. Henry in opposition to Prof. Tyndall’s views as to the importance 
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of “acoustic clouds” in relation to the audibility of fog-signals. These 
observations were not, indeed, made with the simple sonorous sources of 

theory ; but there is no reason to suppose that the result would have been 

different if simple sources could have been used. 

In experiments having for their object the comparison of sounds heard 
under different circumstances there is one necessary precaution to which 
it may not be superfluous to allude, depending on the fact that the audibility 
of a particular sound depends not only upon the strength of that sound, 
but also upon the strength of other sounds which may be heard along 
with it. For example, a lady seated in a closed carriage and carrying on a 
conversation through an open window in a crowded thoroughfare will hear 
what is said to her far more easily than she can make herself heard in 

return; but this is no failure in the law of reciprocity. 

The explanation of his observations given by Henry depends upon the 
peculiar action of wind, first explained by Prof. Stokes. According to 
this view a sound is ordinarily heard better with the wind than against 
it, in consequence of a curvature of the rays. With the wind a ray will 
generally be bent downwards, since the velocity of the air is generally 
greater overhead than at the surface, and therefore the upper part of 
the wave-front tends to gain on the lower. The ray which ultimately 
reaches the observer is one which started in some degree upwards from 
the source, and has the advantage of being out of the way of obstacles 
for the greater part of its course. Against the wind, on the other hand, the 
curvature of the rays is upwards, so that a would-be observer at a con- 
siderable distance is in danger of being left in a sound-shadow. 

It is very important to remark that this effect depends, not upon the 
mere existence of a wind, but upon the velocity of the wind being greater 
overhead than below. A uniform translation of the entire atmosphere 
would be almost without effect. In particular cases it may happen that 
the velocity of the wind diminishes with height, and then sound is best 
transmitted against the wind. Prof. Henry shows that several anomalous 
phenomena relating to the audibility of signals may be explained by various 
suppositions as to the velocity of the wind at different heights. When the . 
distances concerned are great, comparatively small curvatures of the ray may 
produce considerable results. 

There is a further possible consequence of the action of wind (or variable 
temperature), which, so far as I know, has not hitherto been remarked. 
By making the velocity a suitable function of height it would be possible to 
secure an actual convergence of rays in a vertical plane upon a particular 
station. The atmosphere would then act like the lens of a lighthouse, 
and the intensity of sound might be altogether abnormal. This may perhaps 
be the explanation of the extraordinary distances at which guns have some- 
times been heard. 
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The difference in the propagation of sound against and with the wind 
is no exception to the general law referred to at the beginning of this 
communicationj for that law applies only to the vibrations of a system 
about a configuration of equilibrium. A motion of the medium is thus 
excluded. But the bending of the sound-ray due to a variable temperature, 
to which attention has been drawn by Prof. Reynolds, does not interfere with 
the application of the law. 

An experiment has, however, been brought forward by Prof. Tyndall, 
in which there is an apparent failure of reciprocity not referable to any 
motion of the medium*. The source of sound is a very high-pitched 
reed mounted in a short tube and blown from a small bellows with which 
it is connected by rubber tubing. The variation of pressure at the second 
point is made apparent by means of the sensitive flame, which has been 
used by Prof. Tyndall with so much success on other occasions. Although 
the flame itself, when unexcited, is 18 to 24 inches high, it was proved 
by a subsidiary experiment that the root of the flame, where it issues 
from the burner, is the seat of sensitiveness. With this arrangement 
the effect of a cardboard or glass screen interposed between the reed 
and the flame was found to be different, according as the screen was 
close to the flame or close to the reed. In the former case the flame 
indicated the action of sound, but in the latter remained uninfluenced. 
Since the motion of the screen is plainly equivalent to an interchange of 
the reed and flame, there is to all appearance a failure in the law of 
reciprocity. 

At first sight this experiment is difficult to reconcile with theoretical 
conclusions. It is true that the conditions under which reciprocity is to 
be expected are not very perfectly realized, since the flame ought not to 
be moved from one position to the other. Although the seat of sensi- 
tiveness may be limited to the root of the flame, the tall column of 
highly heated gas might not be without effect ; and in fact it appeared to 
me possible that the response of the flame, when close to the screen, 
might be due to the conduction of sound downwards along it. Not feeling 
satisfied, however, with this explanation, I determined to repeat the ex- 
periment, and wrote to Prof Tyndall, asking to be allowed to see the 
apparatus. In reply he very kindly proposed to arrange a repetition of 
the experiment at the Royal Institution for my benefit, an offer which I 
gladly accepted. 

The effect itself was perfectly distinct, and, as it soon appeared, was 
not to be explained in the manner just suggested, since the response of 
the flame when close to the screen continued, even when the upper part 

* Proceedings of the Eoyal Institution, Jantiary 1875 ; also Prof. Tyndall’s work on Sound, 
3rd edition, 
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of the heated column was protected from the direct action of the source 
by additional screens interposed. I was more than ever puzzled until 
Mr Cottrell showed me another experiment in which, I believe, the key 
of the difficulty is to be found. 

When the axis of the tube containing the reed is directed towards the 
flame, situated at a moderate distance, there is a distinct and immediate 
response; but when the axis is turned away from the flame through a 
comparatively small angle, the effect ceases, although the distance is the 
same as before, and there are no obstacles interposed. If now a cardboard 
screen is held in the prolongation of the axis of the reed, and at such an 
angle as to reflect the vibrations in the direction of the flame, the effect is 
again produced with the same apparent force as at first. 

These results prove conclusively that the reed does not behave as the 
simple source of theory, even approximately. When the screen is close 
(about 2 inches distant) the more powerful vibrations issuing along the 
axis of the instrument impinge directly upon the screen, are reflected back, 
and take no further part in the experiment. The only vibrations which 
have a chance of reaching the flame, after diffraction round the screen, 
are the comparatively feeble ones which issue nearly at right angles with 
the axis. On the other hand, when the screen is close to the flame, the 
efficient vibrations are those which issue at a small angle with the axis, 
and are therefore much more powerful. Ui^der these circumstances it 
is not surprising that the flame is affected in the latter case and not in 
the former. 

The concentration of sound in the direction of the axis is greater than 
would have been anticipated, and is to be explained by the very short 
wave-length corresponding to the pitch of the reed. If, as is not improbable, 
the overtones of the note given by the reed are the most efficient part of 
the sound, the wave-length will be still shorter and the concentration more 
easy to understand*. 

The reciprocal theorem in its generalized form is not restricted to simple 
sources, from which (in the absence of obstacles) sound would issue alike in 
all directions ; and the statement for double sources will throw light on the 
subject of this note. A double source may be thus defined: — Conceive two 
equal and opposite simple sources, situated at a short distance apart, to be 
acting simultaneously. By calling the two sources opposite, it is meant that 
they are to be at any moment in opposite phases. At a moderate distance 
the effects of the two sources are antagonistic and may be made to neutralize 
one another to any extent by diminishing the distance between the sources. 
If, however, at the same time that we diminish the interval, we augment the 

* July 13. I have lately observed that the flame in question is extremely sensitive to one of 
Mr F, Ualton’s whistles, which qives notes near the Umitp of ordinary hearing, 
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intensity of the single sources, the effect may be kept constant. Pushing 
this idea to its limit, when the intensity becomes infinite and the interval 
vanishes, we arrive at the conception of a double source having an axis of 
symmetry coincident with the line joining the single sources of which it 
is composed. In an open space the effect of a double source is the same as 
that communicated to the air by the vibration of a solid sphere whose centre 
is situated at the double point and whose line of vibration coincides with the 
axis, and the intensity of sound in directions inclined to the axis varies as 
the square of the cosine of the obliquity. 

The statement of the reciprocal theorem with respect to double sources 
is then as follows : — If there be equal double sources at two points A 
and B, having axes AB, BQ respectively, then the velocity of the medium 
at B resolved in the direction BQ due to the source at A is the same as 
the velocity at A resolved in the direction AP due to the source at B. 
If the waves observed at A and B are sensibly plane, and if the axes 
AP, BQ are equally inclined to the waves received, we may, in the above 
statement, replace “ velocities ” by “ pressures,” but not otherwise. 

Suppose, now, that equal double sources face each other, so that the 
common axis is AB, and let us examine the effect of interposing a screen 
near to A. By the reciprocal theorem, whether there be a screen or not, 
the velocity at A in direction AB due to B is equal to the velocity at B 
in direction AB due to A. The waves received at B are approximately 
plane and perpendicular to AB, so that the relation between the velocity 
and pressure at B is that proper to a plane wave ; but it is otherwise in 
the case of the sound received at A. Accordingly the reciprocal theorem 
does not lead us to expect an equality between the pressures at A and B, 
on which quantities the behaviour of the sensitive flames depends*. On 
the contrary, it would appear that the pressure at A corresponding to 
the given velocity along AB should be much greater than in the case of 
a plane wave, and then the relative advantage of the position A would 
be explained. 

It will be seen that if the preceding arguments are correct. Prof. Tyndall’s 
experiment does not bear out the conclusions that he has based upon it with 
respect to the observations of the French Commission at Villejuif and 
Montlh^ry. No acoustic clouds could explain the failure of reciprocity then 
observed ; and the more probable hypothesis that the effect was due to wind 
is not inconsistent with the observation that the air (at the surface) was 
moving in the direction against which the sound was best heard. 

Further experiments on this subject are very desirable. 

* [1899. See however Phil. Mag. vol. vii. p. 163, 1879, where it appears that the excitation of 
a flame is due, not to a variable jiresmre, but to transverse motion across the nozzle.] 
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ON A PEEMANENT DEFLECTION OF THE GALVANOMETER- 
NEEDLE UNDER THE INFLUENCE OF A RAPID SERIES 
OF EQUAL AND OPPOSITE INDUCED CURRENTS. 


[PhUosophical Magazine, iii. pp. 43 — 46, 1877.] 

To the Editors of the Philosophical Magazine and Journal. 
Gentlemen, 

The publication, in your December Number, of a memoir by 
Mr Ohrystal on Bi- and Unilateral Galvanometer Deflection recalled to my 
mind some observations of a like character made some years ago by myself. 
I have lately succeeded in finding the manuscript of a communication with 
the above title read (literally) before the British Association at Norwich 
in 1868, which contains a short account of these observations. As the 
subject has acquired an additional interest in consequence of the investi- 
gations of Dr Schuster and Mr Chrystal, I shall be glad if you can find room 
for my paper, which has not been printed in full hitherto. 

I am, Gentlemen, 

Your obedient Servant, 

Rayleigh. 


The following paper contains a short account of some experiments which 
led to rather unexpected results, of which I can find no notice in the 
methodical treatises on Electricity, although they might seem to be in 
the way of any experimenter on induced currents. The arrangement of the 
first experiment was nearly the same as that described by Faraday in his 
original memoir on induction. Two thick copper wires were coiled together — 
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the circuit of one being completed by the battery and make-and-break 
apparatus, and that of the other by an ordinary astatic galvanometer of 
moderate sensitiveness. The make-and-break arrangement is a very rude 
one of my own construction, acting either by the dipping of peedles into 
mercury, or by the intermittent contact of a spring with a toothed wheel. 
When the handle of the instrument is turned, there are generated in the 
second circuit, as is well known, a series of instantaneous currents which are 
alternately opposite in sign but whose magnitudes are equal, although that 
corresponding to the break of the battery-circuit is the most condensed. 
When, then, the instrument is worked with such rapidity that the interval 
between the currents is very small in comparison with the time of free 
oscillation of the needle, the latter might be expected to be sensibly 
unaffected. But so far was this from being the case, that although the 
swing of the needle produced by a single impulse was only a few degrees, 
yet under the influence of the series of equal and opposite currents it 
remained steady at 60 or 70 [degrees], and that on either side of the zero- 
point, which had in fact become a position of unstable equilibrium. Since it 
took place indifferently in either direction, the deflection cannot be ascribed 
to an inequality in the alternate currents, giving on the whole a balance in 
one direction such as, according to the experiments of Henry and Abria, 
might arise from imperfect contacts in the second circuit. 

The first explanation which suggested itself to me was that, while no 
doubt the currents of the two series were strictly equal (numerically), the 
resulting impulses, or rather impulsive couples, acting on the needle might 
be slightly different owing to the change of the latter’s position in reference 
to the coil in the small vibration which the series of currents must produce, 
however quickly they may follow one another, which would give one set an 
advantage over the other. Those currents would prevail which tend to 
increase the deviation of the needle; for they would have, as it were, the 
greatest purchase on it. To make this perfectly clear, suppose either the 
galvanometer to be turned round, or the direction of the, magnetic force 
altered by permanent magnets, so that the position of equilibrium of the 
needle is now no longer zero, but say 20°, and then let the series of induced 
currents pass. There might appear at first sight to be two cases, according 
as the first current tends to diminish or increase the already existing 
deviation; but the result is the same in both, and I will take for the sake 
of illustration that in which the needle is first sent towards zero. When the 
second instantaneous current passes, it finds the needle nearer zero, and 
therefore acts upon it with greater force than did the first ; and this process 
continues, ' so that if for the moment we imagine the needle to vibrate 
about 20°, there is an outstanding force tending to increase the deviation. 
As this is unbalanced, the equilibrium at 20° cannot be maintained, and the 
needle must move further from zero: instead of equilibrium, perhaps, I 
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should say resultant equilibrium ; for the rapid vibration of the needle just 
now referred to of course goes on in any case. I worked out the mathe- 
matical theory of this action fully for a tangent-galvanometer ; and for the 
case, to which experiment is not limited, of an equal interval between 
consecutive instantaneous currents of opposite sorts. The most conspicuous 
result (which might, however, have been anticipated) was that the effect is 
independent of the rapidity with which the make-and-break apparatus 
works. As this was not at all what I had inferred from the experiment, 
I began to doubt whether I had hit upon the true cause of the phenomenon ; 
and on more close examination of the mathematical result, it appeared that 
the needle could not remain permanently deflected from its position, of 
equilibrium at zero, unless each instantaneous current were powerful enough 
to swing it right round when acting on it alone, although an already existing 
deviation would be always increased. I have already mentioned that the 
phenomenon was observed when the swing for a single current was only 
a few degrees, so that there is no doubt of the inadequacy of the foregoing 
explanation. 

The real cause is, I believe, to be found in a deficiency in the hardness 
of the steel needles, rendering them to some extent capable of temporary 
magnetism when placed in a field of force. If this temporary magnetism 
alone be considered, the two sets of instantaneous currents conspire in their 
effects instead of opposing each other; for if a soft-iron needle be freely 
suspended in a uniform field of magnetic force, it has, as is known, four 
positions of equilibrium, of which those two are stable which would be 
positions of equilibrium (one stable and one unstable) for a magnetized steel 
bar. If while the needle is in equilibrium the direction of the magnetic 
force is reversed, no disturbance takes place, because the magnetism of the 
needle is at the same time reversed also. If such a needle be suspended in 
the coil of a galvanometer, the force with which a current acts upon it 
is independent of the direction and varies as the square of the current ; or 
when there is a rapid series of varying but periodic currents, the deflecting 
force varies as the integral of the square of the current, and as the sine 
of twice the deviation from zero. The deflecting force would, according to 
this, be for a given position of the needle with reference to the coil (or 
deviation) proportional to the heating-power of the discontinuous current; 
but it must be remembered that the case is an ideal one, as no iron is 
perfectly soft or capable of at once assuming the magnetism due to the field 
of force in which it is placed. A remarkable illustration of this will be 
mentioned a little later. 

In order to test the correctness of these views, I removed the steel 
needles from the galvanometer and replaced them by a single soft-iron 
needle, with which it was found that all the phenomena observed before 
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were reproduced. Being anxious to submit the arrangement to a more 
severe test, I placed the galvanometer in a third circuit, so that it should be 
acted on by the currents induced by the induced currents of the second 
circuit, as in Henry’s experiments. The effect was very marked, though for 
this it was necessary that the galvanometer should be turned round so that 
the position of equilibrium should be about 20° or 25°; in a tangent- 
galvunometer the most favourable position would be at 45°. Throughout 
these experiments the effect always increased with the velocity of the 
conta.cb-breaker up to a certain point, about 100 per second, and then 
decliiAed. The general increase is in accordance with the explanation here 
advanced, while the falling off might be owing to an imperfect action of the 
make-and-break machine when a certain velocity is reached. I am more 
inclined, however, to attribute it to a want of theoretical softness in the iron, 
which, prevents it from taking the full magnetism when the alternation of 
curients is too rapid*. In support of this opinion I adduce one more 
expei'iment. Returning to the first arrangement, in which the galvanometer 
was placed in the second circuit, I arranged a third circuit in the neighbour- 
hood of the second or galvanometer circuit, whose ends could be joined 
or kept apart *f'. In the second case, of course, no effect is produced by the 
third circuit ; but what will be the result of completing it ? It is known 
that "while the magnitude of each instantaneous current in the galvanometer 
circuit is unaffected, the duration of them is increased by the induction. 
This dilution, so to speak, of the induced currents diminishes their heating- 
power’, which depends on the integral of the square of the current while 
it lasts, and would, if the iron were perfectly soft, diminish the deflecting 
force on the galvanometer-needle; but it was found, on the contrary, 
considerably to increase it. In fact, the induced currents are too condensed 
to pi’oduce their full action, passing away before the needle is properly 
magrxeti 2 :ed. 

It is too soon to say whether any use can be made of these results ; but 
it is possible that such a soft-iron galvanometer might be available for 
measiaring the currents produced by the new magneto-electric machines 
when, the consecutive waves are opposite. 

[1899. For an application of the soft-iron galvanometer here suggested 
to measure feeble alternating currents, see Bellati {Venezia, Istit. AUi, i. 
p. 5 6 3, 1883; Wied. Beihl. vil. p. 617). A similar instrument has been 
const x-ucted by Giltay. More recently the author has applied the method to 
determine the angle of lag in the case of powerful alternating currents {Phil. 
Mag, xiiiii. p. 343, 1897).] 

* [1899. The influence of eddy currents in the iron would need to be considered here.] 

+ There were two similar coils, each containing two wires A^, A^, B^, B^. The battery- 
circuit included and the interrupter. The second circuit consisted of the wires A^, Rj, and the 
galvanometer. B^ gave the third circuit, which was closed or open, according as the ends of R., 
were in connexion or not.— Note added Dec. 1876. 
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ACOUSTICAL OBSERVATIONS. I. 

{Philosopliiccbl MagazinOy ill. pp. 456 — 464, 1877.] 

Perception of the Direction of a Source of Sound. 

In a paper with the above title, commnnicated last year to the Musical 
Association and afterwards published in abstract in Nature [Art. XL.], I 
brought forward the fact that we are unable to distinguish whether a pure 
tone (obtained from a tuning-fork and air-resonator) is immediately in front 
of or immediately behind us — although with other sounds, and notably with 
the human voice, there is in general no difficulty. In order to make the 
experiment satisfactorily, it is necessary to provide two similar forks and 
resonators and to place the observer between them. At a given signal both 
forks are struck, but one of them only is held over its resonator. If this 
precaution be neglected, the noise attending the excitation of the fork 
vitiates the experiment. Subsequently to the reading of my paper, it 
occurred to me that if the ordinary view as to the functions of the two ears 
be correct, there must be other ambiguous cases besides those already 
experimented upon. To the right of the observer, and probably nearly in 
the line of the ears, there must be one direction in which the ratio of the 
intensity of sound as heard by the right ear to the intensity as heard by the 
left ear has a maximum value greater than unity. For sounds coming from 
directions in front of this the ratio of intensities has a less and less value, 
approaching unity as its limit when the sound is immediately in front. In 
like manner, for directions intermediate between the direction of maximum 
ratio and that immediately behind the observer, the ratio of intensities 
varies continuously between the same maximum value and unity. Ac- 
cordingly, for every direction in front there must be a corresponding direction 
behind for which the ratio of intensities has the same value ; and these two 
directions could not be distinguished in the case of a pure tone. The only 
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directions as to wliich there would be no ambiguity are the direction of 
maximum ratio itself, and a corresponding direction of minimum ratio on the 
other side of the head. 

The attitude of my mind with respect to this result was, I confess, one of 
considerable scepticism. A great number of miscellaneous experiments had 
been made with forks as well as with other sources of sound ; and I thought 
that, if these ambiguities had existed, indications of them must have been 
perceived already. It was therefore with some curiosity that I took the first 
opportunity, last September, of submitting the matter to the test of experi- 
ment, the same forks (making 256 vibrations per second) being used as on 
previous occasions. The decision was soon given. An observer facing north, 
for example, made mistakes between forks bearing approximately north-east 
and south-east, though he could distinguish without a moment’s hesitation 
forks bearing east and west. In all such experiments it is necessary that the 
observer keep his head perfectly still, a very slight motion being sufficient in 
many cases to give the information that was previously wanting. 

A suggestion was made, in the discussion that followed the reading of my 
paper before the Musical Association, which I thought it proper to examine, 
though I had not much doubt as to the result. In order to meet the 
difficulty in the ordinary view as to the functions of the two ears arising out 
of the fact that a 256-fork seems to be heard nearly as well with the ear 
turned away as with the ear turned towards it, it was suggested that 
possibly the discrimination between forks right and left depended on some- 
thing connected with the commencement of the sound. It might be 
supposed, for example, that we are able to recognize which ear is first 
affected. On trial, however, it appeared that the power of discrimination 
was not weakened, although the observer stopped his ears during the 
establishment of the sound. 

When one ear is stopped, mistakes are made between forks right and 
left ; but the direction of other sounds, such as those produced by clapping 
hands or by the voice, is often told much better than might have been 
expected. [1899. See Phil. Mag. vol. xiii. p. 343, 1882,] 


The Head as an Obstacle to Sound. 

The perfection of the shadow thrown by the head depends on the pitch of 
the sound. I have already mentioned that it appears to make but little 
difference in the audibility of a pure tone with a frequency of 256, whether 
the ear used be turned towards or from the source. But the case is very 
different with sounds of higher pitch, such as that of an ordinary whistle. 
The one that I employed was blown from a loaded gas-bag, and gave a very 
steady note of pitch A hiss is also heard very badly with the averted 
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ear. This observation may be made by first listening with both ears to a 
steady hiss on the right or left, and then closing one ear. It makes but 
little difference when the further ear is closed, but a great difference when 
the nearer ear is closed. A similar observation may be made on the sound 
of running water. 

For the same reason a hiss or whisper, coming from a person whose 
face is averted, is badly heard. Under these circumstances even ordinary 
speech is difficult to understand, though the mere intensity of sound does not 
seem deficient. 

Reflection of SoitncL 

In many cases sound-shadows appear much less perfect than theory 
would lead us to expect. The anomally is due in great measure, I believe, 
to an error of judgment, depending on the enormous range of intensity with 
which the ear is capable of dealing. The whistle of a locomotive is very loud 
at a distance of ten yards. At a mile off the intensity must be 30,000 times 
less ; but the sound still appears rather loud, and would probably be audible 
under favourable circumstances even when enfeebled in the ratio of a million 
to one. For this reason it is not easy to obtain complete shadows; but 
another difficulty arises from the fact that there are generally obstacles 
capable of reflecting a more or less feeble sound into what might otherwise 
be a nearly complete shadow. An attempt to examine this point led 
me to a few simple experiments on the reflection of sound, which may be 
worth recording. 

The principal obstacle throwing the shadow was the corner of a large 
house ; and among the sources of sound tried were the human voice, tuning- 
forks, whistles steadily blown, and a small electric bell, of which the last 
(which was employed in Professor Reynolds’ acoustical experiments) proved 
to be as convenient as any. The source was placed close to the south side of 
the house, at a distance of eight or ten yards from the south-west corner, 
while the observer took up a corresponding position on the west side. With 
these arrangements the sound-shadow was pretty good, though far from 
perfect. When, however, a flat I'eflector, such as a drawing-board of moderate 
dimensions, was held at the proper angle by an assistant placed at some 
distance outwards from the corner, the augmentation of sound was immense, 
and the hearer realized for the first time how very good the shadow 
really was. 

A screen made by stretching a Twies over a hoop about 2-| feet in 
diameter gave apparently as good a reflection as the drawing-board ; but 
when calico was substituted for the paper the reflecting-power was very 
feeble. By wetting the calico, however, it could be made to reflect very 
well. These results are in agreement with the striking experiments described 
by Professor Tyndall. 
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Audibility of Consonants. 

I suppose it must have been noticed before now that the s sound is badly 
returned by an echo. Standing at a distance of about 150 yards from a 
large wall, I found that there was scarcely any response to even the most 
powerful hiss. Sh was heard a little better ; m, k, p, g pretty well ; r very 
well ; h badly ; t badly ; h seemed half converted into p by the echo. The 
failure of the hiss seems to be the fault of the air rather than of the wall, for 
a powerful hiss heard directly at a distance of 200 yards had very little s left 
in it. 

Interference of Sounds from two unisonant Tuning-forks. 

In ordinary experiments on interference the sounds are only approxi- 
mately in unison, and consequently the silences resulting from antagonism 
of the vibrations are of only momentary duration. I thought it of interest, 
therefore, to arrange an experiment in which the sounds should be pure 
tones, absolutely in unison, and should proceed from sources at a considerable 
distance apart. With the aid of electromagnetism the solution of the 
problem was comparatively easy. An intermittent electric current, obtained 
from a fork interrupter making 1 28 vibrations per second, excited by means 
of electromagnets two other forks, whose frequency was 256. These latter 
forks were placed at a distance of about ten yards apart, and were provided 
with suitably tuned resonators by which their sounds were reinforced. The 
pitch of both forks is necessarily identical, since the vibrations are forced by 
electromagnetic forces of absolutely the same period. The arrangement was 
successful; and with a battery-power of two Grove cells sounds of fair 
intensity were obtained. With one ear closed it was possible to define the 
places of silence with considerable accuracy, a motion of about an inch being 
sufficient to produce a marked revival of sound. At a point of silence, from 
which the line joining the forks subtended an angle of about 60°, the 
apparent striking up of one fork, when the other was stopped, had a very 
peculiar effect. 

Symmetrical Bell. 

I do not know whether it has ever been noticed that there ought to be 
no sound emitted along the axis of a symmetrical bell. It is easy to see 
that at any point of the axis any effect, whether condensation or rarefaction, 
which may be produced by one part of the surface of the bell must be 
neutralized by other parts, and that therefore on the whole there can be no 
variation of pressure during the vibration. The experiment may be made 
with a large glass bell (such as are used with air-pumps), set into vibration 
by friction with the wetted finger carried round the circumference. If the 
axis of the vibrating bell be turned exactly towards the observer, the sound 
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is feeble as compared with that heard when the position of the bell is 
altered. The residual sound may be due to want of symmetry, or more 
probably to reflexion from the ground, which last cause of error it is almost 
impossible to get rid of. 

Octave from Tuning-forhs. 

When a vibrating fork is held over an air-resonator in tune with itself, 
the sound emitted is very approximately a pure tone ; but when the fork is 
placed in contact with a sounding-board, the octave may generally be 
perceived by a practised ear, and is often of remarkable loudness. By means 
of a resonator tuned to the octave the fact may be made apparent to any one. 
This result need not surprise us. By the construction of a fork the moving 
parts are carefully balanced, and the motion is approximately isolated. In 
the ideal tuning-fork, composed of equal masses moving to and fro in a 
straight line, the isolation would be complete, and there would be no 
tendency whatever to communicate motion to surrounding bodies. In an 
actual fork, however, even if the direction of motion of the masses were as 
nearly as possible perpendicular to the stalk, the necessary curvature of the 
paths would give rise to an unbalanced centrifugal force tending to set the 
sounding-board in vibration. The force thus arising is indeed of the second 
order, and might probably be neglected, were it not that the apparatus 
is especially suited to bring it into prominence. 

In order to test the soundness of this view as to the origin of the octave, 
the following experiment was contrived. A 256 tuning-fork was screwed on 
to a resonance-box intended for a 512 tuning-fork, and therefore approxi- 
mately in tune with the octave of the first fork. When a powerful vibration 
was excited by means of a bow, the octave sound was predominant, and but 
little could be heard of the proper tone of the fork. In order to place the 
two sounds on a more equal footing, a resonator, consisting of a bottle tuned 
by pouring water into it to a frequency of 256, was brought near the ends of 
the vibrating prongs. By adjusting the distance it was easy to arrange 
matters so that at the beginning of the vibration neither sound had a 
conspicuous advantage. But, as the amplitude of vibration diminished, the 
graver tone continually gained on its rival, and was left at last in complete 
possession of the field. The purity of the remaining sound could be tested 
at any time by the perfection of the silence obtained on removing the air- 
resonator. This arrangement may be recommended to any one who wishes 
to practise his ears in hearing octaves. 

From the above experiment (in which, if desired, the ear may be replaced 

Kdnig 8 manometric flames), it appears that the octave sound is to be 
attributed to a motion of the second order, which is rendered important by 
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the peculiar isolation of the motion of the first order. The harmonic sounds 
heard when suitably tuned resonators are presented to the free ends of the 
prongs, though also dependent on orders of the motion higher than the first, 
have a somewhat different ‘origin. 

Influence of a Flange on the Correction for the Open End of a Pipe. 

In theoretical investigations* as to the amount of the correction to the 
length of an open pipe due to the inertia of the external air, it has been 
usual, for the sake of facilitating the calculations, to suppose that the open 
end is provided with an infinite flange. Even with this simplification no 
exact solution of the problem has been obtained. It has been proved, 
however, that, provided the wave-length be sufficient in relation to the 
diameter of the pipe, the addition which must be supposed to be made 
to the length is very nearly equal to, though somewhat less than, ’8242 jR, 
and is certainly greater than '786 jR]*, R being the radius of the pipe. 

It is obvious that the removal of the flange would make a considerable 
difference, probably reducing the correction below the lower limit above 
mentioned. In the absence of any theoretical estimate, I thought it 
desirable to make an experimental determination of the effect of a flange, 
and ordered some years ago a pair of similar organ-pipes of circular section 
for the purpose. My idea was to tune the pipes to unison, and then to count 
the beats when the pitch of one of them was slightly lowered by the addition 
of a flange ; but the experiment lay in abeyance until last winter. Instead 
of tuning the pipes to unison, I preferred simply to count the beats before 
and after the addition of the flange, which consisted of a large sheet of stiff 
millboard perforated with a hole sufficiently lai’ge to allow the passage of the 
pipe. In this way it appeared that the effect of the flange was to reduce the 
frequency by nearly out of about 242. If we take the velocity of sound 
at 1123 feet per second, corresponding to 60° F., the calculated effective 
length of the pipe is about 28 inches, and the radius is 1 inch. Thus 
the correction to the length due to the flange is the same fraction of 
28 inches that 1^ is of 242, or is equal to about ’2R. Combining this result 
with the theoretical estimate above referred to, we may conclude that the 
whole correction for an open end, when there is no flange, must be about ’6R. 

Mr Bosanquet, to whom I communicated the result at which I had 
arrived, informs me that he has since determined the correction for a flange 
as ’25R. 

* Helmlioltz, Grelle, 1860. Also a memoir by myself “On Resonance,” P/iil. Tram. 1871. 
[Art. V.] 

t See note to a paper “On the Approximate Solution of certain Problems relating to the 
Potential,” Math, Soc, Proa, vol, vii, No. 93. [Art. xxxtx.] 
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The Pitch of Organ-pipes. 

The whole correction to the length of an organ-pipe, necessary to make 
it agree with Bernoulli’s theory, is considerably greater than any of those 
spoken of under the preceding heading. According to the rule of Cavaill^- 
Coll, the addition for an open pipe of circular section amounts to as much as 
S^P, whereas for a simple tube open at both ends it should be only about 
1-2R This discrepancy is, I believe, often attributed to a peculiar action 
of the stream of air by which the pipe is excited. Of course it is not to 
be denied that some disturbance arises from this source, as is proved by the 
dependence of the pitch on the strength of the wind ; but the near agreement 
between theory and measurements by Wertheim and others, on the pitch of 
resonators caused to speak by a stream of air, has always seemed to me 
to prove that a comparatively small part only of the whole discrepancy 
is to be explained in this way. On the other hand, it is obvious that the 
“open” end at the base of the pipe is very much contracted, and that 
the correction thence arising may be several times as great as that applicable 
to the upper end, where the pipe retains its full section. I was therefore 
anxious to ascertain what was the proper note of an organ-pipe, regarded as 
a freely vibrating column of air, and thus to estimate in what proportion the 
two causes of disturbance contribute to the final result. 

There are two methods by which the pitch of a resonator may be 
determined without the use of a stream of air. The simplest, and in many 
cases the most accurate, method consists merely in tapping the resonator 
with the finger or other hammer of suitable hardness, and estimating with 
the aid of a monochord the pitch of the sound so produced. In attempting, 
however, thus to determine the pitch of the organ-pipe, I found a difficulty 
arising from the uncertain character of the sound, and the results were by no 
means so accordant as I desired. Possibly an observer gifted with a more 
accurate ear than mine would have been more successful. The other method 
is one of which I have had a good deal of experience, and which I can 
generally rely upon to give results of moderate accuracy. It consists in 
putting the ear into communication with the interior of the resonator, 
and determining to what note of the scale the resonance is loudest. I have 
generally found it possible thus to fix the pitch of a resonator to within 
a quarter of a semitone. In the present case a small hole was made in the 
side of the pipe near the centre ; and over the hole a short piece of tube was 
cemented, which could be put into communication with the ear by means of 
a rubber tube. In this way the effective length of the pipe was determined 
to be 28’7 inches, 4'7 inches more than the actual length. As a check upon 
this estimate, I closed the upper end of the pipe with a plate of wood and 
again determined the note of maximum resonance. The effective length of 
the pipe was now 29T inches, so that the correction due to want of openness 
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at the lower end amounted to 5*1 inches. If we add '6 as a correction for 
the upper end, we obtain as the corrected length of the pipe in its ordinary- 
condition 29'7 inches. The difference between this and 28‘7, obtained 
directly, is greater, I think, than can be ascribed to errors of experimenting, 
and is possibly connected with the excessive magnitude of the correction 
in relation to the wave-length of the sound. The actual note of the pipe, 
when blown in the ordinary way by a wind of pressure measured by 
2^ inches of water, corresponded to an effective length of 28 inches, so that 
the blown note was actually higher in pitch than the note of maximum 
resonance. So far, therefore, from the depression of pitch in an organ-pipe 
below that calculated from the actual length, according to Bernoulli’s theory, 
being principally due to the action of the wind, it would appear that in the 
absence of a peculiar action of the wind the depression would be even 
greater than it is. Too much stress, however, must not be laid on a single 
observation; and all I would maintain is, that by far the larger part of the 
depression of pitch is due to the insufficient openness of the lower end 
of the pipe, 

[1899. For further observations upon this subject, see Phil. Mag. 
vol. XIII. p. 340, 1882.] 
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ON PROGRESSIVE WAVES. 


[Proceedings of the London Mathematical Society, ix. pp. 21 — 26, 1877.] 


It has often been remarked that, when a group of waves advances into 
still water, the velocity of the group is less than that of the individual waves 
of which it is composed ; the waves appear to advance through the group, 
<iyiiig s-way as they approach its anterior limit. This phenomenon was, I 
believe, first explained by Stokes, who regarded the group as formed by the 
superposition of two infinite trains of waves, of equal amplitudes and of 
nearly equal wave-lengths, advancing in the same direction. My attention 
was called to the subject about two years since by Mr Froude, and the same 
explanation then occurred to me independently*. In my book on the 
Theory of Sound, 1877 (§ 191), I have considered the qxiestion more gene- 
rally, and have shown that, if V be the velocity of propagation of any kind 
of waves whose wave-length is X, and /c=27rX“h then U, the velocity of a 
group composed of a great number of waves, and moving into an undisturbed 
part of the medium, is expressed by 




djJcV ) 

dk 


•( 1 ) 


Another phenomenon, also mentioned to me by Mr Froude, admits of a similar explanation. 
A steam launch moving quickly through the water is accompanied by a peculiar system of 
diverging waves, of which the most striking feature is the obliquity of the line containing the 
greatest elevations of successive waves to the wave-fronts. This wave pattern may be explained 
by the superposition of two (or more) infinite trains of waves, of slightly differing wave-lengths, 
whose directions and velocities of propagation are so related in each case that there is no change 
of position relatively to the boat. The mode of composition will be best understood by drawing 
on paper two sets of parallel and equidistant lines, subject to the above condition, to represent 
the crests of the component trains. In the case of two trains of slightly different wave-lengths, 
it may be iJroved that the tangent of the angle between the line of maxima and the wave-fronts is 
half the tangent of the angle between the wave-fronts and the boat’s course, 
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or, as we may also write it, 


Thus, if Foo U = {l-n)V. (3) 

In fact, if the two infinite trains be represented by cos^(Fi — ic) and 
Q.o^k' {V't — x), their resultant is represented by 

cos k{Vt—x)->r cos k' ( V't — x), 

which is equal to 

2 cos (k'V' -kV)t-i (k' - . cos [I (k'V' + kV)t-:^ {k' + k') x}. 

Uk'-k, V'-Vhe small, we have a train of waves whose amplitude 
varies slowly from one point to another between the limits 0 and 2, forming 
a series of groups separated from one another by regions comparatively free 
from disturbance. The position at time t of the middle of that group, which 
was initially at the origiu, is given by 

{k'V -kV)t-{k'-k)x==0, 

which shows that the velocity of the group is {k'V -kV)-^ {k' — k). In the 
limit, when the number of waves in each group is indefinitely great, this 
result coincides with (1). 

The following particular cases are worth notice, and are here tabulated 
for convenience of comparison : — 


u , F=l + ^i2gZ 

^ d log i; • 


F oc X, 

11 

p 

Reynolds’ disconnected pendulums^. 

FocXi, 

II 

Deep-water gravity waves. 

F oc X®, 

II 

Aerial waves, &c. 

FocX-i, 


Capillary water waves. 

F a x-^ 

17= 2F, 

Flexural waves. 


The capillary water waves are those whose wave-length is so small that 
the force of restitution due to capillarity largely exceeds that due to gravity. 
Their theory has been given by Thomson {Phil. Mag., Nov. 1871). The 
flexural waves, for which 17= 2 F, are those corresponding to the bending of 
an elastic rod or plate {Theory of Sound, 1 191). 

In a paper read at the Plymouth meeting of the British Association 
(afterwards printed in Nature, Aug. 23, 1877), Prof Osborne Keynolds gave 
a dynamical explanation of the fact that a group of deep-water waves 
advances with only half the rapidity of the individual waves. It appears 
that the energy propagated across any point, wdien a train of waves is 

* [1899. Por a further discussion of the case l/=0, see Phil. Mag. vol. xnvi. p. 667, 1898.] 
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passing, is only one-half of the energy necessary to supply the waves which 
pass in the same time, so that, if the train of waves be limited, it is 
impossible that its front can be propagated with the fall velocity of the 
waves, because this would imply the acquisition of more energy than can in 
fact be supplied. Prof. Eeynolds did not contemplate the cases where more 
energy is propagated than corresponds to the waves passing in the same 
time; but his argument, applied conversely to the results already given, 
shows that such cases must exist. The ratio of the energy propagated to 
that of the passing waves is U :V\ thus the energy propagated in the unit 
time is U \ V oi that existing in a length F, or U times that existing in the 
unit length. Accordingly 

Energy propagated in unit time : Energy contained (on an average) in 
unit length =^dQcV)ldh, by (1). 

As an example, I will take the case of small irrotational waves in water 
of finite depth I*. If z be measured downwards from the surface, and the 
elevation {h) of the wave be denoted by 

h = H GOB (nt — kos), (4) 

in which n = kV, the corresponding velocity-potential ((/>) is 

gfc (Z-l) ^ g-fc (Z—l) 

^ = sin (oit - kx) (5) 

This value of (/> satisfies the general differential equation for irrotational 
motion = 0), makes the vertical velocity dcf^/dz zero when z = I, and 
— dhjdt when .^ = 0, The velocity of propagation is given by 

^ ~kWVF^^ 

We may now calculate the energy contained in a length x, which is 
supposed to include so great a number of waves that fractional parts may be 
left out of account. 

For the potential energy we have 


Vi—gp j I ^ zdzdx = \gp J h^dx = ^gpll^. x ( 7 ) 

For the kinetic energy, 

^ + (S)] * (S) 

by (1) and (6). If, in accordance with the argument advanced at the end of 
this paper, the equality of Fi and T be assumed, the value of the velocity of 

Prof. Reynolds considers the trochoidal wave of Rankine and Fronde, which, involves mole- 
cular rotation, f I , 
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propagation follows from the present expressions. The whole energy in the 
waves occupying a length x is therefore (for each unit of breadth) 

+ ( 9 ) 

H denoting the maximum elevation. 

We have next to calculate the energy propagated in time t across a plane 
for which x is constant^ or, in other words, the work ( W) that must be done 
in order to sustain the motion of the plane (considered as a flexible lamina) 
in the face of the fluid pressures acting upon the front of it. The variable 
part of the pressure (Bp) at depth z is given by 

8p = -p-^=-riVH — cos {nt - kx\ 


while for the horizontal velocity 


qIc {z—l) _j. Q—k (z—h 


COS {nt — kx ) ; 


so that 


= . n . [l + 

on integration. From the value of V in (6) it may be proved that 

d(kV)_ L 1 ikl ], 

-S V' y-* 


m ] . 

_ Q—”U f ’ 


and it is thus verified that the value of W for a unit time 


• '.-I .n 

= \ - i —- X energy in unit length. 


As an example of the direct calculation of U, we may take the case of 
waves moving under the joint influence of gravity and cohesion. It is proved 
by Thomson that 

V^ = glk + T% (11) 

where T' is the cohesive tension. Hence 


1 + 


1 d(/rF^)l ,,^g + 3k^T' 


V'^ dk 


']=iv 


g + h'^r • 


When k is small, the surface tension is negligible, and then U=\V‘, but 
when, on the contrary, k is large, 77"= f F, as has already been stated. When 
T'k'^ =g, IT =V. This corresponds to the minimum velocity of propagation 
investigated by Thomson. 


Although the argument from interference groups seems satisfactory, an 
independent investigation is desirable of the relation between energy existing 
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and energy propagated. 1 or some time I was at a loss for a method applic- 
able to all kinds of waves, not seeing in particular why the comparison of 
energies should introduce the consideration of a variation of wave-length. 
The following investigation, in which the increment of wave-length is 
imaginary, may perhaps he considered to meet the want. 

Let us suppose that the motion of every part of the medium is resisted 
by a force of very small magnitude proportional to the mass and to the 
velocity of the part, the effect of which will be that waves generated at the 
origin gradually die away as ir increases. The motion, which in the absence 
of friction would be represented by gos {nt-kx), under the influence of 
friction is represented by cos {nt - kx), where ya is a small positive 
coefficient.^ In strictness the value of k is also altered by the friction; but 
the alteration is of the second order as regards the frictional forces, and may 
be omitted under the circumstances here supposed. The energy of the 
waves per unit length at any stage of degradation is proportional to the 
square of the amplitude, and thus the whole energy on the positive side of 
the origin is to the energy of so much of the waves at their greatest value, 
ie., at the origin, as would be contained in the unit of length, as 

I dx : 1, 

JQ 

or as : 1. The energy transmitted through the origin in the unit time 
is the same as the energy dissipated ; and, if the frictional force acting on the 
element of mass m be hmv, where v is the velocity of the element and h is 
constant, the energy dissipated in unit time is h%mv^ or 2/tT, T being the 
kinetic energy. Thus, on the assumption that the kinetic energy is half the 
whole energy, we find that the energy transmitted in the unit time is to the 
greatest energy existing in the unit length as h : 2 / 4 . It remains to find the 
connection between h and fx. 

For this purpose it will be convenient to regard cos {nt - kx) as the real 
part of e”’'* and to inquire how k is affected, when n is given, by the 
introduction of friction. Now the effect of friction is represented in the 
differential equations of motion by the substitution of d^jdP' -j- lidjdt in place 
of d Jdt , 01 , since the whole motion is proportional to by substituting 
n, -1- ihn for — Hence the introduction of friction corresponds to an 
alteration of n from n to n-^ih (the square of h being neglected); and 
accordingly k is altered from k to k- ^ihdk/dn. The solution thus becomes 
Q a dn Q% (nt ka) ^ when the imaginary part is rejected, cos (nt—kx) ; 

so that /4 — ^hdkjdn, and h : 2/4 = dnjdk. The ratio of the energy transmitted 
in the unit time to the energy existing in the unit length is therefore 
expressed by dnfdk or d{kV)fdk, as was to be proved. 

It has often been noticed, in particular cases of progressive waves, that 
the potential and kinetic energies are equal; but I do not call to mind any 
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general treatment of the question. The theorem is not usually true for the 
individual parts of the medium*, hut must he understood to refer either to 
an integral number of wave-lengths, or to a space so considerable that the 
outstanding fractional parts of waves may be left out of account. As an 
example well adapted to give insight into the question, I will take the case 
of a uniform stretched circular membrane {Theory of Sound, § 200) vibrating 
with a given number of nodal circles and diameters. The fundamental 
modes are not quite determinate in consequence of the symmetry, for any 
diameter may be made nodal. In order to get rid of this indeterminateness, 
we may suppose the membrane to carry a small load attached to it anywhere 
except on a nodal circle. There are then two definite fundamental modes, in 
one of which the load lies on a nodal diameter, thus producing no effect, and 
in the other midway between nodal diameters, where it produces a maximum 
effect {Theory of Sound, § 208). If vibrations of both modes are going on 
simultaneously, the potential and kinetic energies of the whole motion may 
be calculated by simple addition of those of the components. Let us now, 
supposing the load to diminish without limit, imagine that the vibrations 
are of equal amplitude and differ in phase by a quarter of a period. The 
result is a progressive wave, whose potential and kinetic energies are the 
sums of those of the stationary waves of which it is compelled. For the first 
component we have F] = cos® ni, TT_ = Em)?nt\ and for the second compo- 
nent, Fa = sin® nt, T^ — E cos® nt ; so that Fi 4- Fa = -f Tg = E, or the 
potential and kinetic energies of the progressive wave are equal, being the 
same as the whole energy of either of the components. The method of proof 
here employed appears to be sufficiently general, though it is rather difficult 
to express it in language which is appropriate to all kinds of waves. 


Aerial waves are an important exception. 



ON THE AMPLITUDE OP SOUND-WAVES. 

[Proceedings of the Royal Society, xxvi. pp. 248 — 249, 1877.] 

SCAHCELY any attempts have been made, so far as I am aware, to 
measure the actual amplitude of sound-bearing waves, aud indeed the 
problem is one of considerable difficulty*. Even if the measurement could 
be effected, the result would have reference only to the waves actually 
experimented upon, and would be of no great value in the absence of 
some means of defining the intensity of the corresponding sound. It is 
bad policy, however, to despise quantitative estimates because they are 
rough ; and in the present case it is for many reasons desirable to have a 
general idea of the magnitudes of the quantities with which we have to deal. 
Now it is evident that a superior limit to the amplitude of waves giving an 
audible sound may be arrived at from a knowledge of the energy which must 
be expended in a given time in order to generate them, and of the extent of 
surface over which the waves so generated are spread at the time of hearing. 
An estimate founded on these data will necessarily be too high, both because 
sound-waves must suffer some dissipation in their progress, and also because 
a part, and in some cases a large part, of the energy expended never takes 
the form of sound-waves at all. 

The source of sound in my experiment was a whistle, mounted on a 
W olf s bottle, in connexion with which was a syphon manometer for the 
purpose of measuring the pressure of wind. This apparatus was inflated 
from the lungs through an india-rubber tube, and with a little practice 
there was no difficulty in maintaining a sufficiently constant blast of the 
requisite duration. The most suitable pressure was determined by pre- 
liminary trials, and -was measured by a column of water 9^ centimetres 
high, 

[1899. Reference should have been made to the work of Boltzmann and Toppler {Pogg, 
Ann. vol. oxLi. p. 321, 1870).] 
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The first point to be determined was the distance from the source to 
which the sound remained clearly audible. The experiment was tried in 
the middle of a fine still winter’s day, and it was ascertained that the whistle 
was heard without efifort at a distance of 820 metres. In order to guard 
against any effect of wind, the precaution was taken of repeating the 
observation with the direction of propagation reversed, but without any 
difference being observable. 

The only remaining datum necessary for the calculation is the quantity 
of air which passes through the whistle in a given time. This was determined 
by a laboratory experiment. The india-rubber tube was put into connexion 
with the interior of a rather large bell-glass open at the bottom, and this was 
pressed gradually down into a large vessel of water in such a manner that 
the manometer indicated a steady pressure of 9^ centimetres. The capacity 
of the bell-glass was 5200 cubic centimetres, and it was found that the 
supply of air was sufficient to last 26^ seconds of time. The consumption of 
air was therefore 196 cubic centimetres per second. 

In working out the result it will be most convenient to use consistently 
the c.G.S. system. On this system of measurement the pressure employed 
was 9|- X 981 dynes per square centimetre, and therefore the work expended 
per second in generating the waves was 196 x 9^ x 981 ergs [or 1'8 x 10® 
ergs. It may b^ noted that a volt-amphre corresponds to 10’ ergs per 
second]. Now the mechanical value of a series of progressive waves is the 
same as the kinetic energy of the whole mass of air concerned, supposed 
to be moving with the maximum velocity of vibration ( 2 ;); so that, if 
S denote the area of the wave-front considered, a be the velocity of sound, 
and p be the density of air, the mechanical value of the waves passing in a 
unit of time is expressed by . a . p .v^, in which the numerical value of a is 
about 34100, and that of p about -0013. In t];ie present application S is the 
area of the surface of a hemisphere whose radius is 82000 centimetres; 
and thus, if the whole energy of the escaping air were converted into sound, 
and there were no dissipation on the way, the value of v at the distance 
of 82000 centimetres would be given by the equation 

, _ 2 X 196 X 9^ X 981 

27r (82000)® x 34100 x -0013 ’ 

whence v = "0014 centimetre per second, 

[Also s = vja = 4*1 X 10“®.] 

This result does not require a knowledge of the pitch of the sound. If the 
period be r, the relation between the maximum excursion x and the 
maximum velocity -y is 
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[Nature, xvii. pp. 12 — 14, 1877.] 

At the present time the question of absolute pitch is attracting attention 
in consequence of the discrepancy between Konig’s scale and the numbers 
determined by Appunn’s tonometer. This instrument is founded upon the 
same idea as Scheibler’s fork tonometer, and consists of a series of sixty-five 
harmonium reeds, bridging over an entire octave, and so tuned that each 
reed gives with its immediate neighbours four beats per second. The 
application to determine absolute pitch, however, does not require precision 
of tuning, all that is necessary being to count with sufficient accuracy the 
number of beats per second between each pair of consecutive reeds. The 
sum of all these numbers gives the difference of frequencies of vibration 
between the first reed and its octave, which is, of course, the same as the 
frequency of the first reed itself. 

The whole question of musical pitch has recently been discussed with 
great care by Mr Ellis, in a paper read before the Society of Arts (May 23, 
1877). He finds by original observation with Appunn’s instrument 258-4 as 
the actual frequency of a Kdnig’s 256 fork, and Prof. Preyer, of Jena, has 
arrived at a similar result (258-2). On the other hand, Prof. Mayer in 
America, and Prof. Macleod in this country, using other methods, have 
obtained numbers not differing materially from Kdnig’s. The discrepancy is 
so considerable that it cannot well be attributed to casual errors of experi- 
ment ; it seems rather to point to some defect in principle in the method 
employed. Now it appears to me that there is such a theoretical defect 
in the reed tonometer, arising from a sensible mutual action of the reeds. 
The use of the instrument to determine absolute frequencies assumes that 
the pitch of each reed is the same, whether it be sounding with the reed 
above, or with the reed below; and the results arrived at would be vitiated 
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by any mutual influence. In consequence of the ill-understood operation of 
the wind, it is difficult to predict the character of the mutual influence with 
certainty; but {Theory of Sound, §§ 112—115) there is reason to think that 
the sounds would repel one another, so that the frequency of the beats 
heaid when both leeds are sounding', exceeds the difference of the frequencies 
of the reeds when sounding singly. However this may be, in view of the 
proximity of consecutive reeds and of the near approach to unison*, the 
assumption of complete independence could only be justified by actual 
observation, and this would be a matter of some delicacy. If the mutual 
influence be uniform over the octave it would require a difference of one 
beat per minute only to reconcile Konig’s and Appunn’s numbers. 

As to the amount of the influence I am not in a position to speak with 
confidence, but I may mention an observation which seems to prove that 
it cannot be left out of account. If two sounds of nearly the same pitch are 
going on together, slow beats are heard as the result of the superposition of 
vibrations. Suppose now that a third sound supervenes whose pitch is such 
that it gives rapid beats with the other two. It is evident that these rapid 
beats will be subject to a cycle of changes whose frequency is the same as 
that of the slow beat of the first two sounds. For example, in the case 
of equal intensities of two sounds there is a moment of silence due to the 
superposition of equal and opposite vibrations, and at this moment a third 
sound would be heard alone and could not give rise to beats. The experi- 
ment may be made with tuning-forks, and the period of the cycle will 
be found to be sensibly the same whether it be determined from the slow 
beat of the two forks nearly in unison, or from the rattle caused by the 
simultaneous sounding of a third fork giving from four to ten beats per 
second with the other two. In the case of forks there is no fear of sensible 
mutual action, but if it were possible for the third sound to affect the pitch 
of one of the others the equality of the periods would be disturbed. The 
observation on Appunn’s instrument was as follows The reeds numbered 0 
and 64 being adjusted to an exact octave, it was found that the beats arising 
from the simultaneous sounding of reeds 0, 63, and 64 were by no means 
steady, but passed through a cycle of changes in a period no greater than 
about five seconds. In order to work with greater certainty a resonator of 
pitch corresponding to reed 64 was connected with the ear by a flexible tube 
and adjusted to such a position that the beats between reeds 0 and 64 (when 
put slightly out of tune) were as distinct as possible, indicating that the 
gravest tone of reed 64 and the octave over-tone of reed 0 were of equal 
intensity. By flattening reed 64 (which can be done very readily by partially 
cutting off the wind) the beats of the three sounds could be made nearly 
steady, and then when reed 63 was put out of operation, beats having 

* It must not be forgotten that the vibration of the tongue involves a transference of the 
centre of inertia, so that there is a direct tendency to set the sounding-board into motion. 
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a 5 seconds’ period were heard, indicating that reeds 0 and 64 were in 
tune no longer. It would appear, therefore, that when reed 63 sounds 
the pitch of reed 64 is raised, but in interpreting the experiment a difficulty 
arises from the amount of the disturbance being much in excess of what 
would be expected from the performance of the instrument when tested 
in other ways*. 

I come now to an independent determination of absolute pitch, which it 
is the principal object of the present communication to describe. The 
method employed may be regarded as new, and it appears to be capable 
of giving excellent results. 

The standard fork, whose frequency was to be measured, is one of Konig’s, 
and is supposed to execute 128 complete vibrations in a second. When 
placed on its stand (which does not include a resonance box) and excited by 
a violin bow, it vibrates for a minute with intensity sufficient for the 
counting of beats. The problem is to compare the frequency of this fork 
with that of the pendulum of a clock keeping good time. In my experi- 
ments two clocks were employed, of which one had a pendulum making 
about 1^ complete vibrations per second, and the other a so-called seconds’ 
pendulum, making half a vibration per second. Contrary to expectation, the 
slower pendulum was found the more convenient in use, and the numerical 
results about to be given refer to it alone. The rate of the clock at the 
time of the experiments was determined by comparison with a watch that 
was keeping good time, but the difference was found to be too small to 
be worth considering. In what follows it will be supposed for the sake 
of simplicity of explanation that the vibrations of the pendulum really 
occupied two seconds of time exactly. 

The remainder of the apparatus consists of an electrically maintained 
fork interrupter, with adjustable weights, making about 12|- vibrations 
per second, and a dependent fork whose frequency is about 125. The 
current from a Grove cell is rendered intermittent by the interrupter, and, 
as in Helmholtz’s vowel experiments, excites the vibrations of the second 
fork, whose period is as nearly as possible an exact submultiple of its own. 
When the apparatus is in steady operation, the sound emitted from a 
resonator associated with the higher fork has a frequency which is 

* The value of my instrument has been greatly enhanced by the valuable assistance of 
Mr Ellis, who was good enough to count the entire series of beats, and to compare the pitch 
with that of the tuning-forks employed by him in previous investigations. Mr Ellis, however, is 
not responsible for the facts and opinions here expressed. It may be worth mentioning that the 
steadiness or unsteadiness of the beats heard when three consecutive reeds are sounding 
simultaneously is a convenient test of the equality of the consecutive intervals. The frequency 
of the cycle of the four a second beats is equal to the difference of the frequencies of either of the 
actual extr-eme notes and that which, in conjunction with the other two, would make the intervals 
exactly equal, 
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determined by that of the interrupter, and not by that of the higher fork 
itself j nevertheless, an accurate tuning is necessary in order to obtain 
vibrations of sufficient intensity*. By counting the beats during a minute 
of time it is easy to compare the higher fork and the standard with the 
necessary accuracy, and all that remains is to compare the frequencies 
of the interrupter and of tlje pendulum. For this purpose the prongs of 
the interrupter are provided with small plates of tin so arranged as to afford 
an intermittent view of a small silvered bead carried by the pendulum and 
suitably illuminated. Under the actual circumstances of the experiment the 
bright point of light is visible in general in twenty-five positions, which 
would remain fixed, if the frequency of the interrupter were exactly twenty- 
five times that of the pendulum. In accordance, however, with a well-known 
principle, these twenty-five positions are not easily observed when the 
pendulum is simply looked at ; for the motion then appears to be continuous. 
The difficulty thence arising is readily evaded by the interposition of a 
somewhat narrow vertical slit, through which only one of the twenty-five 
positions is visible. In practice it is not necessary to adjust the slit to any 
particular position, since a slight departure from exactness in the ratio 
of frequencies brings all the visible positions into the field of view in turn. 

In making an experiment the interrupter is tuned, at first by sliding the 
weights and afterwards by soft wax, until the interval between successive 
appearances of the bright spot is sufficiently long to be conveniently ob- 
served. With a slow pendulum there is no difficulty in distinguishing in 
which direction the pendulum is vibrating at the moment when the spot 
appears on the slit, and it is best to attend only to those appearances which 
correspond to one direction of the pendulum’s motion. This will be best 
understood by considering the case of a conical pendulum whose motion, 
really circular, appears to be rectilinear to an eye situated in the plane 
of motion. The restriction just spoken of then amounts to supposing the 
hinder half of the circular path to be invisible. On this understanding 
the interval between successive appearances is the time required by the fork 
to gain or to lose one complete vibration as compared with the pendulum. 
Whether the difference is a loss or a gain is easily determined in any 
particular case by observing whether the apparent motion of the spot across 
the slit (which should have a visible breadth) is in the same . or in the 
opposite direction to that of the pendulum’s motion. 

In my experiment the interrupter gained one vibration on the clock 
in about eighty seconds, so that the frequency of the fork was a thousandth 
part greater than 12‘5, viz. 12*51. The dependent fork gave the ninth 

* This tuning is effected by prolonging as much as possible the period of the beat heard when 
the dependent fork starts from rest. This beat may be regarded as due to an interference of 
the forced and natural notes. 
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harmonic, with a frequency of 125’1. The beats between this fork and the 
standard (whose pitch was the higher) were 180 in sixty seconds, so that the 
frequency of the standard was as nearly as possible 128T, agreeing very 
closely with Konig’s scale. The error of the determination may amount 
to T, but could not, I think, exceed '2. 

I ought to add that the approximate determination of the frequency of 
the interrupter must be made independently, as the observation on the 
pendulum does not decide which multiple of ^ nearly coincides with the 
frequency of the fork. Also the relation between the two auxiliary forks 
was assumed, and not determined; but as to this there can be no doubt, 
unless it be supposed that Konig’s scale may be in error to the extent of a 
whole tone. 

I 

I ... 





ON MR VENN’S EXPLANATION OF A GAMBLING 

PARADOX. 


[Mind, II. pp. 409 — 410, 1877.] 

Two players, A. and R, toss for pennies. A has the option of continuing 
or stopping the game at any moment as it suits him. Has he, in consequence 
of this option, any advantage over B ? 

From one point of view it would seem that A has an advantage ; for, as 
the game proceeds, the balance of gains must pass backwards and forwards 
from one side to the other, and it A makes up his mind to continue until he 
has won (for example) 10, the time must come when he will have an 
opportunity of carrying off his gains. On the other hand, it seems obvious 
cl priori that no combination of fair bets can be unfair, and that A’b option 
is of no value to him, inasmuch as at any point it is a matter of perfect 
indifference to him whether he risks another penny or not. 

In order to examine the matter more closely, let us suppose that A has 
originally 1000 pennies, and that he proposes to continue the game until he 
has won 10, and then to leave off. Under these circumstances, it is clear 
that in no case can B lose more than 10, whereas A, if unlucky, may lose 
his whole stock before he has an opportunity of carrying off R’s. The case is 
in fact exactly the same as if B had originally only 10 pennies, and the 
agreement were to continue the game until either A or B was ruined. The 
problem thus presented was solved long ago (see Todhunter’s History of 
Probabilities, p. 62) ; and the result, as might have been expected, is that the 
odds are exactly 100 : 1 that B will be ruined. But it does not follow from 
this that the arrangement is in any degree advantageous for A ; for, if A 
loses, he loses, a sum one hundred times as great as that which he gains from 
B in the other (and more probable) contingency. A like argument applies, 
however great the disproportion of capitals may be. If the sums risked, as 
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well as the chances to which they are subjected, he taken into account, the 
compensation is complete. 

Mr Venn, however, is of opinion that these considerations do not meet 
the difficulty. With respect to the argument that A will always win if he 
goes on long enough, he says — It may be replied that we have no right to 
assume that the fortune of the player (.A) will hold out in this way, for he 
may be ruined before his turn of luck comes. This ... is quite true, 
but does not explain the difficulty. We have only to suppose the men to 
be playing on credit to remove the objection. There is no reason whatever 
why any money should pass between them until the affair is finally settled. 
All such transactions, really, must be carried on to some extent on credit,, 
unless there is to be the trouble of perpetual payments backwards and 
forwards ; and it is therefore perfectly legitimate to suppose a state of things 
in which no enquiry is made as to the solvency of either of the parties until 
the crisis agreed upon has been reached .” — {Logic of Chance, 2nd edition, 
ch. XIV. p. 37 1.) And again a little further on, “A man might safely, for 
instance, continue to lay an even bet that he would get the single prize in a 
lottery of a thousand tickets, provided he thus doubled, or more than 


doubled, his stake each time, and unlimited credit was given.” — Ibid. 
p. 373. 


To me, on the contrary, it seems that the question is entirely altered by 
the introduction of indefinite credit. There is no object, of course, in 
insisting on perpetual payments, and a credit may properly be allowed to 
the extent of the actual resources of the parties; but the case is very 
different when insolvency is permitted. In order to make a comparison, let 
us suppose, in our previous example, that A has no fortune of his own but is 
allowed a credit of 1000. If he wins 10 from B without first losing 1000 
himself, he retires a victor, and his actual poverty is not exposed. But how 
does the matter stand if the luck is against him, and he comes to the end of 
his credit before securing his prize ? When called upon to pay at the termi- 
nation of the transaction, he has no means of doing so, and thus B is 
defrauded of his 1000,, which in the long run would otherwise compensate 
him for the more frequent losses of 10. The advantage which A possesses 
depends entirely, as it seems to me, on the credit which is allowed him, but 
to which he is not justly entitled, and is of exactly the same nature as that 
enjoyed by any man of straw, who is nevertheless allowed to trade. What 
would be thought of a beggar who proposed to toss Baron Rothschild for 
1000 pound notes? and if the proposal were agreed to, would it be said that 
the beggar’s advantage depended upon his power of arbitrarily calling for a 
stoppage when it suits him and refusing to permit it sooner, and not rather 
that the one-sided character of the agreement depended on the simple fact 
that one party could pay if he lost, while the other party could not ? 




ON THE IIELA.TION BETWEEN THE FUNCTIONS OF 
LAPLACE AND BESSEL. 

[Proceedings of the London Mathematical Society, ix. pp. 61 — 64, 1878.] 


In § 783 of Thomson and Tail’s Natural Philosophy (1867), a suggestion 
is made to examine the transition from formuhe dealing with Laplace’s 
spherical functions to the corresponding formulse j^roper to a plane. It is 
evident at once from this point of view that Bessel’s functions are merely 
particular cases of Laplace’s more general functions ; but the fact seems to 
be very little known. Of two valuable works recently published on this 
subject*, one makes no mention of Bessel’s functions, and the other states 
expressly that they are not connected with the main subject of the book ; 
other mathematicians also, to whom I have mentioned the matter, have been 
unaware of the relation. Under these circumstances it may not be super- 
fluous to point out briefly the correspondence of some of the formulge. 

The Bessel’s function of zero order is the limiting form of Legendre’s 
function Pn{f), when w is indefinitely great, and /x (= cos 6) such that ??,sin 0 
is finite, equal say to z. The simplest proof of this assertion is perhaps that 
obtained from Murphy’s series for P„. Thus (Todhunter, § 23), 

Pn (cos 6) = cos2« 1 1 1 - tan ~ ^ tan^ - 1 (1) 


The limit of cos^d^) is easily proved to be unity, and thus ultimately 
P„ (cos ) = 1 - 1 + -jal _ - + = j.0) (2) 


^ An Elementary Treatise on Laplace's Functions, Lamp’s Functions, and Bessel’s Functions. 
By I. Todhunter. 1875. 

An Elementary Treatise on Spherical Harmonics and subjects connected %oith them. By the 
Eev. N. M. Perrers. 1877. 
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Again (§47), 

TT Pw (/Lt) = [ [fl+i V(1 — COS <j5»}” d(j>, ••(3)' 

...Jo 

where i = V(— 1). In the limit /i is to be replaced by unity, and a/(I “ /‘O 
by the limit of {fi + i — /j,^) cos is and thus we get 

ultimately 

7rP„(yL6)=[ = [ cos (2 cos <f>) d(j> = TT Ja (:S). 

Jo Jo 

In like manner Bessel’s functions of higher order are the limits of those 
Laplace’s functions called by Todhunter Associated Functions, which, when 
multiplied by sines or cosines of multiples of the longitude (oy), satisfy 
Laplace’s spherical surface equation, 

£ {(’ - ?”} + +»(’“+ 1) '’“ = 0 w 

They maj^ be expressed (§§ 99, lOG) by 

(1 — -BT (m, n, cos 6), (5) 


where 


(m, n, cos <9) = •nr (m, n, 1) | cos”"’”' 0 — cos”~”'*~® 6 sin® 6 


, On —m) ... (n ~ m — S) „ ^ • , „ ) 

+ -jj-T — 1 cos^-^~* 0 sin-* 0 - ^ (6)* 

4® . (w + 1) (m + 2) . 1 . 2 J ^ ' 

Now (1 — is proportional to and the function becomes 

. I 

\ 2(2w+ 2)^2.4.(2w + 2)(2w-f4j J’ 

which is proportional to the Bessel’s function of order m (§ 370). 

The same conclusion may be arrived at from the expression for the 
associated functions as definite integrals. Thus (§ 150) cj}, is an associated 
functionf, where 

dm — [ + V(1 — cos cos mcf> d(j> (7) 

Jo 

By the investigation in § 150, we have 

^ (-l)i«».1.2.3 ...w.(l-/x®)i”‘ 

“ 1 . 3 . 5 ... (2w - 1) . 1 . 2 . 3 ... (w - m) 


I'lr : 

{/X + ^ V(1 ~ COS ^1”“”* sin®™^ d(f>, (8) 

Jo 


* This series is not quite correctly given in § 106. 

t In Heine’s and Todhunter’ s works this integral is called a notation which will be seen 
to be inappropriate. 
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from which we find, as for the function of the first order when n = oo 

C = (- TvJ.y, {Z) (9) 

It is known (§ 380) that the following relation subsists between three 
consecutive Bessel’s functions: 

i ^ [Jm-I (^) + j OT-t-i (si)] = mJ^n (z); .(10) 

and it is natural to suppose that a corresponding theorem holds for the 
general functions. By (7), 

i (C-i — C+i) ^V(l — cos sin 7n(f >- sin (j>d(f>, 

whence, integrating by parts, we find (to, being integral) 

i (Cm-l - C,n+i) _ )i^('^l) i (H) 

and this, as we see from (9), identifies itself with (10), when = oo . 

Again, by (7), 

i (Cffl-i + c,“+i) = 4- i ^(i _ QOS (ji]n cos ni(l> cos(f)d(f>-, (12) 

and thus 

C” + I iVl - /^HC” _ 1 + C +i) (L3) 

From (11) and (13) we may eliminate ; we thus obtain 

2to d = i tan e {(?i -h 1 - to) cl_, -(n + l+m) c^+J (U) 

a relation given in a somewhat different form by Heine*. 

Returning to (12), we find in the limit, by (9), 

^ (— 1)^ TT [— iiTin—i (^) + i^m+i (is)] 

= COS ni(f> cos (f,d<f> = -i ~ I cos m(f> d<f) ; 

so that ® 

i (^) - Jm+1 (si)} =2-Jm (z), (15) 

a known theorem (§ 381). 

The complete solution of the equation 

^ f/i 2^ ^'^ml w- 

d/x + + ( 16 ) 

obtained from (4) by assuming that yfr^ is proportional to cos tow or sin toco, 
involves also another function called the associated function of the second 
kind. If we take 

"^m= (I - fx^)^ <l>m, (17) 

* Handhtich tier Ktigelfunctionen, p. 146. 
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the equation for is 

/I _ 0 I 


(1 - A**) - 2 (m + 1) + |)t (» + 1) - m (m + 1)1 = 0 (18) 

From this it may be readily proved that <f)^n is of the same form as 


so that 





in which, however, no connexion between the arbitrary constants is implied. 
In terms of (19) becomes 

t„. = (l -/»«)!•“ f, (20) 

We have now to trace the transformation of (20), as n and the radius of 
the sphere become infinite, while nv = n \/(l — fj?) = z. Since 1, 




yfro being regarded as a function of u. 

In the limit, //. (even though subject to differentiation) may be identified 
with unity, and thus we may take 

/ d . 


( n 

^3^) to (21) 


as the ultimate form of (20). The function is now the general solution of 


+ 


involving Bessel’s functions of order m of both kinds, each function being 
affected with an arbitrary coefficient. A theorem of precisely the same form 
holds good when '\Jrjn is limited to the functions of the first kind, for which 
the differential equations (16), (22) are satisfied at the pole (//.= !) as well as 
at all other points. The equation corresponding to (21) may then be written 
(§390) 

( jJ \m 

(23) 


the constant multiplier left arbitrary by (21) being determined by a com- 
parison of the leading terms. 

Other comparisons relating to the functions of the second kind might 
also be made, some of which would appear to involve theorems not hitherto 
formulated. 



[PhilosophiGal Magazine, vi. pp. 270 — 271, 1878.] 


Perhaps the following explanation of the curions phenomenon of the 
repulsion of resonators observed by DvoMk and Mayer^ may be of interest 
to the readers of the Philosophical Magazine. 

The hydrodynamical e(juation of pressure for iri’otational motion is 
(in the usual notation) 

= ( 1 ) 

If we suppose that there are no impressed forces, Ji = 0. Distinguishing 
the values of the quantities at two points of space by suffixes, we may 
write 

d 

S + i P".' - i (2) 


This equation holds good at every instant. Integrating it over a long ran, 
of time, we obtain as applicable to every case of fluid-motion in which t' 
flow between the two points does not continually increase 


- f'STadt = ^fUo^ dt - dt. 


Let us now apply this equation to the case of a resonator excited bv 
source of sound nearly in unison with itself, taking the first point at 
distance from the resonator, where neither the variation of pressure nor tl 
velocity IS sensible, and for the second a point in the interior of the cavil 
where the velocity is negligible, but, on the other hand, the variation 
pressure considerable. It follows that 
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, /(-ari ~^o)dt==0, 

* Fhil. Mag. September 1878, p. 223. 
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or that the mean value of •cj in the interior is the same as afc a distance 
outside. 

The remainder of the investigation depends upon the relation between 
p and p. If the expansions and contractions are isothermal, p = and 
OT = log p. Thus 

/logpirZi5=log_po.<; (o) 

or the mean logarithmic pressure in the interior is the same as the constant 
logarithmic pressure at a distance. Equation (5) may also be written 

j\og(l+P!^'jdt = 0 ( 6 ) 

or 

<" 

whence, if the changes of pressure be relatively small, we see that the mean 
value of pi —po is positive, or, in other words, that the mean pressure inside 
the resonator is in excess of the atmospheric pressure, 

If, as in practice, the expansions and contractions are adiabatic, p a pv, 


where 7 = 1-4, and (5) is replaced by 

Jp^iy-^^iy dt = po^y-^^’y .t (8) 

Thus, instead of (7), 



whence, by the binomial theorem, 

™ 


approximately, showing that here again the mean pressure in the interior of 
the cavity exceeds the atmospheric pressure*. 

Hence, on either supposition, the resonator tends to move as if impelled 
by a force acting normally over the area of its aperture and directed 
inwards, 

* [1899. If in (10) we put 7 = 1, we fall back upon (7).] 




ON THE IE-REGULAR FLIGHT OF A TENNIS-BALL. 


[Messenger of Mathematics, vii. pp. 14 1877.] 

It is well known to tennis players that a rapidly rotating ball in moving 
rough the air will often deviate considerably from the vertical plane 
ihere is no difficulty in so projecting a ball against a vertical wall that 
after rebounding obliquely it shall come back in the air and strike the same 
wall again. It is sometimes supposed that this phenomena is to be explained 
as a sort of frictional rolling of the rotating ball on the air condensed in front 
0 It, but the actual deviation is in the opposite direction to that which this 
explanation supposes. A ball projected horizontally and rotating about a 
vertical axis deviates from the vertical plane, as if it were rolling on the air 
e nn it. e true explanation was given in general terms many years ago 
by Prof Magnus, in a paper » On the Deviation of Projectiles,” published 
in ihQ Memoirs of the Berlin Academy, 1862, and translated in Taylor s 
Scientific Memoirs, 1853, p. 210. Instead of supposing the ball to move 
loug air which at a sufficient distance remains undisturbed, it is rather 
more convenient to transfer the motion to the air, so that a uniform stream 
impinges on a ball whose centre maintains its position in space— a change 
not affecting the relative motion on which alone the mutual forces can 
depend. Under these circumstances, if there be no rotation, the action 
of the stream, whether there be friction or not, can only give rise to a force 
in the direction of the stream, having no lateral component. But if the ball 
rotate, the friction between the solid surface and the adjacent air will 
generate a sort of .whirlpool of rotating air, whose effect may be to modify 
the force due to the stream. If the rotation take place about an axis 
perpendicular to the stream, the superposition of the two motions gives 
rise on the one side to an augmented, and on the other to a diminished 
velocity, and consequently to a lateral force urging the ball towards that 
side on which the motions conspire. 
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The only weak place in this argument is in the last step, in which it is 
assumed that the pressure is greatest on the side where the velocity is least. 
The law that a diminished pressure accompanies an increased velocity is only 
generally true on the assumption that the fluid is frictionless and unacted 
on by external forces ; whereas, in the present case, friction is the immediate 
cause of the whirlpool motion. The actual mode of generation of the lateral 
force will be perhaps better understood, if we suppose small vertical blades to 
project from the surface of the ball. On that side of the ball where the 
motion of the blades is up stream, their anterior faces are in part exposed 
to the pressure due to the augmented relative velocity, which pressure 
necessarily operates also on the contiguous spherical surface of the ball. 
On the other side the relative motion, and therefore also the lateral pressure, 
is less ; and thus an uncompensated lateral force remains over. 

The principal object of the present note is to propose and solve a problem 
which has sufficient relation to practice to be of interest, while its mathe- 
matical conditions are simple enough to allow of an exact solution being 
obtained. For this purpose I take the case of a cylinder round which a 
perfect fluid circulates without molecular rotation. At a great distance 
from the cylinder the fluid is supposed to move with uniform velocity, 
and the whole motion is in two dimensions. On these suppositions the stream 
function, on which the whole motion depends, is of the form 

= a “ j r sin ^ -f /9 log r, 

where r, d are the polar coordinates of any point of the fluid, measured from 
the centre of the cylinder and the direction of the stream, as pole and initial 
line respectively, a is the radius of the cylinder, and a, /? are constant 
coefficients proportional respectively to the velocity of the general current 
and the velocity of circulation round the cylinder. When 9' = a, is 
constant, showing that the surface of the cylinder is a stream-line. The 
radial velocity at any point is given by 



so that, when r = oo and 6 — 0, the radial velocity is a, which is therefore 
the general velocity of the stream. 

At the surface of the cylinder there is no radial velocity, and the 
magnitude of the tangential velocity is given by 

d-yjrjdr — 2 a sin 6 + ^[a. 

Hence, if be the pressure at a distance, and p the pressure at any 
point on the surface, 

2 ( p — Po) = a^ — (2 a sin + /Sjaf, 
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the density of the fluid being taken as unity. Thus the lateral force 


Sir W. Thomson has proved that, if in an infinite mass of otherwisi 
quiescent fluid tliere exist irrotational circulation round a moveable cylinder 
the amount of the circulation cannot be changed by any foi'ces applied to tin 
cylinder*. Hence, if the cylinder receive an impulse, it will afterwards move 
m a circle, and the direction of revolution will be [the same as] that of the 
circulation of the fluid. 

It must not be forgotten that the motion of an actual fluid would diffei 
materially fi:om that supposed in the preceding calculation in consequence oJ 
he unwillingness of stream-lines to close in at the stern of an obstacle, but 
this circumstance would have more bearing on the force in the direction 
01 motion than on the lateral component. 

[1899. The corrections introduced in square brackets were indicated by 

is toher detebp^d,] 

* Vortex Motion, Edinburgh Transactions, 1868. 


a sin 0dd = - [2] 7ra/3 ; 


■yjr = a(l ~ a^fr^) r sin 0, 


corresponding to a simple stream; but when /3 attains a certain point 
of magnitude, the stream-lines in the neighbourhood of the cylinder become 
re-entrant. 


it is therefore proportional both to the velocity of the motion of circulation, 
and also to the velocity with which the cylinder moves relatively to the 
fluid at a distance. 


If the velocity of circulation depending on ^ be small, the character 
of the stream-lines differs but little from that given by 


A SIMPLE PROOF OF A THEOREM RELATING TO THE 

POTENTIAL. 


[Messenger of Mathematics, VII. p. 69, 1878,] 

The value of a function which satisfies Laplace’s equation within a closed 
surface is determined by the values at the surface. If two surface distri- 
butions be superposed, the value at any internal point is the sum of those 
due to the two surface distributions considered separately. By means of 
this principle a very simple proof may be given of the known theorem 
that the value of the potential at the centre of a sphere is the mean of 
those distributed over the surface. 

On account of the symmetry it is clear that the central value would not 
be affected by any rotation of the sphere,, to which the surface values 
are supposed to be rigidly attached. 

Thus, if we conceive the sphere to be turned into n different positions 
taken at random and the resulting surface distributions to be superposed, 
we obtain a new surface distribution, whose mean value is n times greater 
than before, determining a central value which is also n times greater 
than that due to the original distribution. When n is made infinite, the 
surface distribution becornes constant, in which case the central value is 
the same as the surface value. From this it follows that in the original 
state of things the central v'alue was the mean of the surface values. 
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\_Roy. Inst. Proc. Vili. pp. 536 — 542, 1878; Nature, xvni. pp. 319 321, 

1878.] 

Musical sounds have their origin in the vibrations of material systems. 
In many cases, e.g. the pianoforte, the vibrations are free, and are then 
necessarily of short duration. In other cases, e.g. organ pipes and instru- 
ments of the violin class, the vibrations are maintained, which can only 
happen when the vibrating body is in connexion with a source of energy 
capable of compensating the loss caused by friction and generation of aerial 
waves. The theory of free vibrations is tolerably complete, but the ex- 
planations hitherto given of maintained vibrations are generally inadequate 
and in most cases altogether illusory. 

In consequence of its connexion with a source of energy, a vibrating 
body is subject to certain forces, whose nature and effects are to be 
estimated. These forces are divisible into two groups. The first group 
operate upon the periodic time of the vibration, i.e. upon the pitch of the 
resulting note, and their effect may be in either direction. The second 
group of forces do not alter the pitch, but either encourage or discourage the 
vibration. In the first case only can the vibration be maintained ; so that 
for the explanation of any maintained vibration, it is necessary to examine 
the^ character of the second group of forces sufficiently to discover whether 
their effect is favourable or unfavourable. In illustration of these remarks, 
the simple case of a common pendulum was considered. The effect of a 
small periodic horizontal impulse is in general both to alter the periodic 
time and the amplitude of vibration. If the impulse (supposed to be always 
in the same direction) acts when the pendulum passes through its lowest 
position, the force belongs to the second group. It leaves the periodic time 
unaltered, and encourages or discourages the vibration according as the 
direction of the pendulum’s motion is the same or the opposite of that of the 
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impulse. If, on the other hand, the impulse acts when the pendulum is at 
one or other of the limits of its swing, the effect is solely on the periodic 
time, and the vibration is neither encouraged nor discouraged. In order to 
encourage, i.e.. practically in order to maintain, a vibration, it is necessary 
that the forces should not depend solely upon the position of the vibrating 
body. Thus, in the case of the pendulum, if a small impulse in a given 
direction acts upon it every time that it passes through its lowest position, 
the vibration is not maintaitied, the advantage gained as the pendulum 
makes a passage in the same direction as that in which the impulse 
acts being exactly neutralized on the return passage when the motion is 
in the opposite direction. 

As an example of the application of these principles the maintenance of 
an electric tuning-fork was discussed. If the magnetic forces depended only 
upon the position of the fork, the vibration could not be maintained. It 
appears therefore that the explanations usually given do not touch the real 
point at all. The fact that the vibrations are maintained is a proof that the 
forces do not depend solely upon the position of the fork. The causes of 
deviation are two — the self-induction of the electric currents, and the 
adhesion of the mercury to the wire whose motion makes and breaks 
the contact. On both accounts the magnetic forces are more powerful 
in the latter than in the earlier part of the contact, although the position 
of the fork is the same; and it is on this difference that the possibility 
of maintenance depends. Of course the arrangement must be such that 
the retardation of force encourages the vibration, and the arrangement 
which in fact encourages the vibration would have had the opposite effect, 
if the nature of electric currents had been such that they were more powerful 
during the earlier than during the later stages of a contact. 

In order to bring the subject within the limits of a lecture, one class of 
maintained vibrations was selected for discussion, that, namely, of which 
heat is the motive power. The best understood example of this kind of 
maintenance is that afforded by Trevelyan’s bars, or rockers, A heated 
brass or copper bar, so shaped as to rock readily from one point of support 
to another, is laid upon a cold block of lead. The communication of heat 
through the point of support expands the lead lying immediately below 
in such a manner that the rocker receives a small impulse. During the 
interruption of the contact the communicated heat has time to disperse 
itself in some degree into the mass of lead, and it is not difficult to see that 
the impulse is of a kind to encourage the motion. But the most interesting 
vibrations of this class are those in which the vibrating body consists of a 
mass of air more or less completely confined. 

If heat be periodically communicated to, and abstx'acted from, a mass 
of air vibrating (for example) in a cyiuide.r bounded, by a piston, the effect 
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produced will depend upon the phase of the vibration, at which the transfer 
of heat takes place. If heat be given to the air at the moment of greatest 
condensation, or taken from it at the moment of greatest rarefaction, the 
vibration is encouraged. On the other hand, if heat be given at the moment 
of greatest rarefaction, or abstracted at the moment of greatest condensation, 
the vibration is discouraged. The latter effect takes place of itself, when the 
rapidity of alternation is neither very great nor very small, in consequence of 
radiation; for when air is condensed it becomes hotter, and communicates 
heat to surrounding bodies. The two extreme cases are exceptional, though 
for different reasons. In the first, which corresponds to the suppositions of 
Laplace’s theory of the propagation of sound, there is not sufficient time for 
a sensible transfer to be effected. In the second, the temperature remains 
nearly constant, and the loss of heat occurs during the process of con- 
densation, and not when the condensation is effected. This case corresponds 
to Newton’s theory of the velocity of sound. When the transfer of heat 
takes place at the moments of greatest condensation or of greatest rare- 
faction, the pitch is not affected. 

If the air be at its normal density at the moment when the transfer 
of heat takes place, the vibration is neither encouraged nor discouraged, 
but the pitch is altered. Thus the pitch is raised^ if heat be communi- 
cated to the air a quarter period before the phase of greatest condensation, 
and the pitch is lotuered if the heat be communicated a quarter period after 
the phase of greatest condensation. 

In general both kinds of effects are produced by a periodic transfer 
of heat. The pitch is altered, and the vibrations are either encouraged or 
discouraged. But there is no effect of the second kind if the air concerned 
be at a loop, ie. a place where the density does not vary, nor if the com- 
munication of heat be the same at any stage of rarefaction as in the 
corresponding stage of condensation. 

The first example of aerial vibrations maintained by heat was found in a 
phenomenon which has often been observed by glass-blowers, and was made 
the subject of a systematic investigation by Dr Sondhauss. When a bulb 
about three-quarters of an inch in diameter is blown at the end of a 
somewhat narrow tube, 5 or 6 inches in length, a sound is sometimes heard 
proceeding from the heated glass. It was proved by Sondhauss that a 
vibration of the glass itself is no essential part of the phenomenon, and 
the same observer was very successful in discovering the connexion between 
the pitch of the note and the dimensions of the apparatus. But no 
explanation (worthy of the name) of the production of sound has been 
given. 

For the sake of simplicity, a simple tube, hot at the closed end and 
getting gradually cooler towards the open end, was first considered. At a 
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quarter of a period before the phase of greatest condensation (which occurs 
almost simultaneously at all parts of the column) the air is moving inwards, 
i.e. towards the closed end, and therefore is passing from colder to hotter 
parts of the tube ; but the heat received at this moment (of normal densitj^) 
has no effect either in encouraging or discouraging the vibration. The same 
would be true of the entire operation of the heat, if the adjustment of 
temperature were instantaneous, so that there was never any sensible 
difference between the temperatures of the air and of the neighbouring 
parts of the tube. But in fact the adjustment of temperature takes time, 
and thus the temperature of the air deviates from that of the neighbouring 
parts of the tube, inclining towards the temperature of that part of the tube 
from which the air has just come. From this it follows that at the phase 
of greatest condensation heat is received by the air, and at the phase of 
greatest rarefaction is given up from it, and thus there is a tendency to 
maintain the vibrations. It must not be forgotten, however, that apart 
from transfer of heat altogether, the condensed air is hotter than the 
rarefied air, and that in order that the whole effect of heat may be on 
the side of encouragement, it is necessary that previous to condensation the 
air should pass not merely towards a hotter part of the tube, but towards a 
part of the tube which is hotter than the air will be when it arrives there. 
On this account a great range of temperature is necessary for the mainten- 
ance of vibration, and even with a great range the influence of the transfer 
of heat is necessarily unfavourable at the closed end where the motion is 
very small. This is probably the reason of the advantage of a bulb. It is 
obvious that if the opm end of the tube were heated, the effect of the 
transfer of heat would be even more unfavourable than in the case of a 
temperature uniform throughout. 

The sounds emitted by a jet of hydrogen, burning in an open tube, were 
noticed soon after the discovery of the gas, and have been the subject of 
several elaborate inquiries. The fact that the notes are substantially the 
same as those which may be elicited frohi the tube in other ways, e.g. by 
blowing, was announced by Ohladni. Faraday proved that other gases were 
competent to take the place of hydrogen, though not without disadvantage. 
But it is to Sondhauss that we owe the most detailed examination of the 
circumstances under which the sound is produced. His experiments prove 
the importance of the part taken by the column of gas in the tube which 
supplies the jet. For example, sound cannot be obtained with a supply tube 
which is plugged with cotton in the neighbourhood of the jet, although no 
difference can be detected by the eye between the flame thus obtained and 
others which are competent to excite sound. When the supply tube is 
unobstructed, the sounds obtainable are limited as to pitch, often dividing' 
themselves into detached groups. In the intervals between the groups 
no coaxing will induce a maintained sound, and it may be added that, 
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for a part of the interval at any I'ate, the influence of the flame is inimical, so 
that a vibration started by a blow is damped more rapidly than if the jet 
were not ignited. 

Partly in consequence of the peculiar behaviour of flames and partly 
for other reasons, the thorough explanation of these phenomena is a matter 
of some difficulty ; but there can be no doubt that they fall under the head 
of vibrations maintained by heat, the heat being communicated periodically 
to the mass of air confined in the sounding tube at a place where, in the 
course of a vibration, the pressure varies. Although some authors have 
shown an inclination to lay stress upon the effects of the current of air 
passing through the tube, the sounds can readily be produced, not only when 
there is no through draught, but even when the flame is so situated that 
there is no sensible periodic motion of the air in its neighbourhood. In the 
course of the lecture a globe intended for burning phosphorus in oxygen gas 


iiuui one necK, gave a pure tone of about 95 vibrations per second. 

In consequence of the variable pressure within the resonator, the issue of 
gas, and therefore the development of heat, varies during the vibration. 
The question is under what circumptances the variation is of the kind 
necessary for the maintenance of the vibration. If we were to suppose, 
as we might at first be inclined to do, that the issue of gas is greatest when 
the pressure in the resonator is least, and that the phase of greatest 
development of heat coincides with that of the greatest issue of gas, we 
should have the condition of things the most unfavourable of all to 'the 
persistence of the vibration. It is not difficult, however, to see that both 
suppositions are incorrect. In the supply tube (supposed to be unplugged, 
and of not too small bore) stationary, or approximately stationary, vibrations 
are excited, whose phase is either the same or the opposite of that of the 
vibration in the resonator. If the length of the supply tube from the 
burner to the open end in the gas-generating flask be less than a quarter of 
the wave-length in hydrogen of the actual vibration, the greatest issue 
of gas precedes by a quarter period the phase of greatest condensation ; 
so that, if the development of heat is retarded somewhat in comparison with 
the issue of gas, a state of things exists favourable to the maintenance of the 
sound. Some such retardation is inevitable, because a jet of inflammable 
gas can burn only at^ the outside; but in many cases a still more potent 
cause may be found, in the fact that during the retreat of the gas in the 
supply tube small quantities of air may enter from the interior of the 
resonator, whose expulsion must be effected before the inflammable gas 
can again begin to escape. ® 

. If the length of the supply tube amounts to exactly one quarter of the 
wave-length, the stationary vibration within it will be of such a character 
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that a node is formed at the burner, the variable part of the pressure just 
inside the burner being the same as in the interior of the resonator. Under 
these circumstances there is nothing to make the flow of gas, or the 
development of heat, variable, and therefore the vibration cannot be 
maintained. This particular case is free from some of the difficulties which 
attach themselves to the general problem, and the conclusion is in accord- 
ance with Sondhauss’ observations. 

When the supply tube is somewhat longer than a quarter of the wave, 
the motion of the gas is materially different from that first described. 
Instead of preceding, the greatest outward flow of gas follows at a quarter 
period interval the phase of greatest condensation, and therefore if the 
development of heat be somewhat retarded, the whole effect is unfavourable. 
This state of things continues to prevail, as the supply tube is lengthened, 
until the length of half a wave is reached, after which the motion again 
changes sign, so as to restore the possibility of maintenance. Although the 
size of the flame and its position in the tube (or neck of resonator) are not 
without influence, this sketch of the theory is sufficient to explain the fact, 
formulated by Dr Sondhauss, that the principal element in the question 
is the length of the supply tube. 

The next example of the production of sound by heat, shown in the 
lecture, was a very interesting phenomenon discovered by Rijke. When a 
piece of fine metallic gauze, stretching across the lower part of a tube open 
at both ends and held vertically, is heated by a gas flame placed under it, a 
sound of considerable power, and lasting for several seconds, is observed 
almost immediately after the removal of the flame. Differing in this respect 
from the case of sonorous flames, the generation of sound was found by Rijke 
to be closely connected with the formation of a through draught, which 
impinges upon the heated gauze. In this form of the experiment the heat 
is soon abstracted, and then the sound ceases ; but by keeping the gauze hot 
by the current from a powerful galvanic battery, Rijke was able to obtain 
the prolongation of the sound for an indefinite period. In any case 
from the point of view of the lecture the sound is to be regarded as a 
maintained sound. 

In accordance with the general views already explained, we have to 
examine the character of the variable communication of heat from the 
gauze to the air. So far as the communication is affected directly by 
variations of pressure or density, the influence is unfavourable, inasm\ich 
as the air will receive less heat from the gauze when its own temperature 
is raised by condensation. The maintenance depends upon the variable 
transfer of heat due to the varying motions of the air through the gauze, 
this motion being compounded of a uniform motion upwards with a motion, 
alternately upwards and downwards, due to the vibration. In the lower 
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half of the tube these motions conspire a quarter period before the phase 
0 greatest condensation, and oppose one another a quarter period after that 
phase. The rate of transfer of heat will depend mainly upon the temperature 
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UNIFOEMITY OF ROTATION^. 


[Nature, xviii. p. 111, 1878.] 


* [1899. It may be proper to mention that the report here reproduced was not written or 
corrected by me. I fully explained at the time the distinction between this apparatus, as 
controlling the position of the revolving piece, and an ordinary governor which regulates the 
velocity. An application to the determination of absolute pitch is given as an appendix to one 
of my papers upon the ohm {Phil. Trans. 1883, p. 296). It has sometimes appeared to me that 
the principle might be applied to the regulation of equatorial telescopes.] 

23—2 


Lord Rayleigh exhibited and explained an arrangement which he has 
employed with advantage in certain acoustical experiments, in order to secure 
absolute uniformity in the rate of rotation of an axle. After referring to the 
mathematical principles involved in such a problem, he explained that the 
only hope of its solution lay in the employment of a vibratory movement, 
which by some suitable device must be converted into a motion of rotation. 
The axle whose motion it is required to maintain uniform is usually driven at 
an approximately uniform rate by means of a small horizontal water-wheel, 
or, in some cases, the electro-magnetic regulating apparatus presently 
described is sufficient by itself to supply the necessary power. At equal 
distances round the axle are arranged four soft iron armatures which succes- 
sively come in front of the poles of a horse-shoe electro-magnet placed in the 
circuit of a four-cell Grove battery. The current is rendered intermittent by 
the following arrangement. Passing into the body of a tuning fork vibrating 
about 40 times per second, it leaves by a small platinum stud which is 
touched at each vibration of the fork; the current then traverses a second 
small electro-magnet between the prongs, and by this means the vibrations 
are maintained; passing to the magnet above referred to the current then 
returns to the battery. The velocity of the axle is such that it performs 
about one complete revolution for every four vibrations of the fork, and the 


356 


TJNIPOEMITY OF ROTATION. 


^ iw._, jL.a.xiV_rx\ . 1^56 

exact adjustment is effected as follows. If the driving power be just suffi- 
cient to produce the desired speed, the armatures will be so attracted by the 
mapet as to be exactly opposite to it at the middle of its period of magneti- 
sation, and so bng as this position is maintained the magnet will not, on the 
whole, affect it. But if a disturbance occur in the driving power the 
a,rmature will be displaced from its former position and will be attracted by 
the magnet until the error is con^pensated. Besides the armatures this axle 
also carries, concentric with it, a hollow metallic ring filled with water and 
as this possesses a certain momentum in virtue of its rotation, it will act as o 
drag tendmg to check the velocity in case it increases, and in a converse 
nianner when a diminution occurs. A blackened disc perforated with rin^s 
of holes of various numbers also rotates with the axle, and by placing the eye 
e md the ring oi fmr holes and observing a prong of the fork it is easy to 
asceitain whether the uniformity is maintained, since in that case the prong- 
will appear to remain stationary. ^ * 

[1899. A similar apparatus was described somewhat earlier by La Cour 
under the name of the Phonic Wheel.] 
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ON THE DETERMINATION OF ABSOLUTE PITCH BY THE 
COMMON HARMONIUM^. 

{Nature, xix. pp. 275—276, 1879.] 

The methods described depend upon the principle that the absolute 
frequencies of vibration of two musical notes can be deduced from the 
interval between them, i. e. the ratio of their frequencies, and the number of 
beats which they occasion in a given time when sounded together. For 
example, if a? and y denote the frequencies of two notes whose interval is an 
equal temperament major third, we know that y= 1*25992 a;. At the same 
time the number of beats heard in a second, depending upon the deviation of 
the third from true intouation, is 4iy — 5a?. In the case of the harmonium 
these beats are readily counted with the aid of a resonator tuned to the 
common over-tone, and thus are obtained two equations from which the 
absolute values of x and y may be found by the simplest arithmetic. 

Of course, in practice, the truth of an equal temperament third could not 
be taken for granted, but the difficulty thence arising would be easily met by 
including in the counting all the three major thirds which together make up 
an octave. Suppose, for example, that the frequencies of c, e, g’^, d are 
respectively x, y, z, 2a?, and that the beats per second between x and y are a, 
between y and z are h, and between z and 2a? are c. Then 

4y — 5a? = a, 4iZ — by = b, 8x — 5z — c, 

from which 

a; = ^(25£H-206 4-16c). y = ^ (32a + 256-1- 20c), ^ = ^(40a q- 326 -|- 25c). 

In the above statements the octave c — c' is for simplicity supposed to be 
true. The actual error could be readily allowed for, if required ; but in 
practice it is not necessary to use o' at all, inasmuch as the third set of beats 
can be counted equally well between g^ and c. 

* Abstract of a paper read before the Musical Association, December 2, 1878. 
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rainimiim, and with the aid of a resonator tuned to the pitch of the beats 
which are to be counted, the listener is able to work with ease and certainty. 

The course of an experiment is then as follows; — The notes G and D are 
sounded, and at a given signal the listeners begin counting the beats whose 
pitch is about d" and e" respectively. At the expiration of a measured 
interval of time a second signal is given, and the number of both sets of 
beats is recorded. 

In my experiments the interval of time was ten minutes (in one case 
eleven minutes), and the rapidity of the beats was about four a second. The 
listeners counted up to ten only, after each set of ten making a stroke with a 
pencil on a piece of paper. The number of strokes was afterwards counted, 
multiplied by ten, and added to the number which the listener was saying at 
the instant of the second signal. The following are the details of the actual 
observations : — 

September 16, 1878. — Period of observation ten minutes. Numbers of 
beats 2392 and 2341. 


a = ^ giving 0 ) 


9 X 2392 + 8 X 2341 


= 67-09, 


for the frequency of the lower note G. 

September 17.— Period of observation ten minutes. 

giving a? = 6^04. 

September 18. — Period of observation ten minutes. 

a = giving a- = 67-29. 

September 19. — Period of observation eleven minutes. 

= & = giving a; =67-19. 


The discrepancies are hardly greater than may be attributed to errors in 
giving the signals, by which the intervals may have been unduly lengthened 
or shortened by about a second. On each day after the counting of the 
beats between G and D, the harmonium was compared with a Konig fork 
whose nominal frequency was 64. In order to obviate any objection arising 
from a mutual influence of the notes of the harmonium, both G and D were 
sounded at the same time as the fork. The beats between G and the fork 
were counted for about ninety seconds, during which time the fork was not 
bowed. In this way the pitch of the fork came out on the four days 
respectively as 64-06, 64*07, 64-17, 63-98, that is somewhat sharper than its 
nominal pitch, a result in agreement with that obtained by other methods. 

The object of the experiments referred to was rather to prove the 
practicability of a method so unusually independent of special apparatus, 
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ON THE INSTABILITY OF JETS. 


[Proceedings of the London Mathematical Society, X. pp. 4 — 13, 1879.] 

Many, it may even be said most, of the still unexplained phenomena 
of Acoustics are connected with the instability of jets of fluid. For this 
instability there are two causes ; the first is operative in the case of jets 
of heavy liquids, e.g., water, projected into air (whose relative density is 
negligible), and has been investigated by Plateau in his admirable researches 
on the figures of a liquid mass withdrawn from the action of gravity. It 
consists in the operation of the capillary force, whose effect is to render the 
infinite cylinder an unstable form of equilibrium, and to favour its dis- 
integration into detached masses whose aggregate surface is less than that 
of the cylinder. The other cause of instability, which is operative even when 
the jet and its environment are of the same material, is of a more dynamical 
character. 

With respect to instability due to capillary force, the principal problem 
is the determination, as far as possible, of the mode of disintegration of an 
infinite cylinder, and in particular of the number of masses into which a 
given length of cylinder may be expected to distribute itself. It must, 
however, be observed that this problem is not so definite as Plateau seems 
to think it ; the mode of falling away from unstable equilibrium necessarily 
depends upon the peculiarities of the small displacements to which a system 
is subjected, and without which the position of equilibrium, however un- 
stable, could not be departed from. Nevertheless, in practice, the latitude 
is not very great, because some kinds of disturbance^ produce their effect 
much more rapidly than others. In fact, if the various disturbances be 
represented initially by a^, , • • • , and after a time t by cL,e^^\ a,e^^\ .... 

the (positive) quantities qi, qa, qz, being in descending order of magni- 
tude, it is easy to see that, when a^, ... are small enough, the first kind 


■ 
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necessarily acquires the prenoiirl.. 
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In this, however, we have to subsHt,i+. -c ' / r. ", 

constant) its value obtained from th^ 

per unit of length, is given. We have volume enclosed 

whence ^ = Tra"* + ^ vra^ 



r.ui8 tt, „ (2|, .. J., .in 

<V = 2 VCttS) + . 

or, if <r. be the value of . for the undisturbed condition, 

^ Tra^ . ^ 
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with values of ha less than unity. If denote the cohesive tension, the 
potential energy V reckoned per unit of length from the position of equi- 
librium is 

0) 

2a 

We have now to calculate the kinetic energy of motion. It is easy to 
prove that the velocity potential is of the form 

<f) = A Jo (ihr) cos hz, (8) 

Jo being the symbol of Bessel’s functions of zero order, so that 


J ) (^) ~ I "" 02 92 ^ 


22 ■T- 22 . 42 . 4 --' . 6^ 


+ . • < • 


The coefficient A is to be determined from the consideration that the 
outwards normal velocity at the surface of the cylinder is equal to d cos hz. 
Hence 

ihAJo{iha) = a (10) 

Denoting the density by p,'we have for the kinetic energy the expiession 




or, if we reckon it in the same way as V per unit of length, 

rp_i 2 Jo{ika) d^ 

ikaJo'{iha) ^ ^ 

Thus, by Lagrange’s method, if a cc 

2 _ ^1 (1 — h?a ?) . iha :Jo {iha) 

^ po? Jo {iha) 

which determines the law of falling away from equilibrium for a disturbance 
of wave-length A. The solutions for the various values of X and the corre- 
sponding energies are independent of one another ; and thus, by Fourier’s 
theorem, it is possible to express the condition of the system at time t, after 
the communication of any infinitely small disturbances symmetrical about 
the axis. But what we are most concerned with at present is the value of f 
as a function of ha, and especially the determination of that value of ha for 
which 2 ^ is a maximum. That such a maximum must exist is evident 
a priori. Writing x for ha, we have to examine the values of 

(1 — ad^) . ix . Jo {ix) 



( 13 ) 
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Expanding in powers of x, we may write for (1-!^), 


•^1 2*^ 2*. 3 2“.3 ^2^3.5 ■■'I 

+ *• - 1® ^ + 20-375 + . . .| . 

Hence, to find the maximum, we obtain by differentiation 


(1^) 




100 , 91 

210 ^ + 2u \ g + . . . = 0. 


thi/I neglected, the quadratic gives .•?;2=-49l4, Tf 

th:. value be eubsWuted in the smaU terms, the equatiof becomes 


whence 


•98928 = 


^-■4858, [x=’69r0] 

The coiTesponding value of X is given by 

= 4-508 X 2(7, 

InL . . ■ 


^ — • 4-508 X 2a, . 
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upon the instability of surfaces separating portions of fluid which move 
discontinuously, and Sir W. Thomson*, in treating of the influence of wind 
on waves in water, supposed frictionless, has shown under what conditions a 
level surface of water is rendered unstable. In the following investigations 
the method of Thomson’s paper is applied to determine the law of falling 
away from unstable equilibrium in some of the simpler cases of a plane or 
cylindrical surface of separation. 

Let us suppose that the equilibrium position of the surface of separation 
is represented by ^ = 0, and that on the positive and negative sides of it the 
velocities of the fluid are parallel to the axis of x, and of magnitudes 7 and Y' 
respectively. In the absence of friction, the motion consequent upon any 
deformation of the surface of separation is determinate, in virtue of a well 
known hydrodynamical law. By Fourier’s theorem, any displacement in two 
dimensions can be resolved into component displacements of the undulatory 
type, and the effect of any two undulatory displacements may be considered 
separately. We might, therefore, take as the initial equation- of the surface 
of separation h — S cos hx, in which li denotes the elevation at any point, 
X the wave-length of the disturbance, and k — 27r/X. But, as in almost all 
such cases, it is more convenient to use conoplex expressions, fiom which the 
imaginary parts are finally rejected. W^e will therefore assume 

(19) 

and the principal question which we have to consider is the dependence of 
n upon k ov 

For the velocity potential of the fluid on the positive side, we may take 
(f, = -1- Vx, (20) 

in which A is to be determined by equating the value of the normal velocity 
at the surface of separation with that obtained from (21). Thus (the positive 
direction of being downwards) 

_ ^(2 = 0)= = ^ + = (m + ikV) 

dz dt dx ^ 


whence 

A=ik-^n + kV)H-, (22) 

so that 

= ik-^ (n -f kV) jETe"”* e"*" -P 7» (23) 

Similarly, for the fluid on the negative side, ' 

(fy' = - ik-^ (n -p kV') -P V'x (24) 


Phil, Mag. Nov, 1871, 
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amplitude increases is very great. Since k = Stt/X, the amplitude is multi- 
plied by e^, or about 23, in the time occupied by the stream in passing over 
a distance X. If X = T^r, ~ independent of Y, 

As a generalised form of (34), we may take 

h = A cosh {^hVt) cos k{\Vt~x)^-B sinh {\kVt) sin h {\Vt - a?), . . .(35) 

which gives, when i = 0, h — A cos kx. 

If dhjdt-O initially, B^A, by which the solution corresponding to a 
surface of separation initially displaced without velocity is determined. 


If initially /i= 0, and dhjdt is finite, we have, as the appropriate form, 
h — B Bmh (^kVt) cosk(^Vt — x) (36) 

Again, suppose that o-'=o-, F'= F. In this case the roots of (29) are 
equal, but the general solution may be obtained by the usual method. From 
(29) we have 

n = lk\_±i{V' -Y)-(y’+V)y, ,.( 39 ) 

or, if we put F' = F(1 -f a), 

n=pF[±m-(2 + a)] (40) 

The corresponding solution for li is 

h = Qm+o.)Wt M eifcvt.a + (41) 


where A and B are arbitrary constants. 

Passing now to the limit when a = 0, and taking new arbitrary constants. 


"" , ' h=-e^^e-^^^^\_AABt\\ (42) 

or, in real quantities, 

h = iA^ Bt\ [cos k (Vt - x), or sin k{Yt~ x)\ (42) 

If initially h = cos kx, dhjdt = 0, 

h = cos k{Vt — x') + kYt sin k{Yt — x) • -(43) 


The peculiarity of this case is that previous to the displacement there is 
no real surface of separation at all. Its bearing upon the flapping of sails 
and flags will be evident. 

The proportionality to X/F of the time of falling away from equilibrium 
follows from the principle of dynamical similarity, as there is no linear 
element but X. 

When F' = F, the solution is the same, whether a-' = cr or not. For 
example, (31), (32), (33) are applicable when cr' = 0. 
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SO thatj ifj as before, d(j)ldz — 0 when a = — Z', 

a{n + hVy tanh hi + cr' (n + kVJ coth /cZ' = 0 (64) 

If Z' = 00 , a = a, V = 0, 

{n + kVy tanh kl + n^= 0 (55) 


This is applicable to a jet of width 21, moving in still fluid with velocity 
V, and displaced in such a manner that the sinuosities of its two surfaces are 
parallel. 

When Id is small, we have, approximately, 

h = cos k (kl .Vt — x) (56) 

By a combination of the solutions represented by (52), (56), we may 
determine the consequences of any displacements (in two dimensions) of 
the two surfaces of a thin jet moving with velocity V in still fluid of its 
own density. 

These solutions may be extended to cases where the surface of separation 
is not plane, provided that the velocities of the fluids be constant (F, V') 
along it. Let us suppose that <f>, -yfr are the velocity-potential and stream 
functions for the steady motion of the first fluid, and that the surface of 
separation corresponds to = = let there be a rigid barrier, 

which of course has no influence upon the steady motion. Then, if the 
elevation at any point s, measured along the surface of separation, be 
given by 

h = 


the velocity-potential of the disturbed motion is 

... . , r-r . . , Trx cosh kV-^ (-f - -^i) 

4, + S<l, = 4,-%k'H{n + kr) ^ * 


If Z be the width of a uniform stream of velocity F, whose whole 
amount is equal to that of the stream between — and ^ = "^ 1 , and if 
dashed letters denote the corresponding quantities for the second fluid, we 
get finally for the equation in n 


cr coth kl (n + kVy + cr' coth kV {11 kV'y = 0, 


which is the same form as (47). . 

We will now pass to the consideration of cylindrical surfaces of separa- 
tion, limiting ourselves for simplicity to the case of disturbances symmetrical 
about the axis (x). If h denote the increment of distance of any point on 
the surface from the axis, we may take, as before, 


R. I. 


h = H e**'*’, 


.(57) 

24 
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>Sf„ = l-i + 2-i + 8-^+ ... +n- 


( 66 ) 


When ha is small, 

X (a) = log QIca) - 'n-^V' (|), x («) = 

so that 

= a llog(Pa) - v-iT' ®) (67) 

If we suppose that <t'= tr, V'= 0, (63) becomes, for small values of ha, 


(n + kVy + W jlog ~ + TT-ir (i)| oir- = () (68) 

Writing /i® for 

7c=a’|logl + ^-ir'(4)| , 

we get 

n^kV ~^-T , (69) 

whence approximately 

h = 008 k(Vt-a}) (70) 

[1899. The subject of this paper is further considered in Arts, lx., 
LX VI. See also Proo. Lond. Math. Soc. xi-x. p. 67, 1887 ; xxvil. p. 5, 1895 ; 
Phil. Mag. xxxiv. pp. 145, 177, 1892.] 
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THE INFLUENCE OF ELECTRICITY ON COLLIDING WATER 

DROPS. 


[Proceedmgs of the Royal Society, xxviii. 
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Even when the resolution is regularised by the action of external vibrations 
of suitable frequency, as in the beautiful experiments of Savart and Plateau, 
the drops. must still come into contact before they reach the summit of their 
parabolic path. In the case of a continuous jet the equation of continuity 
shows that as the jet loses velocity in ascending, it must increase in section. 
When the stream consists of drops following the same path in single file, no 
such increase of section is possible ; and then the constancy of the total 
stream requires a gradual approximation of the drops, which in the case of 
a nearly vertical direction of motion cannot stop short of actual contact. 
Regular vibration has, however, the effect of postponing the collisions and 
consequent scattering of the drops, and in the case of a direction of motion 
less nearly vertical may prevent them altogether. 

Under moderate electrical influence there is no material change in the 
resolution iuto drops, nor in the subsequent motion of the diops up to the 
moment of collision. The difference begins here. Instead of rebounding 
after collision, as the unelectrified drops of clean water generally or always 
do, the electrified drops coalesce, and thus the jet is no longer scattered 
about. When the electrical influence is more powerful, the repulsion 
between the drops is sufficient to prevent actual contact, and then of 
course there is no opportunity for amalgamation. 

These experiments may be repeated with extreme ease and with hardly 
any apparatus. The diameter of the jet may be about inch [say 1 mm.], 
and may be obtained either from a hole in a thin plate or from a drawn-out 
glass tube. I have generally employed a piece of glass tube fitted at the 
end with a perforated tin plate, and connected with a tap by india-rubber 
tubing. The pressure may be such as to cause the jet to rise 18 or 24 inches 
[45 or 60 cm.], or even more. A single passage of a rod of gutta-percha, or 
of sealing-wax, along the sleeve of the coat is sufficient to produce the effect. 
The seat of sensitiveness may be investigated by exciting the extreme tip 
only of a glass rod, which is then held in succession to the root of the jet and 
to the place of resolution into drops. An effect is observed in the latter but 
not in the former position. Care must be taken to use an electrification so 
feeble as to require close proximity for its operation ; otherwise the dis- 
crimination of the positions will not be distinct. 

The behaviour of the colliding drops becomes apparent under instan- 
taneous illumination. I have employed sparks from an inductorium, whose 
secondary terminals were connected Avith the coatings of a Leyden jar. 
The jet should be situated between the sparks and the eye, and the 
observation is facilitated by a piece of ground glass held a little beyond 
the jet, so as to diffuse the light ; or the shadow of the jet may be received 
on the ground glass, which is then held as close as possible on the side 
towards the observer. 
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If the jet be supplied from an insulated vessel, the coalescR'iU'i* 
colliding drops continues for a time after the removal of the infliUMua 
bodj. This is a consequence of the electrification of the vesstd. If t 
electrified body be held for a time pretty close to the jet, and he th 
gradually withdrawn, a point may be found where the rebound of collidi 
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opinion makes the phenomena turn upon the very small 
electrification due either to irregularities in the drops or to differenci'S 
situation, and is at first difficult of acceptance in view of the effloienuy 
sue ^ very feeble electric forces. Fortunately I am able to bring forwai 
additional evidence bearing upon this point. 
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held still, it was possible to cause the jets again to rebound from one another, 
and then a small motion of the influencing body to or from the bottle again 
induced coalescence, but a Idtoral motion without effect. If an insulated 
wire be in connexion with the contents of the bottle, similar effects are 
produced when the electrified body is moved in the neighbourhood of the 
free end of the wire. With care it is possible to bring the electrified body 
into the neighbourhood of the free end of the wire so slowly that no effect is 
produced 5 a sudden movement of withdrawal will then usually determine 
the coalescence. 

Hitherto statical electricity has been spoken of; but the electromotive 
force of even a single Grove cell is sufficient to produce these phenomena, 
though not with the same certainty. For this purpose one pole is connected 
through a contact key with the interior of the stoneware bottle, the other 
pole being to earth. If the fingers be slightly moistened, the body may 
be thrown into the circuit, apparently without diminution of effect. This 
perhaps ought not to surprise us, as in any case the electricity has to 
traverse several inches of a fine column of water. On the other hand, it 
appeared that most of the electromotive force of the Grove cell was 
necessary. 

Further experiment showed that even the discharge of a condenser 
charged by a single Grove cell was suflficient to determine coalescence. Two 
condensers were used successively; one belonging to an inductorium by 
Ladd, the other made by Elliott Brothers, and marked “Capacity \ Farad.”* 
Sometimes even the “ residual charge” sufficed. 

It must be undeistood that coalescence of the jets would sometimes 
occur in a capricious manner, without the action of electricity or other 
apparent cause, I have reason to believe that some, at any rate, of these 
irregularities depended upon a want of cleanness in the water. The addition 
to the water of a very small quantity of soap makes the rebound of the jets 
impossible. 

The last observation led me to examine the behaviour of a fine vertical 
jet of slightly soapy water; and I found, as I had expected, that no scattering 
took placef Under these circumstances the approach of a moderately electri- 
fied body is without effect, but a more powerful influence scatters the drops 
as usual. The apparent coherence of a jet of water when the orifice is 
oiled was observed by Fuchs, and appears to have been always attributed 
to a diminution of adhesion between the jet and the walls of the orifice. 

Some further details on this subject, and other investigations respecting 
the phenomena of jets, are reserved for another communication, which I hope 

* [1899. The capacity is doubtless 4 micro-farad.] 
t [1899. See ho^yever Proc. Boy. Soc. xxxiv. p. 130, 1882.] 
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ON THE GAPILLAEY PHENOMENA OF JETS. 

[Proceedings of the Royal Society, xxix. pp. '71 — 97, 1879.] 

When water issues under high pressure from a circular orifice in a thin 
plate, a jet is formed whose section, though diminished in area, retains 
the circular form. But if the orifice he not circular, the section of the jet 
undergoes remarkable transformations, which were elaborately investigated 
by Bidone*, many years ago. The peculiarities of the orifice are exaggerated 
in the jet, but in an inverted manner. The following examples are taken 
from Bid one’s memoii’. 

Fig. 1, orifice in the form of an ellipse (A), of which the major axis 
is horizontal, and 24 lines long ; the minor axis is vertical, and 
17 lines long. The head of water is 6 feet. 

Near the orifice the sections of the vein are elliptical with 
major axis horizontal. The ellipticity gradually diminishes until 
at a distance of 30 lines from the orifice the section is circular. 

Beyond this point the vertical axis of the section increases, and 
the horizontal axis decreases, so that the vein reduces itself to a 
flat vertical sheet, very broad and thin. This sheet preserves its 
continuity to a distance of 6 feet from the orifice, where the vein 
is penetrated by air. 

B represents the section at a distance of 30 lines from the 
orifice. It is a circle of 16 or 17 lines diameter. 

0 is the section at a distance of 6 inches from the orifice. It is an 
elliptical figure, whose major axis is 22 lines long and minor axis 14 lines 

long. 

* Experiences sur la Forme et sur la Direction des Veines et des Conrans d’Eau lances par 
diverses Ouvertures. Par George Bidone. 
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carefully investigated and figured by Magnus*. Pbenoinena of this land 
are of every-day occurrence, and may generally be observed whenever liquid 
falls from the lip of a moderately elevated vessel. 

Admitting the substantial accuracy of Bidone’s explanation of the 
formation and primary expansion of the sheets or excrescences, we have 
to inquire into the cause of the subsequent contraction. Bidone attributes 
it to the viscosity of the fluid, which may certainly be put out of the 
question. In Magnus’s view the cause is “ cohesion ” ; but he does not 
.explain what is to be understood under this designation, and it is doubtful 
whether he had a clear idea upon the subject. The true explanation 
appears to have been first given by Bufff^ who refers the phenomenon 
distinctly to the capillary force. Under the operation of this force t e 
fluid behaves as if enclosed in an envelope of constant tension, and the 
recurrent form of the jet is due to vibrations of the fluid column about 
the circular figure of equilibrium, superposed upon the general progressive 
motion. Since the phase of vibration depends upon the time elapsed, 
it is always the same at the same point in space, and thus the motion 
is steady in the hydrodynamical sense, and the boundary of the jet is a 
fixed surface. 

In so far as the vibrations may be considered to be isochronous, the 
distance between consecutive corresponding points of the recurrent figure, or 
as it may be called, the wave-length of the figure, is directly proportional 
to the velocity of the jet, is., to the sqware root of the head of water. 1 his 
elongation of wave-length with increasing pressure was observed by Bidone 
and by Magnus, but no definite law was arrived at. As a jet falls under the 
action of gravity, its velocity increases, and thus an augmentation of wave- 
length might be expected; but, as will appear later, most of this aug- 
mentation is compensated by a change in the frequency of vibration due 
to the attenuation which is the necessary concomitant of the mcreased 
velocity. Consequently but little variation in the magnitudes of successive 
wave-lengths is to be noticed, even in the case of^ jets falling vertically 
with small initial velocity. In the following experiments the jets issued 
horizontally from orifices in thin plates, usually adapted to a large stoneware 
bottle which served as reservoir or cistern. The plates were of tin, soldered 
to the ends of short brass tubes rather more than an inch in diameter, 
by the aid of which they could be conveniently fitted to a tubulure in 
the lower part of the bottle. The pressure at any moment of the outflow 
could be measured by a water manometer read with a scale of millimetres. 
Some little uncertainty necessarily attended the determination of the zero 
point ; it was usually taken to be the reading of the scale at which the 

* “ Hydraulisohe Untersuchungen.” Fogg. Ann. vol. xcv. 1855. 

t Fogg. Ann. vol. c. 1857. 
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Pressure 
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216 
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Iable I. — November 11, 1878. 


Wave-length V (Pressure) 
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91 

81 76 

70 69 

61* 61* 
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V (Pressure) 
52 


Whok ' IZrZ/ i“ good on the 

the unoertrntvtt^^^^^^^^ *’'« “'o may be due to 

cause which will be referred to liter ^ AUhl V another 

wave-lenffths Iiova « i j j. • higher pressures the observed 

veWrome kt ‘ondonoy to increase more rapidly than the 

points to a departure 7"" ooniirmed by other obser^tions, 

chronism is onlv to Tip a i- ri n ° isochronous vibration. Strict iso- 

i. piT? SS" rafi” 7 ;-“;t . i.. 

are very considerable 1 ’ owevei, the departures from circularity 

vibratil Z te ™PPo-og that suok 

infinitely small amni't d w™ exactly the same time as vibrations of 
to an eLla“l!£orrf th d- considemtion would not lead 

that the ampUtedelf K 1- i* were the fact 

jet issuL ^ P— under which the 


lijij- . ' 
■ 




gOj ON THE CAPILLARY PHENOMENA OF JETS. 3°1 

As a matter of observation the increase of amplitude is very app^ent, 
and was noticed by Magnus. It is also a direct consequence of theory, 
inasmuch as the lateral velocities to which the vibrations are due vary m 
direct proportion to the longitudinal velocity of the jet. Consequently the 
amplitude varies approximately as the square root of the pressui-e, or 
as the wave-length. The amplitude here spoken of is measured, of coarse, 
by the departure from circularity, and not by the value of the maximum 

radius itself. 

The law of the square root of the pressure thus applies only to small 
amplitudes, and unfortunately it is precisely these small amplitudes whmh 
it is difficult to experiment upon. Still it is possible to approach theoretical 
requirements more nearly than in the experiments of Table I. 

The next set of measurements (Table II.) refer to an aperture in the 
form of an ellipse of moderate eccentricity. Two wave-lengths were 
included in the measurements; in other respects the arrangements were 
as before. 

Table II. — November 12. 


Pressure 

262 

20s 

182 

158 

129 

107* 

86 


Wave-length 

(Pressure) 

Pressure 

Wave-length 

404 

40 

69 

20 

364 

354 

56 

18 

34 

334 

42 

15 

31 

31 

34 

134 

284 

28 

27 

124 

254* 

224 

254* 

23 

21 

10 

1 


^ (Pressure) 
204 
184 
16 
144 

IS 

Hi 


In this case the law is fully verified, the discrepancies being decidedly 
within the limits of experimental error. 

On the other hand, the discrepancies may be exaggerated by the use of 
higher pressures. Table III. relates to the same orificef as Table I. Instead 
of^the stoneware bottle, a tall wooden box was used as reservoir. 





Table III.— 

-December 


Pressure 

Wave-length 

^ (Pressure) 

Pressure 


757 

200 

155 

189 


672 

184 

145 

154 


587 

171 

136 

123 


497 

152 

125 

107 


■ 442 

141 

118 

89* 


365 

123 

107 

74 


289 

106 

954 

61 


234 

93 

86 



Waye-lengtb 

79 

70 

62 

58 

53* 

48 

444 


J (Pressure) 
77 
70 
62 
58 
53* 

48 

44 


t Its condition may have changed a little in the interval. 
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The wave-lengths at the high pressures very greai 

calculated from the lower pressures accordiner to the 1 
small vibrations. S o i 

It is possible, however, to observe in cases where the 
small, that the discrepancies are moderate even at highc 
those recorded in Table III The measurements in T 
a jet from an elliptical aperture of small eccentricity, 
axes IS about 5 : 6. The wooden box was used. Two m 
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Table ly. — December 18 , 

fj (Pressure) 


Pressure 

45.1 

371 

290 * 

248 

192 

158 

133 

111 


Wave-length 

45 i 
89^ 

8(5A 

Blh 

28,^ 

20 A 

21* 


November IG, 


Pressure 

215 

166 

127 

92 * 


fj (Pressure) 


Pressure 


s/ (PresBure) 
19i 
15i) 

124 


“oserTC the tendency of the wave 

e square root of the preLre 

, wooden box a 


increase rnon 


IS, doubtless, an error. 


pressures the observation is difficult. 
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Table VI. — December 17. 


J (Pressure) 
38-9 
35-8 

33-7 

31-3 

29-1 

25-9 

23-3 

20-6 

18-5 

lG-5 


The wave-lengths down to 34^ are immediate measurements , those 
below are deduced from measurements of two wave-lengths. 

Similar experiments were made with jets from a square hole (side = 
2 milliras.), the peculiarities of which are repeated /owr times in passing round 
the circumference. Two wave-lengths were measured. 


Pressure 

Wave-length 

(Pressure) 

1 Pressure 

Wave-length 

1072 

102 

80-4 

251 

38i 

992 

94 

77-5 

213 

34i 

888 

89 

73-2 

1 

1 

— 

827 

86 

70-7 

I 189 

33 

762 

81 

67-8 

j 163 

31 

702 

77 

65-0 

! 140 

28J 

619 

70 

61-1 

i 111 

24| 

339 

66 

57-0 

90 

22| 

468 

59i 

53-1 

70 

19| 

415 

54J 

50-0 

67 

m 

337 

47 

44-6 

45 

16i 

292 

42 

42-0 

1 

1 



Table VII. — December 14. 


Pressure 

Wave-length 

/sj (Pressure) 

Corrected 

Pressure 

Wave-length 

s/ (Pressure) 

447 

32 

30-2 

29-9 

167* 

184* 

18-5* 

377 

294 

27-7 

27-4 

136 

164 

16-6 

312 

27 

25-2 

24*9 

107 

14 

14-8 

269 

244 

23-4 

23*1 

87 

13 

13-3 

247 

23 

22-5 

22*1 

65 

10| 

11-5 

218 

214 - 

21‘1 

20-7 

47 

84 

9-8 

192 

20 

19-8 

19-3 





Corrected 
18-0 
16-1 
14 ’2 
12-7 
10-8 
8'9 


The third column contains numbers proportional to the square roots 
of the pressures. In the fourth column a correction is introduced, the 
significance of which will be explained later. 

The value of other things being the same, depends upon the nature of 
the fluid. Thus methylated alcohol gave a wave-length about twice as great 
as tap water. This is a consequence of the smaller capillarity. 

If a water jet be touched by a fragment of wood moistened with oil, the 
waves in front of the place of contact are considerably drawn out ; but no 
sensible effect appears to be propagated up the stream. 

If a jet of mercury discharging into dilute sulphuric acid be polarized 
by an electric current, the change in the capillary constant discovered by 
Lipmann shows itself by alterations in the length of the wave. 
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When the wave-length is considp 7 >nEic> ,• 
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involves the use of Bessel's functions The diameter, 
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tlie results for vibrations in two dimensions 
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^ = «o + ffn COS 72 ^, 
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of the jet, X = 27rw/p. If the jet convey a given volume of fluid, -yoc 
and thus Aoc Accordingly in the case of a jet falling vertically, the 

increase of A, due to velocity is in great measure compensated by the decrease 
due- to diminishing area of section. 

The law of variation of p for a given mode of vibration with the nature 
of the fluid and with the area of the section may be found by considerations 
of dimensions. jP is a force divided by a line, so that its dimensions aie 1 in 
mass, 0 in length, and — 2 in time. The volume density p is of 1 dimension 
in mass, -3 in length, and 0 in time. A is of course of 2 dimensions in 
length, and 0 in mass and time. Thus the only combination of T, p, A, 
capable of representing a frequency, is T^p''^A~*. 

The above reasoning proceeds upon the assumption of the applicability 
of the law of isochronism. In the case of large vibrations, for which the 
law would not be true, we may still obtain a good deal of information 
by the method of dimensions. The shape of the orifice being given, let us 
inquire into the nature of the dependence of X upon T, p, A, and P, the 
pressure under which the jet escapes. The dimensions of P, a force divided 
by an area, are 1 in mass, — 1 in length, and — 2 in time. Assume 

Xoc 

then by the method of dimensions we have the following relations among 
the exponents — 

ic + y + 14 = 0, — 3y + 2^? = 1, 244? 21.4 0, 

whence 

■11=: — oc, y = 0) (1 — ^)- 

Thus ^ 

T Y 


\ oc T^Ai-^P-^ oc A^ 


The exponent x is undetermined; and since any number of terms with 
different values of x may occur together, all that we can infer is that X is 
of the form 

where / is an arbitrary function, or if we prefer it 

X = T-ipiAi.F(?^. 

where F is equally arbitrary. Thus for a given liquid and shape of orifice, 
there is complete dynamical similarity if the pressure be tah.en inversely 
proportional to the linear dimension, and this whether the deviation from t le 
circular form be great or small. 


R. 


25 
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In the case of water Quincke found T=81 on the C.G.S. system of units, 
On the same system p = 1 ; and thus we get for the frequency of the gravest 
vibration (n = 2), 

#- = 3-51a-i = 8-28^-4 (3^ 


For a sectional area of one square centimetre, there are thus 
vibrations per second. To obtain the pitch of middle C (o' = 266) 
should require a diameter 


or rather more than a millimetre. 

For the general value of n, we have 


If h be the head of water to which the velocity of the jet is due, 


In applying this formula it must be remembered that A is the ai 
of the section of the jet, and not the area of the aperture. We mig 
indeed deduce the value of A from the area of the aperture by introduoti 
of a coefficient of contraction (about *62); but the area of the aperture its 
is not very easily measured. It is much better to calculate A from 
observation of the quantity of fluid (F), discharged under a moasur 
head (h^), comparable in magnitude with that prevailing when A is moasun 
Thus A = V(2gh'}~K In the following calculations the c.G.S. system 
units is employed. 

In the case of the elliptical aperture of Table II., the value of .4 
found in this way to be -0695. Hence at a head of 10*7 the wave-leng 
should be 


3-38 xV6 • 

the value of g being taken at 981. The corresponding observed value 
is 2’55. 

Again, in the case of the experiments recorded in Table IV., it 
found that A =-0660. Hence for h=29-0 the value of the wave-le: 
should be given by 

, _ X 29-0) X (-0660)? 

^ S-38 X V6 = 

The corresponding observed value is 3-96. 
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We will next take the triangular orifice of Table V. The value of A 
was found to be T54. Hence for a head of 9‘2 the value of X, calculated 
d priori, is 

V(2^ X 9-2) X C154)t _ 

3-38 X V24 


as compared with 2'3 found by direct observation. 

For the square orifice of Table VII., we have A 
A = 16-7, 


153. Hence, if 


^/m X 16-7) X (T53)^ 
3’38 X \/fi^ 


1-70, 


as compared with l’8o by observation. 


It will be remarked that in every case the observed value of X somewhat 
exceeds the calculated value. The discrepancies are to be attributed, not so 
much, I imagine, to errors of observation as to excessive amplitude of 
vibration, involving a departure from the frequency proper to infinitely 
small amplitudes. The closest agreement is in the case of Table IV,, 
where the amplitude of vibration was smallest. It is also possible that 
the capillary tension actually operative in these experiments was somewhat 
less than that determined by Quincke for distilled water*. 


When the pressures are small, the wave-lengths are no longer considerable 
in comparison with the diameter of the jet, and the vibrations cannot be 
supposed to take place sensibly in two dimensions. The frequency of 
vibration then becomes itself a function of the wave-length. This question 
is investigated mathematically in Appendix I. For the case of n = 4, it is 
proved that approximately 


p 


po? \ 


+ 


30 X« J 


Hence for the aperture of Table VII., 


Xoc -' 088 X- 2 ), 

X being expressed in centimetres. The numbers in the fourth column of the 
table are calculated according to this formula. 

On the other hand at high pressures the frequency becomes a function of 
the pressure. Since frequency is always an euen function of amplitude, and 
in the present application, the square of the amplitude varies as h, the wave- 
length is given approximately by an expression of the form ^/h {M •+• Nh), 
where M and N are constants. It appears from experiment, and might, 

* [1899. As has been pointed out by Worthington {Phil. Mag. vol. ,p. 66, 1886), the 
agreement with observation would be much improved by taking T at the now generally received 
value of about 72, in place of Quincke’s 81.] 
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I think, have been expected, that frequency diminishes as amplitude in 
creases, so that N is positive. 

When the aperture has the form of an exact circle, and when the 
fluid in its neighbourhood is unimpeded by obstacles, there is a 
balance of lateral motions and pressures, and consequently nothing to 
the jet in its future course uiisymmetrical. Even in this case, f 
the phenomena are profoundly modified by the operation of the . 
force. Far from retaining the cylindrical form unimpaired, the jet 
resolves itself in a more or less regular manner into detached mas 
has, in fact, been shown by Plateau*, both from theory and experime 
m consequence of surface-tension the cylinder is an unstable f. 
equilibiium, when its length exceeds its circumference. 

The circumstances attending the resolution of a cylindrical jet into 
have been admirably examined and described by Savartf, and for tlui 
part explained with great sagacity by Plateau. There are, however, 
points which appear not to have been adequately treated hitherto; 
order to explain myself more effectually I propose to pass in rew 
leadmg features of Plateau’s theory, imparting, where I am able, ad 
precision. 

Let us conceive, then, an infinitely long circular cylinder of 
at rest]:, and inquire under what circumstances it is stable, or i 
for small displacements, symmetrical about the axis of figure. 

Whatever the deformation of the originally straight boundary 
axial section may be, it can be resolved by Fourier’s theorem i 
formations of the harmonic type. These component deformations 
general infinite in number, of every wave-length, and of arbitrary 
but in the first stages of the motion, with which alone we are at j: 
concerned, each produces its effect independently of every other, anrl 

be considered by itself. Suppose, therefore, that the equation of 
boundary is 

r = a a cos, hz, (fi 

where a is a small quantity, the axis of ^ being that of symmetry, 
wave-length of the disturbance may be called A, and is connected 
by the equation k = 27 rfX. The capillary tension endeavours to & 
the surface of the fluid ; so that the stability, or instability, of the cyli. 
orm of equihbrium depends upon whether the surface (enclosing a 

T) • ExpMmentale et Theorique des Liquides soumis aux seules Forces Mo 

Pans, 1873. 

t “ Memoire sur la Constitution des Veines Liquides lanc(5es par dos Orifices Oiren 
mince paroi.” Ann. d. CMm. t. nin. 1833. 

f common to every part of the fluid is necessarily without influerlco 

s a 1 1 y, and may therefore be left out of account for convenience of conception and cx 
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volume) be greater or less respectively after the displacement than before. 
It has been proved by Plateau (see also Appendix I.) that the surface 
is greater than before displacement if ka > 1, that is, if X, < 27ra; but less, 
if ka < 1, or X > 27ra. Accordingly, the equilibrium is stable, if X be less 
than the circumference; but unstable, if X be greater than the circumference 
of the cylinder. Disturbances of the former kind, like those considered 
in the earlier part of this paper, lead to vibrations of harmonic type, whose 
amplitudes always remain small; but disturbances, whose wave-length 
exceeds the circumference, result in a greater and greater departure from 
the cylindrical figure. The analytical expression for the motion in the latter 
case involves exponential terms, one of which (except in case of a particular 
relation between the initial displacements and velocities) increases rapidly, 
being equally multqDlied in equal times. The coefficient {q) of the time 
in the exponential term (e^^^) may be considered to measure the degree of 
dynamical instability ; its reciprocal 1/g is the time in which the disturbance 
is multiplied in the ratio 1 : e. 

The degree of instability, as measured by q, is not to be determined 
from statical considerations only ; otherwise there would be no limit to the 
increasing efficiency of the longer wave-lengths. The joint operation of 
superficial tension and inertia in fixing the wave-length of maximum 
instability was, I believe, first considered in a communication to the 
Mathematical Society*, on the “Instability of Jets.'’ It appears that the 
value of q may be expressed in the form 



where, as before, T is the superficial tension, p the density, and F is given 
by the following table : — 


k^a'^ 

F{ka) 


F {ka) 

•00 

■ 

•0000 

•40 

•3382 

•05 

•1536 

•50 

•3432 

•10 

•2108 

•60 

•3344 

•20 

•2794 

•80 

•2701 

•30 

•3182 

•90 

•2015 


The greatest value of F thus corresponds, not to a zero value of k^a-, 
but approximately to /cW = •4858, or to X = 4'508 x 2a. Hence the maxi- 
mum instability occurs when the wave-length of disturbance is about half 
as great again as that at which instability first commences, 

* Math. Soc. Froc., November, 1878. [Art. tviii.] See also Appendix I. 
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Taking for water, in C.G.s. units, ^'=81, p — I, we got for bh<' ca-w - 
maximum instability, 

= = 
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Nevertheless it doeTSt alar , . it 
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not very clear, and he sottipI^^ .point Plateau 'b ()X])IaTwiti(in^ 

dismtegration depended Lv Z T tho Linw rd" 

to mitial disturbances at all ^ ^ capillary tension, without rofciviKv* 
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Two laws were formulated by Savart with respect to the length of the 
continuous portion of the jet, and have been to a certain extent explained 
by Plateau. For a given fluid and a given orifice the length is approximately 
proportional to the square root of the head. This follows at once from 
theory, if it can be assumed that the disturbances remain always of the same 
character, so that the time of disintegration is constant*. When the head is 
given, Savart found the length to be proportional to the diameter of the 
orifice. From (8) it appears that the time in which a disturbance is 
multiplied in a given ratio varies, not as d, but as Again, when the 
fluid is changed, the time varies as But it may be doubted, I think, 

whether the length of the continuous portion obeys any very simple laws, 
even when external disturbances are avoided as far as possible. 

When the circumstances of the experiment are such that the reservoir is 
influenced by the shocks due to the impact of the jet, the disintegration 
usually establishes itself with complete regularity, and is attended by a 
musical note (Savart), The impact of the regular series of drops which is at 
any moment striking the sink (or vessel receiving the water), determines the 
rupture into similar ch'ops of the portion of the jet at the same moment 
passing the orifice. The pitch of the note, though not absolutely definite, 
cannot differ much from that which corresponds to the division of the jet 
into wave-lengths of maximum instability ; and, in fact, Savart found that 
the frequency was directly as the square root of the head, inversely as the 
diameter of the orifice, and independent of the nature of the fluid laws 
which follow immediately from Plateau’s theory, 

From the pitch of the note due to a jet of given diameter, and issuing 
under a given head, the wave-length of the nascent divisions can be at once 
deduced. Reasoning from some observations of Savart, Plateau finds in this 
way 4-38 as the ratio of the length of a division to the diameter of the jet. 
The diameter of the orifice was 3 millims., from which that of the jet is 
deduced by the introduction of the coefficient '8. Now that the length of a 
division has been estimated d priori, it is perhaps preferable to reverse 
Plateau’s calculation, and to exhibit the frequency of vibration in terms 
of the other data of the problem. Thus 

frequency = (9) 

But the most certain method of obtaining complete regularity of reso- 
lution is to bring the reservoir under the influence of an external vibrator, 
whose pitch is approximately the same as that proper to the jet. Magnusf 

* For the sate of simplicity, I neglect the action of gravity upon the jet when formed. The 
question has been further discussed by Plateau. 

t Fogg. Ann. Bd. ovi. 1859. 
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corresponding to a velocity of [269] centims. per second. These data give 
for the time of vibration, 

T = 16‘5 4 - [269] = -0612 second. 

The discrepancy between the two values of t, which is greater than I had 
expected, is doubtless due in part to excessive amplitude, rendering the 
vibration slower than that calculated for infinitely small amplitudes'^-. 

A rough estimate of the degree of flattening to be expected at the first 
swelling may be arrived at by calculating the eccentricity of the oblatum, 
which has the same volume and surface as those appertaining to the portion 
of fluid in question when forming part of the undisturbed cylinder. In 
the case of the most natural mode of resolution, the volume of a drop 
is 97ra^j and its surface is IStto.-. The eccentricity of the oblatum which has 
this volume and this surface is corresponding to a ratio of principal 

axes equal to about 1 ; 3. 

In consequence of the rapidity of the motion some optical device is 
necessary to render apparent the phenomena attending the disintegration 
of a jet. Magnus employed a rotating mirror, and also a rotatiug disk from 
which a fine slit was cut out. The readiest method of obtaining instan- 
taneous illumination is the electric spark, but with this Magnus was not 
successful. “The rounded masses of which the swellings consist reflect 
the light emanating from a point in such a manner that the eye sees only 
the single point of each, which is principally illuminated. Hence, when the 
stream is illuminated by the electric spark, the swellings appear like a 
string of pearls ; but their form cannot be recognised, because the intensity 
of the light reflected from the remaining portions of the masses is too small 
to allow this, on account of the velocity with which the impression is lost*!*. 
1^0 electric spark had, however, been used successfully for this purpose 
some years before by BuffJ, who observed the shadow of the jet on a white 
screen. Preferable to an opaque screen in my experience is a piece of ground 
glass, which allows the shadow to be examined from the further side. I have 
found also that the jet may be very well observed directly, if the illumination 
is properly managed. For this purpose it is necessary to place the jet 
between the source of light and the eye. The best effect is obtained when 
the light of the spark is somewhat diffused by being passed (for example) 
through a piece of ground glass. 

The spark may be obtained from the secondary of an induction coil, 
whose terminals are in connexion with the coatings of a Leyden jar. By 

* [1899. Experimenta upon the vibrations of drops which fall singly from nozzles have been 
made by Lenard {Wied. Ann. vol. xxx. p. 209, 1887).] 

t Phil. Mag. vol. xvni. 1859, p. 172. 

X Liebig's Ann. vol. lxxviii. 1851. 
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same path. The apparent gathering together of the sheaf into a fine and 
well-defined stream is an effect of singular beauty. 

In certain cases where the tremor to which the jet is subjected is 
compound, the single path is replaced by two, three, or even more paths, 
which the drops follow in a regular cycle. The explanation has been given 
with remarkable insight by Plateau. If for example besides the principal 
disturbance, which determines the size of the drops, there be another of 
twice the period, it is clear that the alternate drops break away un er 
different conditions and therefore with different velocities. Complete 
periodicity is only attained after the passage of a poAi of diops, and thus 
the odd series of drops pursues one path, and the even series another. 
All I propose at present is to bring forward a few facts connected with 
the influence of electricity, which are not mentioned in my former com- 
munication. To it, however, I must refer the reader for further explana- 
tions. The literature of the subject is given very fully in Plateau’s second 
volume. 

When the jet is projected upwards at a moderate obliquity, the sheaf is 
(as Savart describes it) confined to a vertical plane. Under these circum- 
stances, there are few or no collisions, as the drops have room to cleai one 
another, and moderate electrical influence is without effect. At a higher 
obliquity the drops begin to be scattered out of the vertical plane, which 
is a sign that collisions are taking place. Moderate electrical influence will 
now reduce the scattering again to the vertical plane, by causing the 
coalescence of drops which come into contact. When the projection is 
nearly vertical, the whole scattering is due to collisions, and is destroyed 
by electricity. If the resolution into drops is regularised by vibrations of 
suitable frequency, the principal drops follow the same path, and unless the 
projection is nearly vertical, there are no collisions, as explained in my 
former paper. It sometimes happens that the spherules are projected 
laterally in a distinct stream, making a considerable angle with the mam 
stream. This is the result of collisions between the spherules and the 
principal drops. I believe that the former are often reflected backwards 
and forwards several times, until at last they escape laterally. Occasionally 
the principal drops themselves collide in a regular manner, and ultimately 
escape in a double stream. In all cases the behaviour under electrical 
influence is a criterion of the occurrence of collisions. The principal 
phenomena are easily observed directly, with the aid of instantaneous 
illumination. 

[1899. Further experiments upon jets are described in ProG. Roy. Soc. 
vol. xxxrv. pp. 130 — 145, 1882.] 
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Appendix I. 
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The potential energy P, estimated per unit length, is therefore ex- 
pressed by p = + - D •••■■ ( 16 )* 

T being the superficial tension. 

For the case oi = 0, (16) is replaced by 

P=:^7ra-^T(k^a‘^-l) 0 ^) 

From (IG) it appears that, when n is unity or any greater integer, the 
value of P is positive, showing that, for all displacements of these kinds, the 
orio-inal equilibrium is stable. For the case of displacements symmetrical 
about the axis, we see from (17) that the equilibrium is stable or unstable 
according as ka is greater or less than unity, le., according as the wave- 
length (27r//c) is less or greater than the circumference of the cylinder. 

If the expression for r in (12) involve a number of terms with various 
values of n and k, the corresponding expression for P is found by simple 
addition of the expressions relating to the component terms, and contains 
only the squares (and not the products) of the quantities a. 

The velocity-potential ((/>) of the motion of the fluid satisfies the 
equation 

d^cf> 

dr^ ^ r dr d6- ^ dz^ 

or, if in order to correspond with (12) we assume that the variable part 
is proportional to cos n6 cos kz, 


d^(f) 1 d(j) 

dr^ ^ r dr 




.(18) 


The solution of (18) under the condition that there is no introduction or 
abstraction of fluid along the axis of symmetry is 

(jj = Jw (ikr) cos nO cos kz, (Ifl) 

in which ^ = V(- 1)> is the symbol of the Bessel’s function of the 

nth order, so that 

2^V(n+l) 

The constant is to be found from the condition that the radial 
velocity when r = a coincides with that implied in (12). Thus 

ik ^nJn {ika) = donfdt ( 21 ) 

* [1899. If fc=0, the right-hand member of (16), corresponding to r=a.„-la,iCO8n0, needs to 
be doubled.] 


(l 4. 3 + ...I (20) 

f'^2.2n-f-2^2.4.2n-|-2.2n-f4 J 
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The Heetic energy of the motion is, by Green’s theorem, 

adSdz^i- 


4 'JTpz .ika .J^ (ika) (iha ) . / 3 ^ 2 . 
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whicli agree with the formulae used in the text. When n = l, there is no 
force of restitution for the case of a displacement in two dimensions. 

Oombining in the usual way two stationary vibrations, whose phases 
diffex* by a quarter of a period, we find as the expression of a progressive 


wavOj 


r = (Xq + 7«, cos nO cos hz cos pt + 7^ cos nd sin kz sin pt 
— ciQ + yn cos n 9 cos (pt — kz) 


For the application to a jet the progressive wave must be reduced to 
steacly motion by the superposition of a common velocity (t)) equal and 
opposite to that of the wave’s propagation. The solution then becomes 


r = a-o + 7«, cos n 6 cos kz, 


in wliich 7,1 is an absolute constant. The corresponding velocity-potential is 

<fi = —vz smkzcosnd (31) 

It is instructive to verify these results by the formulae applicable to 
steady motion. The resultant velocity q at any point is approximately 
equal to d^/dz; and 

^ = — y 4- cos kz cos n0. 

dz tkJn {%ka) 

At -the surface we have approximately r* = a, and 


Thus by the hydrodynamical equation of pressure, with use of (25), since 
V — 'pflC) 

Pressure = const. + yna-^T(n^ - l-f Pa®) cos kz cos n0 (32) 

The pressure due to superficial tension is T(Rr^ + R2 ^), if Ri, ^2, 
the radii of curvature in planes parallel and perpendicular to the axis; 

and from (30) 

_ -1 = d'^rjdz^ = - P7n cos 710 cos kz, 

2^-1 = 4. (Pr-'^ld0^- = a-" + ynor^ (n- - 1) cos oi9 cos kz ; 

so -that 

Pressure = const. -1- 7„a-=‘ (w® - 1+ Pa^ cos 7i9 cos kz. 

Th-ias the pressure due to velocity is exactly balanced by the capillary force, 
and. the surface condition of equilibrium is satisfied. 





40A 

OM THE CAPIEEAHY PHEHOMEHA OF JETS. 

Appendix II 

:r„r-?r :!■ - 
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Where. W ^ + 


where a„ a, are sm&U quantities relatively t ” ^ 

usual notatmn) represents the cosine of the colltit“de%)“““'''''® 

Tor the volume incMed within the surface (83) we have 

T = #w/__ l-j g 2 

approxrmately. If „ he the radius of the sphere of e,.ilihriun,. 

a* [1 + 3 (2n + l)-ia£/a2] 

We have now to calculate the area of the surface & 

Tor the first part ^ 

• jy<lf‘ = 2a,‘ + 2t(2n+l)-.^^., 

-T or the second part ' 

orZt:2': ■^=“»*-hand side may he found with , 

Thus + 

* L = i jy - 2a„> 

- iS» (« + 1) a^yp^::a/j = Sn(n + 1) (2n + l)-.a„=. 

* Todhunfcer’s Laplace's Functions, § 62. 
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S = 4i'Tra^ + 27r^ (2w +1) ^(n^ + n+2) an ; 


or, since by (34) 

a,^ = d^-^t{2n + l)-^an\ 

S = 4i'Tra^ + 27rS {n — 1) (n + 2) (2?i + 1)“^ c^n (35) 

If T be the cohesive tension, the potential energy is 

F^27rT^(n- 1) (n + 2) (2n + 1)“^^^^ (36) 

We have now to calculate the kinetic energy of the motion. The 
velocity-potential (f> may be expanded in the series 

(^ = /9o + /SiVPi {fl) + + if^) + • • • 3 (3*i^) 

and thus for K we get 

E = lj(fj^djS = ip. 27ra^ ^d/i=^ip.4!7ra\X (2n -h l)-^na^-^^n^. 

But by comparison of the value of d<f>ldr from (37) with (33), we find 
na^-^hn = danfdt ; and thus 

K = 27rpa^t {2n + ly^rr^ (dan/dty (38) 

Since the products of the quantities an and danidt do not occur in the 
expressions for P and K, the motions represented by the various terms 
occur independently of one another. The equation for is by Lagrange s 
method 


+n{n — 1) (n -H 2) —3 — 0 ; 

at“ 


so that, if an oc cos {pt 4- e), 


p'^ = n(n-l){n+2) — . 


The periodic time t given in the text (equation (10)) follows from (40) 
by putting r = 27rp~^, n — 2, V = ^ira^. 

To find the radius of the sphere of water which vibrates seconds, 
p ^ 27r, P = 81, p = 1, n = 2. Thus a = 2*54 centims., or one inch 
almost exactly. [1899. But a better value for T would be 74.] 
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ACOUSTICAL OBSERYATIONS. II. 


Pure Tones from Sounding Flames, 

The best approximation to a pure tone is doubtless that given by a 
held over a suitably tuned air resonator ; but unless the vibrations are m 
tainedj the sound is of but short duration, and varies in intensity througl 
On the other hand the introduction of an electro-magnetic maintenanc( 
in Helmholtz’s vowel experiments) somewhat complicates the appan 
For many purposes extreme purity and constancy of pitch are not import 
and thus an arrangement which shall be simple and easy to manage, i 
though less perfect in its operation than a tuning-fork, is still a desidera' 

During the last year I have often used with good effect air resont 
whose vibrations were maintained in a well-known manner by hydri 
flames. In the common form of the experiment an open cylindrical tul 
employed as resonator, and gives a sound, usually of a highly compc 
character. In order to obtain a pure tone, it is only necessary to replace 
tube by a resonator of different form, such as a rather wide-mouthed bi 
or jar ; but a difficulty then arises from the progressive deterioration cjf 
limited quantity of air included. A better result is obtained from a 
with a central expansion, such as a bulbous paraffin-lamp chimney, w 
allows of a through draught, and yet departs sufficiently from the cylind 
form to give a pure tone. For ready speech, it is sometimes neccssai 
restrict the lower aperture, e.g. by a bored disk of wood attached with 
Another plan which answers very well is to block the middle of a cylind 
tube by a loosely fitting plug. The tubes that I used are of cast iron, 
were plugged by rectangular pieces of wood provided with springs of 1 
wire to keep them in position. The length of the plug may be about 
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diameters of the tube ; the length of the tube itself should be about twelve 
diameters. In all cases the best result requires that the tubes through 
which the hydrogen is supplied be of suitable length, and he provided with 
suitable burners. These may be made of glass, and are easily adjusted by 
trial. 

For ordinary purposes a common hydrogen-bottle is sufficient ; but the 
note is rather more steady when the hydrogen is supplied from a gas-holder. 
In this way I have obtained pure tones, giving with tuning-forks pretty 
steady beats of more than two seconds’ period. When the intensities are 
nearly equal, the phase of approximate silence is very well marked. 


Points of silence near a wall from which a pure tone is reflected. 

On this subject there are two papers by N. Savart*, who advances views 
very difficult of acceptance. A criticism of some of Savart’s positions was 
published soon after by Seebeck ; but the question does not appear to have 
been thoroughly cleared up. 

One source of confusion is imperfect recognition of the fact that the 
positions of the silences depend upon the nature of the apparatus used for 
the investigation. In the case of the ear a silence requires that there be no 
variation of pressure at the open end of the ear-passage, whether it be in its 
natural state, or prolonged by a tube fitted into the external ear. The 
addition of a small cone or resonator will not affect the truth of this state- 
ment. Thus, if the influence of the head and body of the observer acting as 
simple obstacles be put out of account (as may fairly be done when a tube is 
used), the silences occur at distances from the wall which are odd multiples 
of the quarter wave-length -j*. On the other hand, if a membrane simply 
stretched over a hoop and held parallel to the wall be used as the indicator, 
the positions of zero disturbance are at distances from the wall equal to even 
multiples of the quarter wave-length. 

In the theory of organ-pipes the places of zero velocity and of maximum 
pressure- variation are usually called nodes ; and the places of zero pressure- 
variation and of maximum velocity are called loops. If we retain this 
nomenclature, we may say that silences as investigated by the ear occur at 
loops, and that the maximum sound is found at nodes ; but in Savart’s papers 
the silences are identified with nodes. Moreover the difference is not one of 
words merely ; for Savart considers that (apart from the effects of obstacles) 
the silences are to be found at distances from the wall which are even 
multiples of the quarter wave-length. A large part of his work is thus an 

* Ann. d. Ghim. vol. ixxi. 1839, vol. xiv. 1845. 

t The waves are here supposed complete. Savart’s “ondes” are only half as long. 

26—2 
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eadeavour to bring the facts into accordance with a mistaken the 
view. 

When the median plane is parallel to the wall, the obstrnction ™ 
by the head displaces considerably the positions of the silences In I 
paper Savart proposes to add 27 mm. to the measured distances' betw< 
external ear nearer to the wall and the wall itself, in order to take s 
of the interval between the external ear and the sentient apparatus 
^se of the ear further from the wall a similar distance is to he subt 
I am at a loss to understand how the situation of the sentient apnarat 
be supposed to be an element in the question at all, Evorythins 
surely depend upon whether there is or is not a variation of pressure 
outer end of the ear-passage. In the second paper Savart takes (as it a 
to me) a further step in the wrong direction. He states that the p 
0 e silences axe the same, whether they be observed with the ear 
to the wall or with the ear further from it, and draws the conolu, 
the part of the head with which we have to deal is that situate,, , 
median plane midway between the ears. Having already added 
his measuremente (in the case of the ear nearer to the wall) to a 
of the distance between the external ear and the labyrin4. he 
60 mm. more. By this artificial treatment the distances of the ,sile 
the wall are made to agree with the series of even multiples of 
wave-length, though considerable anomalies remain unexplained. 

There can be no doubt, I imagine, that Savart’s theoretica 
quite erroneous, and that what has to be explained by the action 
as an obstacle is the displacement of the silences from the lo 
from the nodes. An exact theoretical investigation of this s 
course out of the question j but some information bearing upon 
obtained from a calculation given in my Theory of Sound, S 328, 
the character of the obstruction to sound presented by ricrid 
appears that if a source of sound be situated at the surface of a sp 
circumference is moderate in comparison with the wave-length, 
(which is the element on which the phenomena under considcra- 
pally depend) at a distance is approximately the same as if tho s( 
moved outward from the surface through a distance equal to half t 
aM the sphere were removed altogether. By the theorem of 
§ 294, it follows that in the case of reflection of plane waves there 
at the point on the surface of the sphere nearest the wall whe. 
point itself, hut another further from the centre by half the radius 
from the wall by an odd multiple of the quarter wave-length, pro' 
the distance between the sphere and wall be not too small a mu 
radius. Instead therefore of adding with Savart 27 mm., or 77 
observed distances in the expectation of so arriving at even muli , 
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quarter wave-length, we ought rather to subtract some such distance as 
50 mrn. in the expectation of arriving at odd multiples of the same quantity. 

The following are some of Savajt’s results given in the first paper : — 


Designations des divers 
points. 

Paroi. 

1^' ventre. 

1’^' ncEud. 

2“^ ventre, 
noeud. 
ventre, 
noeud. 
ventre. 


2 -= 

4 “ 

4® noeud. 


Distances des points 
a la paroi. 
m&tres. 

0-000 

•148 

•373 

-716 

1-000 

1-358 

1-615 

1- 997 

2- 275 


If we subtract 27 -1- 50 (= 77) from Savart’s numbers for nodes we get 
•296, 

corresponding to 

i (-619), 

•309, 


or to 


•923, 

1-538, 

2-198, 

fC619), 

10619), 

U-619), 

•927, 

1-546, 

2-163; 


•619 being the value of the half-wave (onde). The “ventre” between the 
wall and the first node does not belong to the regular system at all. 

From a theoretical point of view, it appeared to me highly improbable 
that the silences for the two ears should occur in the same position of the 
head, except perhaps in the case of a particular wave-length equal to about 
three diameters ; and laboratory experiments with steadily maintained tones 
had made me familiar with the phenomenon of sounds apparently trans- 
ferring themselves from one ear to the other when the head is moved ; but I 
thought it desirable to try a few experiments in the open air especially 
directed to the examination of this point. 

The source of sound was a lamp-chimney and hydrogen-flame, as described 
above, of pitch e' flat, so that the quarter wave-length was about eleven 
inches. The apparatus was placed at distances varying from about 18 to 
50 feet in front of a tolerably flat wall; and the observer, with one ear 
stopped, investigated the positions of the silences, holding the middle plane 
of his head parallel to the wall. Although the positions of the silences were 
not very well defined, presumably in consequence of unequal amplitudes of 
the superposed vibrations, the most inattentive observer could not fail to 
notice that it was necessary to move the head considerably in order to pass 
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from a place where the sound was a minimum for 
it was a minimum for the other ear. We may 
Savart s statement is not generally true, and that 
founded upon it have no sufficient claim upon our ac 

When the median plane of the head is perpen 
silences are observed at distances which are odd n 
wave-length, agreeably with theory. 


Sensitive Flames. 

The beautiful phenomenon of aensitiye flames is now familiar to f 
of acoustics; but its rationale is by no means nndei-stood. An itt 
contribution to the facts, from which some day a theory will doiibtle 
IS contained m the observation of Prof, Tyndall as to the "seat of sc 
ness. My present purpose is to bring forward another fact which i 
probably be found important. It may be thus stated. Under the a 
stationary sonorous waves a flame is excited at loops and not at nodes. 

„ i/nf contrivance on the principle of tl 

call blown from a weU-regulated bellows. Probably a very high org 

or wtotle might be employed ; but it is necessary to use a neariy pur 
and pitch rnust be high, or the flame will be not affected siiffi 
a distance of a few feet the sound was reflected perpendicularly 
large board. The flame itself was that called by Tyndall the vowel 
issumg from a pin-hole steatite burner fed from a gas-holder with 


I'irst position 

& 

16* 

16, 

16i 

16 

• „ 16 

164 

16-25 

Second position ... 


31, 

314. 


.. 314^ 


15^7 

Hi 

(E. 

32i 

31, 

32 ... 

31|i 


kI 

Third position ... 

f- 

47, 

474. 


» 474/ 



h| 

(E- 

46* 

47, 

454... 

» 4641 

46| 

16 '6 


Fourth position ... 

(J. 

(B. 

62, 

64, 

624 . 
604, 

624.,. 

.. 624/ 

» 6241 

624 

16-6 


1 JB'ifth position .. 
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78J 

00 


}} 78J 

784 
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The second column contains the individual measurements by the two 
observers ; the third shows the mean of all the results for the same position. 
The numbers in the fourth column are the results of dividing those of the 
third column by 1, 2, 3, 4, 5, respectively, and agree very well together, 
proving that the positions coincide with nodes. If the positions had coincided 
with loops, the numbers of the third column would have been in the ratios 
1 ; 3 : 5 : 7 : 9. The wave-length of the sound was thus 31‘2mm., corre- 
sponding to pitch 

A few observations were made at the same time on the positions of the 
silences, as estimated by the ear listening through a tube. As was to be 
expected, they coincided with the loops, bisecting the intervals given by the 
flame. When the flame was in a position of minimum effect, and the free 
end of the tube was held close to the burner at an equal distance from the 
reflecting wall, the sound heard was a maximum, and diminished when the 
end of the tube was displaced a little in either direction. It may therefore 
be taken as established that the flame is affected where the ear would not be 
affected, and vice versd. 

Aerial Vibrations of very Low Pitch maintained by Flames. 

In a lecture “ On the Explanation of certain Acoustical Phenomena*,” 
I showed the production of a pure tone of about 95 vibrations per second 
from a glass resonator and a hydrogen-flame. With a larger resonator of the 
same kind — a globe with a short neck, intended for showing the combustion 
of phosphorus in oxygen, the pitch is 64 vibrations per second. I have lately 
made some further experiments, with the view of finding whether there is 
any obstacle to the maintenance by flames of vibrations of still lower 
frequency. The resonator, whose natural pitch is 64, was fitted with a paste- 
board tube 2 inches in diameter and 14 inches long. In this condition its 
calculated frequencyf* is about 25 ; and it was found that vibrations could be 
maintained by a hydrogen-flame, or even by a flame of common gas. The 
supply-tube should be of considerable length ; and the orifice must not be 
much contracted. Although the intensity of vibration was such as to make 
it a matter of difficulty to keep the flame alight, scarcely anything could be 
heard. I saw no reason to doubt that still slower vibrations might be main- 
tained by flames. 

In illustration of the mechanics of this subject, an apparatus was con- 
trived, in which by the aid of electricity a periodic communication of heat to 
a limited mass of air could be effected. By means of a perforated cork one 
leg of a U-tube containing mercury was fitted air-tight to the neck of an 

* Proceedings of the Eoyal Institution, March 15, 1876. Nature, vol. xvin. p. 319. [Art. lv.] 

t Theory of Sound, vol. ii. § 307 (8). [1 inch=2'54 cm,] 
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inverted bottle of about 200 cub. centims. capacity. The diameter of the 
CO limn of mercury was about 1 centim., and the length of the column about 
^6 centims. The combination constituted a resonator, differing from an 
ordinary air resonator by the substitution of mercury for air in the channel 
joining the interior of the vessel with the external atmosphere. Inside the 
bottle was a spiral of fine platinum wire, at one end in communication 
rough the cork with one pole of a battery of two or three small Grove cells, 
he other end of the platinum spiral was connected with a copper wire 
which terminated in the U-tube near the equilibrium positio^ of the 
mercury sui ace. The second pole of the battery was in permanent con- 
nexion with the outer extremity of the mercury column. As the mercury 
vibrates, the circuit is periodically completed and broken. The current 
passes, and the platinum wire glows, when the mercury rises in the leg 
connected mth the bottle. Thus the communication of heat occurs when 
he an in the interior is condensed by the vibration, which is the necessary 
condition for maintenance, as is explained in the lecture referred to. 

JR/ijhe’s Notes on a large scale. 

R.-jiJ'iif “ tibes by heated gauze was discovered by 

Jke , aad is perhaps the most interesting of all the cases in which vibra- 
tions are mamtained by heat. The probable explanation is given in the 
Boyal-Institutiou lecture. It is surprising that the phenomenon is not more 
genera y nown, as on a large scale the effect is extremely striking. I have 
employed a cast-iron pipe 5 feet long and 4} inches in diameter, hung over a 

afout ^ r"! laboratory. The gauze (iron wire) is of 

. 0® 0 e linear inch, and may advantageously be used in two 

icknesses. It ^should be moulded with a hammer on a circular wooden 
block of somewhat smaller diameter than that of the pipe, and will then 
retain its position m the pipe by friction. When it is desired to produce the 
sound, the gauze caps are pushed up the pipe to a distance of .about a foot, 

loll* a large rose-burner is adjusted underneath, at such a 

level as to heat the gauze to a bright red heat. For this purpose the vertical 
tube of the lamp should be prolonged, if necessary, by an additional length of 
ss^ u mg. n making the adjustment a more convenient view of the 
hlir obtained with the aid of a small piece of looking-glass 

inde imdcrneath. Sometimes a sound is excited by the flame itself 

+ 1 , ^ ^ ^ ^ gauze. This should be avoided if possible, as it impedes 

the due heatmg of the gauze. When a good red heat is attained the flame 
IS suddenly removed either by withdrawing the lamp or by stopping the 
supply of gM. In about a second the sound begins, and presently rises to 
such intensity as to shake the room, after which it gradually dies away. The 
whole duration of the sound may be about 10 seconds. 

* Poffff- Ann. evil. 339, 1859. 
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Mutual Influence of Organ-Pipes nearly in unison. 

The easiest way of approaching the consideration of this subject is to 
take the case of an open or stopped pipe, divided into two similar parts by a 
rigid barrier along its middle plane. In the absence of the barrier, the 
vibrations of the two halves under the action of the wind are in the same 
phase ; and at first sight there appears to be no reason why this state of 
things should be disturbed by the barrier. Nevertheless it is well known to 
physicists that the two halves do in fact take opposite vibrations, with the 
result that the sound in the external air at a distance from the compound 
^ pipe is a small fraction only of that due to either half acting alone. In the 

i pipe itself the vibration is more, and not less, intense on account of the 

barrier. It is true that at the very beginning of the sound, when the wind 
first comes on, the vibrations in the two halves are similar, as is evidenced 
I by the greater loudness ; but the opposition of phase is rapidly established, 

s usually in a fraction of a second of time. As a system with two degrees of 

I freedom, the compound pipe is capable of two distinct modes of vibration, in 

[ one of which the vibrations of the component pipes are in the same phase, 

I and in the other in opposite phases. Why the action of the wind should 

i maintain the latter mode of vibration to the exclusion of the former has not 

|i hitherto been explained j but the fact remains that that mode of vibration, 

! which depends for its possibility upon the barrier, is chosen in preference to 

^ the other mode, which is not dependent upon the barrier, and in the absence 

I of the barrier is the one necessarily adopted. 

; The two possible modes of vibration have, as in almost all such cases, two 

5 distinct periods of vibration, the difference depending upon the behaviour of 

the air just outside the open ends. In consequence of the inertia of the 
external air at an open end, the effective length of a pipe exceeds its actual 
length by about six-tenths of the radius. The increment of effective length 
is therefore greater in the case of the compound column of air when its parts 
vibrate in the same phase, than it would be for either of the parts if removed 
from the influence of the other. On the other hand, when the vibrations are 
in opposite phases, the increment must be much less, one component pipe 
absorbing the air discharged from the other. Accordingly one note of the 
compound pipe is graver, and the other, which is the one actually sounded, is 
f more acute, than tlie natural notes of the component pipes when supposed to 

I act independently of one another. 

I In order to show this effect it is not necessary that the two pipes be 

i similar, or even of exactly the same pitch. If two pipes in approximate 

' unison be placed so that their open ends are contiguous, a mutual influence 

is exerted, which is usually suffcient to prevent the production of beats. 
The examples about to be given will show that the unison need not be 
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exact; but the greater the deviation from unison, the more intense is the 
residual sound. Beyond the limit of the admissible departure from unison, 
beats ensue ; but at first they are irregular, and liable to be disturbed by 
very slight causes, such as draughts of air. According to theory, the 
frequency of the beats ought to be a little greater than the difference of the 
frequencies of the notes given by the pipes independently ; but I have not 
been able to detect the difference experimentally. It would therefore seem 
that over most of the range for which the mutual influence is sensible and 
regular, it is sufficiently powerful to prevent more than one note being 
sounded. 

In the experiments that I have tried, the pipes were blown from a 
bellows provided with a special regulator, and the pitches of the various 
notes were determined by counting the beats for 20 seconds between them 
and a somewhat sharper note on a harmonium. Sometimes the blown ends 
of the pipes were near together, and sometimes (in the case of open pipes) 
the unblown ends ; but during the course of an experiment the positions of 
the pipes were not altered. In order to prevent a pipe speaking, I placed 
some cotton-wool over the wind-way, and sometimes inserted a stopper; so 
that the pitch of the pipe as a resonator was entirely altered. The following 
are the details of some of the observations : 

^ X Sept. 23. Open metal pipes about 2 feet long, one of them provided 
with an adjustable paper slider for modifying the pitch. Blown ends near 
one another; unblown ends distant. 

Beats per second with harmonium-note. 

One pipe alone. Other pipe alone. Both pipes together. 

5-0, 4-8 3-2, 3‘1 ; 

ill given by both pipes together is decidedly sharper than 

those of the separate pipes. 

II. Sept 23. Same pipes as in I. Unblown ends near one another; 
blown ends distant. 


Beats per second with harmonium-note. 


One pipe alone. 

4-8 


Other pipe alone. 

5*1 


Both pipes together. 
3-8 


of alL Kes. 

Beats per second with harmonium-note. 

together. 

515,5-20 5-30,5-45 5-00,5-15 


^ ^ -- ■ - : 
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The note of both pipes together is somewhat higher than the notes of 
the single pipes. 

IV. Sept. 26. Same pipes. Unblown ends near ; blown ends distant. 

Beats per second. 

One pipe alone. Other pipe alone. . Both pipes together. 

5-80, 5-85 7-15, 7-50, 7-45 5-35, 5-60, 5-45 

V. Sept. 26. Two bottles, tuned with water to about g, were blown by 
wind issuing from flattened tubes connected with the bellows by lengths of 
india-rubber tubing. When the bottles were sufficiently removed from one 
another, the mutual influence was very small, being insufficient to prevent 
the formation of slow and pretty steady beats of about four seconds’ period. 
This experiment shows that the mutual influence depends upon the proximity 
of the open ends of the pipes, and not upon any effects propagated through 
the supply-pipes leading from a common bellows. 

Some further remarks on this subject will be found in a paper read 
before the Musical Association, Dec. 2, 1878. Reference may also be made 
to some allied experiments by Gripon^, with which I have only lately become 
acquainted. They appear scarcely to extend to the case with which I have 
pi'incipally occupied myself, namely that in which both pipes are blown. 
M. Gripon had, however, anticipated me in the experimental determination 
of the effect of a flange in modifying the correction for an open endf of a 
pipe. 

Kettledrmis. 


The theory of the vibrations of uniform and uniformly stretched flexible 
circular membranes, vibrating in vacuo, has been known for many yearsj. 
In practice deviations from such theoretical results are to be expected, if 
only in consequence of the reaction of the air, which must operate with 
considerable force on a vibrating body exposing so large a surface in propor- 
tion to its mass. In the case of kettledrums, the problem is further com- 
plicated by the action of the shell, which limits the motion of the air on one 
side of the membrane. 

From the fact§ that kettledrums are struck; not in the centre, but 
at a point about midway between the centre and edge, we may infer that the 
vibrations which it is desired to excite are not of the symmetrical class I 
find, indeed, that the sound undergoes little, if any, change when the centra 
point is touched by the finger. Putting therefore the symmetrical vibrations 


* Ann. d. Ghim. vol. m. p. 371, 1874. 
t Phil. Mag. June, 1877. [Art. xlvi. p. 319.] 

± Theory of Sound, ch. ix. , . • i, i ana 

§ De Pontigny. Proceedings of the Musical Association, Feb. 1876, 
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out of account, we have to consider the parts played by vibrations of th. 
following modes :-(l) that with one nodal diameter and no nodal circle 
(2) that with two nodal diameters and no nodal circle; (3) that with three 
nodal diameters and no nodal cii-cle; (4) that with one nodal diameter and 
one nodal circle, &c The investigation proved to be of greater difficulty 
an I had expected, partly m consequence of the short duration of the 
sounds. Better ears than mine are liable to be puzzled in attempting to 
analyse compound sounds of such complication and irregularity. The follow- 
mg results, however, are believed to be trustworthy. 

corresponding to 

(2) IS abont a fifth higher; that of mode (.3) is about a major seventh above 
imnerf^r^"^ tone ; the tone of mode (4) is a httle higher again, forming an 
mpe feet octave with the principal tone. Jfor the corresponding modes of a 

ren^ Vibrating M the theoretical intervals are those 

represented by he ratios 1-84, 1-66. 1-88, or about a fourth, a major sixth, 

Xective" " ““or seventh! 

svatem^2’+o™™*“® T ^ important to bear in mind that the 

InoritiL of rVT ““P®cnts coincide only on the 

k Tffio T ! Tf ^ the requirement of symmetiy 

eenefllvL / “ approximately; and thus it is that beats are 

freouenov cf vibrations of nearly equal 

frequency. For the purpose of identifying the various modes, the Lnt of 

moT?? 'f than otherwise. In the ease of the gravest 

mode I fastened with cement a small load (a halfpenny) to a point of the 
membrane situated about halfway between its centre and edge. In this way 

Iv rTbfr'^ ^ ‘hem (Z 

fhe load tf i™® Y “ “’““g the diameter through 

dkmitef’ W fb ^ perpendicular 

tonrZ ^ "®®®“=“®‘' *«“d to the pitch of the subordinate 

nZision bv fi T*''' r “®^®® ’’® "‘I* g“‘-t 

precision by the absence of beats. With a resonator tuned to a pitch 

Wow if gZ"™! r" *‘’“®®- ‘''® ^®'‘*® “®®* *hef the 

formJbv hZ : FT ““‘® ®“® *"0 four quadrants 

disWt Ws ‘>«t the position necessary for the most 

“n oTl T' T '‘I- the 

situation of the observer. It may be remarked that, provided the deviation 

ted, whether a blow be delivered at any point, or at the other point on' 

bt steTZ Z ' fr®“ the centre; and vibrations excited 

^tf no2 I T '^™P®'1 ‘’y hiuching the other. The other modes 
w th nodal diameters only were identified in a similar way. The mode (4) 

with a nodal circle is known by the cessation of sound at I particular point 
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when various places along a radius are tried 5 on either side of this point the 
sound revives. 

The drum that I examined is of about 25 inches diameter ; and the form 
of the shell is nearly hemispherical. During the experiments the pitch of 
the principal tone was about 120 vibrations per second. The vibrations were 
excited by a small wooden hammer, such as is used for harmonicons, the head 
being covered with cotton-wool tied on with string. For the graver tones 
the thickness of the cotton-wool may with advantage be greater than for 
higher tones. 

I am not in a position to decide the question as to the function of the 
shell; but I think it at least doubtful whether it introduces any really 
advantageous modification into the relations of the component tones. It is 
possible that its advantage lies rather in obstructing the flow that would 
otherwise take place round the edge of the membrane. It must be remem- 
bered that the sounds due to the various parts of a vibrating membrane 
interfere greatly. In the case of a membrane simply stretched upon a hoop, 
and vibrating away from all obstacles, no sound at all would be heard at 
points in the prolongation of its plane. And even when there is a shell, no 
sound would be heard at points on the axis of symmetry, at least if the 
symmetrical vibrations may be left out of account. 


The j^Eolian Harp. 

So far as I am aware, it has always been assumed by writers who refer to 
this subject that the vibrations of the string are in the plane parallel to the 
direction of the wind ; and, indeed, the action of the wind in maintaining the 
motion is usually explained as the result of friction, and as analogous to the 
action of a violin-bow. It is more than a year since I made some experi- 
ments with the view of testing a suspicion of the incorrectness of this view ; 
and I then arrived at the conclusion that the vibrations are in fact executed 
in the plane perpendicular to the direction of the wind. I suppose for 
simplicity that the length of the string is perpendicular to Ifiie direction 
of the wind, as is usually the case in practice. Recently I have repeated 
these experiments in an improved form, and with confirmatory results. 

The best draught is that obtained from a chimney. In my later experi- 
ments a fireplace was fitted with a structure of wood and paper, which could 
prevent all access of air to the chimney, except through an elongated 
horizontal aperture in the front (vertical) wall. The length of the aperture 
was 26 inches, and the width 4 inches ; and along its middle a gut string 
was stretched over bridges. The strength of the draught could be regulated 
by slightly withdrawing the framework from the fireplace, so as to allow the 
passage of air to the chimney otherwise than through the slit. 
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%ht ^ obtained from a fragment of a silvered bead 
attaobed to the strmg with wax. and illuminated by a suitably placed candle, 
and was observed m the direction of the length of the string through an 
extemporaed telescope. In this way there could be no mistake as to the 
actud plane of vibration, or uncertainty as to the direction of the wind over 
the string. The path of the point of Ught was seen to be nearly rectilini 

naaTarf ths wind. Sometimes the 

path was sensibly elliptic with the major axis vertical. 

When a string is stretched across the slit at the bottom of a sUghtlv 
^en window there IS usually some difficulty in determining the aiua^ 
nection of the wind where it plays upon the string. On a still night, and 
mth a regular fire the sound is sometimes steady for a long time, but it is 
wonderfully sei^itive to the slightest changes to the drfught On Le 
occasion it was found impossible to open a distant door so slightly as not to 

thrown upon the 

fire (which w^ burning without flame) altered the draught sufficiLly to 

cwt7“lt is“th combustion had passed up the 

cient SensL of th7'®“?''^7 7 “™«- 

the harp in t4 open ai“ ^‘‘tirfactory performance of 
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INVESTIGATIONS IN OPTICS, WITH SPECIAL REFERENCE 
TO THE SPECTROSCOPE. 


{Phil Mag. VIII. pp. 261—274, 403—411, 477—486, 1879; 

IX. pp. 40—65, 1880.] 

§ 1. Resolving, or Separating, Power of Optical Instruments. 

According to the principles of common optics, there is no limit to 
resolving-power, nor any reason why an object, sufficiently well lighted, 
should be better seen with a large telescope than with a small one. In order 
to explain the peculiar advantage of large instruments, it is necessary to 
discard what may be looked upon as the fundamental principle of common 
optics, viz. the assumed infinitesimal character of the wave-length of light. 
It is probably for this reason that the subject of the present section is so 
little understood outside the circles of practical astronomers and mathe- 
matical physicists. 

It is a simple consequence of Huyghens’s principle, that the direction of 
a beam of limited width is to a certain extent indefinite. Consider the case 
of parallel light incident perpendicularly upon an infinite screen, in which is 
cut a circular aperture. According to the principle, the various points of the 
aperture may be regarded as secondary sources emitting synchronous vibra- 
tions. In the direction of original propagation the secondary vibrations are 
all in the same phase, and hence the intensity is as great as possible. In 
other directions the intensity is less; but there will be no sensible dis- 
crepancy of phase, and therefore no sensible diminution of intensity, until the 
obliquity is such that the (greatest) projection of the diameter of the aperture 
upon the direction in question amounts to a sensible fraction of the wave- 
length of the light. So long as the extreme difference of phase is less than 
a quarter of a period, the resultant cannot differ much from the maximum ; 
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and thus there is little to choose between directions making with the 
principal direction less angles than that expressed in circular measure by 
dividing the quarter wave-length by the diameter of the aperture. Direct 
antagonism of phase commences when the projection amounts to half a wave- 
length. When the projection is twice as great, the phases range 
complete period, and it might be supposed at first sight that the 
waves would neutralize one another, 
ponderance l 

not occur until a higher obliquity is 

This indefiniteness of direction is 
tion” by the edge of the aperture- 
misleading. From the point of vie 
indefiniteness that requires ex^ 
amount. 

If the circular beam be received upon a perfect lens, an image is forme 
in the focal plane, in which directions are represented points. Thp ima^ 
accordingly consists of a central disk of light, surrounded by luminous rinj 
of rapidly diminishing brightness. It was under this form that the proble 
was originally investigated by Airy*. The angular radius 6 of the centr 
disk is given by 

0 = 1-2197 A (1) 


over a 
secondary 

In consequence, however, of the pro- 
of the middle parts of the aperture, complete neutralization does 

reached. 

somei'iraob said to be due to “ diffrac- 
-a mode ol expression which I think 
w of the wave-theory, it is not tho 
:planation, but rather the smallness of its 


in which X represents the wave-length of light, and 2J2 the (diameter of the 
aperture. 

In estimating theoretically the resolving-power of a telescope on 
double star, we have to consider the illumination of the field due^ to th 
superposition of the two independent images. If the angular intervf 
between the components of the star were equal to 20, the central disi 
would be just in contact. Under these conditions there can be no doul 
that the star would appear to be fairly resolved, since the brightness of tl 
external ring-systems is too small to produce any material confusion, unloi 
indeed the components are of very unequal magnitude. 

" The diminution of star-disks with increasing aperture was observed I 
W. Herschel ; and in 1823 Fraunhofer formulated the law of inverse propo 
tionality. In investigations extending over a long series of years, tl 
advantage of a large aperture in separating the components of close doub 
stars was fully examined by Dawes'f'. In a few instances it happened that 
small companion was obscured by the first bright luminous ring in the imaj 
of a powerful neighbour. A diminution of aperture had then the effect 
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bringing the smaller star into a more favourable position for detection ; but 
in general the advantage of increased aperture was very apparent even when 
attended by considerable aberration. 

The resolving-power of telescopes was investigated also by Foucault* * * § , 

, who employed a scale of equal bright and dark alternate parts : it was found 
to be proportional to the aperture and independent of the focal length. In 
telescopes of the best construction the performance is not sensibly prejudiced 
by outstanding aberration, and the limit imposed by the tiniteness of the 
waves of light is practically reached. Verdetf has compared Foucaults 
results with theory, and has drawn the conclusion that the radius of the 
visible part of the image of a luminous point was nearly equal to the half of 
the radius of the first dark ring. 

Near the margin of the theoretical central disk the illumination is 
relatively very small, and consequently the observed diameter of a star-disk 
is sensibly less than that indicated in equation (1), how much less depending 
in some measure upon the brightness of the star. That bright stars give 
larger disks than faint stars is well known to practical observers. 

With a high power, say 100 for each inch [2*54 cm.] of aperture, the 
sharpness of an image given by a telescope is necessarily deteriorated, the 
apparent breadth of a point of light being at least 8|- minutes. In this case 
the effective aperture of the eye is inch. In his paper on the limit of 
microscopic vision];, Helmholtz has shown that the aperture of the eye 
cannot be much contracted without impairing definition — from which it 
follows that the limit of the resolving-power of telescopes is attained with a 
very moderate magnification, probably about 20 for each inch in the aperture 
of the object-glass or mirror. 

We have seen that a certain width of beam is necessary to obtain a given 
resolving-power 5 but it does not follow that the whole of an available area of 
aperture ought to be used in order to get the best result. As the obliquity 
to the principal direction increases, the first antagonism of phase which sets 
inis between secondary waves issuing from marginal parts of the aperture; 
and thus the operation of the central parts is to retard the formation of the 
first dark ring. This unfavourable influence of the central rays upon 
resolving-power was well known to Herschel, who was in the habit of block- 
ing them off by a cardboard stop. The image due to an annular aperture 
was calculated by Airy ; and his results showed the contraction of the central 
disk and the augmented brightness of the surrounding rings §. More recently 


* Ann. de VObserv. de Paris, t. v. 18S8. 

+ Legons d’Optique Physique, t. i. p. 309. 

J Pogg. Ann. Jubelband, 1874. 

§ See also A 8 tro 7 i. Month. Notices, xxxiii. 1872. [Art. xix.] 
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this subject has been ably treated by M. Ch. Andr4*, who has especially 
considered the case in which, the diameter of the central stop is half the full • 
aperture. How far it would be advantageous to carry the operation of 
blocking out the central rays would doubtless depend upon the nature of the 
object under examination, Near the limit of the power of an instrument a 
variety of stops ought to be tried. Possibly the best rays to block out are 
those not quite at the centre (see § 2), 

The fact that the action of the central rays may be disadvantageous 
show’s that in the case of full aperture the best effect is not necessarily 
obtained when all the secondary waves arrive in the same phase at the focal 
point. If by a retardation of half a wave-length the phase of any particular 
ray is reversed, the result is of the same character as if that ray were 

stopped. Hence an exactly parabolic figure is not certainly the best for 
mirrors. 

image of a luminous line cannot be immediately 
^ A ^ luminous point. It has, however, been investigated 

y ■ ^ finds that the first minimum of illumination occurs at a 

somew at ower obliquity than in the case of a point. A double line is 
^ erefore probably more easily resolvable than a double point; but the 

erence IS not great. In the case of a line the minima are not absolute 
zeros of illumination. 

§ 2. Recto/ngulcLr Sections. 

reotang„kr section 

are ^pler m theory than when the section is circular; and they have a 
practi^l application in the spectroscope, when the beam is limited by prisms 
or gratings rather than by the object-glasses of the telescopes ^ 

andtrn;:r 3 iSnt: tf: 

ia such It reT^“ir:fteTotr: 

an obliquity twice as great the ■nha<a#»c ^ ®qiial to At 

since aU parts of the horizontal apeHure Awfan If ^ ^ 

this dir^tion a complete absenoT olXmilltion ^ “ 

illumination occum in every horizontal difpnf ^ ^ of 

of a amounts to an exact multiple of A which the projection 

*ble to all oblique 

Xspons. t, 1. p. 365, If the focal length of the len; 
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be /, the illumination at a point in the focal plane whose horizontal and 
vertical coordinates (measured from the focal point) are 17, is given by 

sin^ (7ra^/X/) sin? (Trhrj/Xf) 

^ Xy* 7r26V/>“y" ’ ^ ^ 

the intensity of the incident light being unity. The image is traversed by 
straight vertical and horizontal lines of darkness, whose equations are respec- 
tively 

sin (vraf />/") = 0, sininrbTjjXf) — 0 (2) 

The calculation of the image due to a luminous line (of uniform intensity) 
is facilitated in the present case by the fact that the law of distribution of 
brightness, as one coordinate varies, is independent of the value of the other 
coordinate. Thus the distribution of brightness in the image of a vertical 
line is given by 

r,.7 a% sin? 



the same law as obtains for a luminous point when horizontal directions are 
alone considered. It follows from (3) that in the spectroscope* the definition 
is independent of the vertical aperture. 

In order to obtain a more precise idea of the character of the image of a 
luminous line, we must study the march of the function sin® u. The roots 
occur when it is any multiple of tt, except zero. The maximum value of the 
function is unity, and occurs when it = 0. Other maxima of rapidly diminish- 
ing magnitude occur in positions not far removed from those lying midway 
between the roots. The image thus consists of a central band of half width 
corresponding to w = 7r, accompanied by lateral bands of width tt, and of 
rapidly diminishing brightness. The accompanying Table and diagram 
(fig. 1) will give a sufficient idea of the distribution of brightness for our 
purpose. 

Table I. 


* [1899. Where the edges of the prisms are verticjah] 


27—3 
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The curve ABOD represents the values of «-■ sin» rt from a = 0 to « = 

he part corresponding to negative values of « is similar, OA being a 
01 symmetry. ° 

Fig. 1. 
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Stt. 

lino 




donblfl^ T distribution of brightness in the image of a 

ol'cCni: ‘‘'iroT VY T 

ing half the combined brightnesses kE^EF ’>! t ' T™ 
to Vinf. "“guesses is B BBF. The brightness (corresponding 

- 2 . 

limit of closenf^tf af Ta- consider this to be about the 

ti“n The ohir 1 I appearance of resolu- 

^onda™^" oon-esponding to n = . is such that the phases of the 

elude tha? 7 , ® "P“ ™e wave-length. We con- 

neoessarvtosec, ^ piactiee somewhat more favourable conditions are 
nectary to secure a resolution that would be thought satisfactory. 

a. iea^a^f'rtl^r"^ between the components of the double line be half 
viz (2 X •0901'! as a ■ bnghtness in the middle is -1802, 

a falling off n The m^d Such 

the angl lb“euded W L""* “ 

S nded ^by the components of the double line be twice that 

the angle defined in should not exceed a moderate fraction of 

in me text. If full resolving-power be wanted, 
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subtended by the wave-length at a distance equal to the horizontal aperture, 
the central bands are just clear of one another, and there is a line of absolute 
blackness in the middle of the combined images. 

On the supposition that a certain horizontal aperture is available, a 
question (similar to that considered in § 1) arises, as to whether the whole of 
it ought to be used in order to obtain the highest possible resolving-power. 
From fig. 1 we see that our object must be to depress the curve ABGD^ at 
the point B. Now the phase of the resultant is that of the waves coming 
from the centre ; and at the obliquity corresponding to B the phases of the 
secondary waves range over half a period. It is not difficult to see that the 
removal of some of the central waves will depress the intensity-curve at B, 
not only absolutely, but relatively to the depression produced at In 
order to illustrate this question, I have calculated the illumination in the 
various directions on the supposition that one-sixth of the horizontal aperture 
is blocked off by a central screen. In this case the amplitude is represented 
by the function /, where 

f = u~^ {sin — sin (^W')}, (‘^) 

and, as usual, the intensity is represented by f^. 

Table II. 


u 

f 


u 

/ 


0 

+ •8333 

1-0000 

iir 

- -2729 

•1072 

Jtt 

•7342 

•7763 

2 x 

•1378 

•0274 


•4717 

•3206 

f X 

- -0307 

•0014 

fir 

+ •1377 

•0273 


•0000 

•0000 

f X 

•0000 

•0000 


+ •0043 

•0000 

TT 

- -1592 

•0365 

• l^x 

•0000 

•0000 

•Itt 

•3351 

•1617 

-V-»r 

-•0329 

•0016 

lx 

•3622 

•1889 

Stt 

•1061 

•0162 


The third and sixth columns show the intensity in various directions 
relatively to the intensity in the principal direction (it = 0) ; and the curve 
ABGD (fig. 2) exhibits the same results to- the eye. A comparison wffh 
Table I. shows that a considerable advantage has been gained, the relative 
illumination at B being reduced from -4053 to *3205. On the other hand, 
the augmented brightness of the first lateral band (towards G) may be 
unfavourable to good definition. The second bright lateral band (towards JD) 
is nearly obliterated. The curve E'BEF represents the resultant illumina- 
tion due to a double line whose components are of the same strength, and 
at the same angular interval as before. The relatively much more decided 
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drop at B indicates a considerable improvement in resolving-poAver, at least 
on a double line of this degree of closeness. 

Fig. 2. 


The increased importance of the first lateral band is a necessary conse- 
quence of the stoppage of the central rays ; for in this direction the resultant 
has a phase opposite to that of the rays stopped. The defect may be avoided 
in great measure by blocking -out rays somewhat removed from the centre on 
the two sides, and allowing the central rays themselves to pass. As an 
example, I have taken the case in which the two parts stopped have each a 
width of one-eighth of the whole aperture, with centres situated at the 
points of trisection (fig. 3). 

Fig. 3. 


The function/ suitable to this case is readily proved to be 

/= u-^ {sin w - 2 sin (^w) cos {^u)} ( 5 ) 

The values of / and /"- are given in Table III. ; and the intensity-curve 
ABGD is shown in fig. 4. 

Table III. 
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The depression at B is even greater than in fig. 2, while the rise at C is 
much less. Probably this arrangement is about as efiBcient as any. 


Fig. 4. 



I have endeavoured to test these conclusions experimentally with the 
spectroscope, using the double soda-line. The horizontal aperture of a single 
prism instrument was narrowed by gradually advancing cardboard screens 
until there was scarcely any appearance of resolution. The interior rap were 
blocked out with vertical wires or needles, adjusted until they occupied the 
desired positions when seen through the telescope with eye-piece removed. 
With the arrangements either of fig. 2 or of fig. i a very decided improve- 
ment on the full aperture was observed; but there was no distinct difference 
between these two arrangements themselves. Indeed, ® 

was to be expected, since the brightness of the first lateral has no bad 

effect on the combined images, as appears from the curve > 

Under other circumstances the influence of the bright lateral band might be 

more unfavourable. 

In powerful spectroscopes the beam is often rendered unsymmetrioal in 
brightness by absorption. In such cases an improvemeut would probably be 
effected by stopping some of the rays on the preponderating side for whi 
purpose a slopfng Leen might be used giving a variable vert,oal aperture. 
It sLuld be noticed, however, that it is only when the vertical apertuie 
constant that the image of a luminous line is immediately deducible from 
that of a luminous point, 

§ 3. Optical Power of Spectroscopes. 

As the power of a telescope is measured by the closeness of the double 
stars which it can resolve, so the power of a spectroscope ought to be 
measured by the closeness of the closest double hues in the spectrum wtoh 
Tis competent to resolve. In this sense it is possible for one instrument to 
be more powerful than a second in one part of the spectrum, while in another 
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part of the spectrum the second instrument is more powerful than the first. 
The most striking cases of this inversion occur when one instrument is a 
diffiraction-spectroscope and the other a dispersion-spectroscope. If the 
instruments are of equal power in the yellow region of the spectrum, the 
former will he the more powerful in the red, and the latter will be the more 
powerfiil in the green. In the present section I suppose the material and 
the workmanship to he perfect, and omit from consideration the effects of 
unsymmetrical absorption. Loss of light by reflection or by uniform absorp- 
tion has no effect on resolving-power. Afterwards I propose to examine the 
effect of some of the errors most likely to occur in practice. 

So far as relates to the diffraction -spectroscope, the problem of the 
present section was solved in the Philosophical Magazine for March, 1874 
[Art. XXX. p. 216]. I there showed that if n denote the number of lines on 
a grating and m the order of the spectrum observed, a double line of wave- 
engths X and will be just resolved (according to the standard of 

resolution defined in the previous section), provided 


wMoh shows that the resolving-power varies directly as m and n When the 

a cSS n^mbr ‘'/T ® 4); and even when 

theThiror t higher than 

But lrlrd S.r » consequence of the overlapping, 

nX of line!trt ™ 7 hy the totfl 

*he intervals ought not to be so 
smah as to preclude the convenient use of at least the fhird Id fo^^h 

very little more fhan^ difference of wave-lengths is a 

necessary for resolutionirthrii 7 ’ *° 0), about 1000 lines are 

it mighrbVsCiTamrdS”'^”*'” *“ ““her of its grooves, 

in th! case o/^raClld"; “"rtTh! d Tt- 
The limit to definition arises in hntV. f fundamental, 

seating a line of light XwL fh i“P03sibility of repre- 

given X). Ha grati^anraVrirw! tT 

dispersion, they will have equal resolvi horizontal aperture and 

ve equal resolving-powers on the spectrum." 

that I then took the fuU width of the grating m to my notebook, I And 

moh, whence the above correction. PrL th« T ® lines coyer a PaH, 

not admit of much accuracy. however, the experiment does 
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At the time the above paragraph was written, I was under the impr - 
sion that the dispersion in a prismatic instrument depended on so 
variable elements that no simple theory of its resolving-power was o 
expected. Last autumn, while engaged upon some expernnents with P’-'^ ’ 

I was much struck with the inferiority of their spectra m comparison 
those which I was in the habit of obtaining from gratings, and was ie ^ 
calculate the resolving-power. I then found that the theory of the resoivmg- 
power of prisms is almost as simple as that of gratings. 


Let A, Bo (fig. 5) be a plane wave-surface of the light before it falls 
upon the prisms, AB the corresponding wave-surface for a particular part o 
the spectrum after the light has passed Fig. 5 . 

the prism or after it has passed the eye- ^ 

piece of the observing-telescope. The 
path of a ray from the wave-surface Bo 

AoBo to A or B is determined by the 
condition that the optical distance, repre- 
sented by f/jbds, is a minimum; and as . . x. 

AB is by supposition a wave-surface, this optical distance is the same 

both points. Thus 

ffids (for A) = Jfids (for 5) • 



We have now to consider the behaviour of light belonging to a neighbour- 
ing part of the spectrum. The path of a ray from the wave-surface ^ 0^0 
to A is changed ; but in virtue of the minimum property the change may be 
neglected in calculating the optical distance, as it influences the result by 
quantities of the second order only in the change of refrangibi ty. c- 
cordingly the optical distance from AoBo to A is represented by Jifx + bfj,) cts 
the integration being along the path Ao-’-A; and, similarly, the optit^ 
distance between AoBo and B is represented by /(//. + where the 

integration is along the path B 0 ...B. In virtue of (2) the dtffere^ice of 
the optical distances is 

JSfjids (along Bo,..B) - JSfJi^ds (along Ao-.-A) (3) 

The new wave-surface is formed in such a position that the optical distance 
is constant; and therefore the dispersion, or the angle through which the 
wave-surface is turned by the change in refrangibility , is found simply 
by dividing (3) by the distance AB. If, as in common flint-glass spectro- 
scopes, there is only one dispersing substance, S/i.s, where s is 

simply the thickness traversed by the ray. If we call the width of the 
emergent beam a, the dispersion is represented by bfMis.^- s-^ja, and 
being the thicknesses traversed by the extreme rays. In a properly con- 
structed instrument s^ is negligible, and Sa is the aggregate thickness of 
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the prisms at their thick ends, which we will call t ; so that the dispersion 
{&) is given by 

^ = T G) 

By § 2 the condition of resolution of a double line whose components 
subtend an angle 6 is that 6 must exceed Xja. Hence from (4), in order 
that a double line may be resolved whose components have indices [x and 
fx + hfx, it is necessary that t should exceed the value given by the following 
equation, 

G) 

which expresses that the relative retardation of the extreme rays due to the 
change of refrangibility is the same (A) as that incurred without a change 
of refrangibility when we pass from the principal direction to that corre- 
sponding to the first minimum of illumination. 

That the resolving-power of a prismatic spectroscope of given dispersive 
material is proportional to the total thickness used, without regard to the 
number, angles, or setting of the prisms, is a most important, perhaps the 
most important, proposition in connexion with this subject. Hitherto in 
descriptions of spectroscopes far too much stress has been laid upon the 
amount of dispersion produced by the prisms; but this element by itself 
tells nothing as to the power of an instrument. It is well known that by a 
sufficiently close approach to a grazing emergence the dispersion of a prism 
of given thickness may be increased without limit; but there is no corre- 
sponding gain in resolving-power. So far as resolving-power is concerned, 
It IS a matter of indifference whether dispersion be effected by the prisms or 
by the telescope. Two things only are necessary first, to use a tljickness 
excee ing t at prescribed by (5) ; secondly, to narrow the beam until it can 
be received by the pupil of the eye, or rather, since with full aperture the 
eye is not a perfect mstrument. until its width is not more than one-third or 
one-fourth of the diameter of the pupil. 

1 expression (S) on which resolying-power depends is readily 

^Iculable m all cases of practical interest. For a compound prism of flint 
and crown, hfx . t is replaced by ^ r 

8f^.t-8/x'.t\ 

where t and i' denote the respective thicknesses traversed, and Su, the 
corresponding variations of refractive index. 

annItimaH™ f ^ sufficient 

from Cauchy s formula 
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8/i, = - 25X-3 8X. 


The value of B varies of course according to the materi^ of the prisma 
As an example I will take Chance’s “ extra-dense flint.’ The indices for G 
and the more refrangible D are* 


-005522 ( 9 ) 

r= 5‘889 X 10"®, = 6’562 x 10 ®, 

bhe unit of length being the centimetre; whence by (T), 

B = -984 X (19) 


fjLj, = 1-650388, 


^ 0 = 1 - 644866 ; 


Thus by (5) and (8), 


£ = •984x 10"^®. ... 
25^ “1-968 8X‘ 


For the soda-line, 


X = 5-889 X 10"®, 


8X=-006 X 10"®; 


and thus the thickness necessary to resolve this line is given by 




The number of times the power of a spectroscope exceeds that necessary to 
resolve the soda-lines might conveniently be taken as its practical measure. 
We learn from (12) that, according to this definition, the power of an 
instrument with simple prisms of ^‘extra-dense glass” is expressed approxi- 
mately by the number of centimetres of available thickness. 

In order to confirm this theory, I have made some observations on the 
thickness necessary to resolve the soda-lines. The prism was of 
glass of refractive index very nearly agreeing with that above specified an 
had a refracting angle of 60°. Along one face sliding screens of cardboard 
were adapted, by which the horizontal aperture could be adjusted until, 
in the judgment of the observer, the line was barely resolved. A soda-flame 
was generally used, though similar observations have been made upon the 
D lines of the solar spectrum. When the adjustment was complete, the 
aperture along the face of the prism was measured, and gave at once the 
equivalent thickness, i.e. the difference of thicknesses traversed by the 
extreme rays, since the prism was in the position of minimum deviation. 
Care, of course, was taken that no ordinary optical imperfections of the 
apparatus interfered with the experiment. 

One observer, familiar with astronomical work, fixed the point of 
resolution when the thickness amounted to from I'OO to 1-20 centimetre. 


* Hopkinson, Proc. Roy. Soc. June 1877. 
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I was myself less easily satisfied, requiring from 1‘35 to 1'40 centimetre. 
But even with, a less thickness than 1 centimetre, it was evident that the 
object under examination was not a single line. With the same prism 
I found the thickness necessary to resolve 63 in the solar spectrum to 
be about 2*5 centimetres. According to (] 1), the thickness required for 
should be 2'2 times that required for Probably something depends 

upon the relative intensities of the component lines. 

From (1) and (11) we see that if a diffraction and a dispersion instrument 
have equal resolving-powers, 

^ mn\^ 

^ = ( 1 ^) 

so that the power of a dispersion instrument relatively to that of a 
diffraction instrument varies inversely as the third power of the wave- 
length. 

For the kind of glass considered in (10), and for the region of the 
B lines, 


t = 1-037 


1000 ' 


thickness IS neoessaiy to rival the fourth spectrum of a grating 
of 3000 lines, we have merely to put m = 4, ™ = SOOO ; so that the necessary 
bkokness is about 12^ centimetres— a result which abundantly explains the 
observations which led me to calculate the power of prisms. 

§ 4. Influence of Aberration. 

In the investigations of § 2 the wave-surface was considered to be plane, 
(after passing through a condensing lens) spherical. As all optical 
instruments are liable to aberration, it is important to inquire what effects 
pro need thereby upon the intensity-curves, and especially to ascertain 
w a pom a sensible deterioration of definition ensues. The only work 

mvestigation of the intensity of light in the neighhoiirhood of a caustic • ” ; 
but the problem considered by him relates to an Limited beam. 

let us sunmse th the first place the case of a beam of rectangular section. 
US suppose that the aberration, or error of phase, is the same in all 

tS oelteLra ‘ ‘f’’" cylindrical. With origin at 

form " expressed in the 


oa? -f- yV -j- 
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No terms appear in ® or a?; the first would be equivalent to a general 
turning of the beam ; and the second would imply imperfect focussing 
the certral parts. In many cases the circumstances are symmetrical wi 
respect to the centre; and then the first term which occurs is that con- 
taining of. But in general, since the whole error of linear retardation which 
we shall contemplate is exceedingly small in comparison mth other linear 
magnitudes concerned in the problem, the term in a)' is by far the more 
important, and those that follow may be neglected. 

As in the case of no aberration (treated in § 2), the distribution of 
brightness in the image of a point is similar along every vertical line in 
the focal plane ; and therefore the image of a vertical line follows the same 
law of brightness as applies in the case of a point to positions situated along 
the axis of ?. The phase of the resultant at any point f is by s^metry the 
same as that of the secondary wave issuing from the centre (ai-0), and 
thus the amplitude of the resultant is proportional to 

. 7 ,.. m 


’cos 2w f w-d- 


In Sir G Airy’s problem the upper limit of the integral (2) is infinite. 
Fortunately 'for my purpose the method of calculation employed by him 
is that of quadratures, and the intermediate results are reooided (p. 402) 
in sufficient detail. In order to bring (2) mto conformity with Airys 
notation, we must take 


we thus obtain 


27rca;» = 27r(»^/V‘= “ 5 

(4c)~* — wci))(^cD, .... 

J 0 


in which the upper limit of the integral is the cube root of the extreme 
aberration expressed in quarter-periods. For example, the iipper limi is 
uXwhen the phase at one extremity is a quarter-period in advance 
TdU at the otL extremity a quarter-period in the rear, of the phase at 

the centre. 

The influence of aberration may be considered in two ways We may 
suppose aperture (a) constant, and inquhe into *e “ 

increasing aberration (o); or we may take a given value ( .^ g 
wave-surface), and examine the effect of a varying apertuie, ^o 
comnarison Airy’s results are more immediately applicable. The following 
S easily derived from that given by him. exhibits the values o 
r ° 1 7 . 1 dm between the limits specified in the headmgs of 
■iXmls 2 3 4, 5. The results are applicable at once to the comparison 
"amplitude-curves corresponding to various apertures, since the 
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relation of m to f in (3) is independent of a. To obtain intensities, it 
would be necessary to square the numbers given in the Table. 

Value of m Prom 0 to 1-00 From 0 to 1-26 From 0 to 1-44 Prom 0 to oo 


+ •0929 
•0783 
+ •0343 

- -0203 
•0563 

- -0430 
+ •0411 

•1997 
■4140 
•6449 
•8422 
•9670 
•9559 
•8307 
•6024 
■3161 
+ -0303 
- -1988 
•3309 
•3521 

- -2761 


- -0692 

- -0467 
+ •0142 

•0849 
•1320 
•1399 
•1263 
•1377 
•2266 
•4185 
•6873 
•9538 
1-1120 
1-0748 
•8170 
+ •3952 
-•0679 
•4290 
•5826 
•5028 
- -2525 


+ •0588 
+ •0197 
- -0309 
-•0461 
+ •0018 
•1009 
•2095 
•2906 
•3462 
•4211 
•5672 
•7898 
1-0157 
1-1141 
•9681 
+ -5569 
-0060 
•5110 
•'7545 
•6485 
- -2725 


+ •0030 
•0062 
■0124 
•0239 
•0444 
•0791 
•1346 
•2184 
•3362 
•4886 
•6653 
•8404 
•9701 
•9979 
•8705 
•5649 
+ •1172 
- -3624 
•7087 
•7652 
- -4745 


The second column relates to the case where the aperture is such that 
the aberration between the extremities and the centre is one quarter 
of a period, or (which is the same thing) where the wave-surface at the 
extremities deviates by a quarter wave-length from the tangent plane at 
the central line of inflection. It will be seen that the position of maximum 
illiiuiiii9/tion deviates sensibly from the centre (wi = 0, ^ = 0). This is no more 
than might have been expected, since the plane which most nearly coincides 
with the actual wave-surface is inclined to the central tangent plane. The 
third column relates to an aperture about a fourth part larger, for which the 
extreme aberration is (1'26)* quarter-periods or nearly half a period, and the 
fourth column relates to an aperture such that the extreme aberration 
amounts to about three-quarters of a period. 

From columns 2 and 3 we see that an increase of aperture up to that 
corresponding to an extreme aberration of half a period has no ill effect 
upon the central band, but it increases unduly the intensity of the first 
lateral band at m = -f 3*2. Indeed the principal objection to much greater 
apertures is this augmented importance of the lateral band. The practical 
conclusion is that the best results will be obtained with an aperture giving 
an extreme aberration of from a quarter to half a period, and that with 
a [still further] increased aperture aberration is not so much a direct 
cause of deterioration as an obstacle to the attainment of that improved 
definition which should accompany the increase of aperture. 
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'We will now suppose the aperture given, and examine the effect of 
increasing aberration. In applying the tabular results we must have regard 
to the factor (4c)"^, which occurs in (4), and we must take account of the 
variation of the relative scale of m and ^ in passing from one curve to 
another cc m '^4c). The results for three cases are expressed graphically 
by the curves in hg. 6. The first, which rises highest, represents the 
intensity at the various points of the focal plane when there is no aber- 
ration — the same as in fig. 1. The second and third curves represent 


Fig. 6. 
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and it requires for its calculation two integrations. These could be eflfociod 
by quadratures; but the results would perhaps scarcely repay the labour 
especially as the practical question differs somewhat from that here proposed! 
The intensity-curve derived from (5) represents the actual state of things on 
the supposition that the focussing adopted is that proper to a very small 
aperture; whereas in practice the aberration would be in some degree 
compensated for by a change of focus, as it is obvious that the real wave- 
surface, being curved only in one direction, could be more accurately 
identified with a sphere than with a plane. 

Some idea of the effect of aberration may be obtained from a calculation 
of the intensity at the central point = 0), where it reaches a maximum ; 
and this can be effected without quadratures by the aid of a series. In 
this case we have instead of (6), 

ri* "ja r rja “la 

4 cos (27!/a^) -f 4 sin (27r/a;^) dx (6) 

0 J L' 0 J 

Now by integration by parts it can be proved that 

{""^ho^dx = L - m ~ - ^'4. I . 

h [ 5 5 9 5.9 

whence by separation of real and imaginary parts, and putting x equal 
to unity, 


[ cos = cos A,-[l — -I 

Jo ^ ^ 1 5.9^.5.9.13.17 

(5 6.9.13 5.9.13.17.21 

f sin (hx*) dic = sin ^ |l - _ 

Jo ( 5.9^5.9.13.17 

-cosa|^-J^+ _._ W 
(5 6.9.13 5.9.13.17. 


13’^5.9.13.l7.2l"--r 


Calculating from these series I find 


"i^ r fi 42 

cos(i7rx*)dx + I sin (^Tra;^) da; ='9576. 

- 0 J L"' 0 

J cos (i'n-x*) dx = -87704, f sin (iTrx^) dx = *26812, 

f cos {^irx*) dx\ -I- r / ^sin a'lrx!^) d ^ ' = *84109. 


ri 4X.J •21352 
sin (f 7raf) dx = — , 
0 V 2 


A.gain, 
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Again, 

® /«1 I . > .V 1 .r4r»n/?< 


cos dos = •04357 , 


sin (jTras^) dos = *33363, 


[7os (TTic*) + |^sm(TO‘)*’ =-52549. 

Thus an extreme aherration of one-eighth of a period reduces the 
intensity at the cerrtral point from unity, correspondmg 
to -9576 With an aherration of one quarter of a period the^ inte y 
is -84109; and with an aberration of half a period the intensity is reduce 
to -52549 We must remember, however, that these numbers 
sensibly raised if a readjustment of focus be admitted. 

In most optical instruments other than spectroscopes tw 

beam is circular, and there is symmetry about an axis. The ralculatio 
of the intensity-curves as affected by aberration could be performed by 
ouatotures from tables of Bessel's functions; but, as m he case la t 
considered the results are liable to a modification in practice from r - 
adjustment of focus. For the central point we may obtain what we require 

from a series. 

The intensity may he represented by 

'2 Pcos (M rdr ' + 2 f sin (h7-^)r dr , 

_ Jo J L >'0 J 

the scale being such that the intensity is unity in the case of no aberration 
(h = 0). As before, we find 


whence 


ri f 4<th (4ihy (4f/^y 1 

2 I = - -g +'O0 6.10.14 '“j ’ 

I . (W , _ 

2 J cos (hr^) rdr = cos h |1 - 5 _ jq 6 . 10 . 14 . 18 


. |4/i W \ (Q) 

+ ®i ^^|-6 "ora + '-y • 

■ 7 (1 WV - I 

2 I sin (hr^) rdr = sin h |1 - 6 . 107l4 .18 ‘ ’ J 

m (4/iy I (10) 

-cosAjg 6.10.14^"] 


Thus, when /i = i7r, 

ri , , 1-32945 

2j cos (iTrr*) rdr = — ’ 


ri , , -35424 

2 sin ('|' 7 r?’'‘) rdr = 


2 J^cos (iTrrO rdr\ 2 J^sin H'rrr^) rdr - -9464. 
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COS (I-ttH) rdr = ‘77989; 


the unit of length being the centimetre. 

We, may infer that, in the case of a telescope-tube 12 centimetres long, 
a stratum of air heated one degree Cent., lying along the top of the tube and 
occupying a moderate fraction of the whole volume, would produce a not 
insensible effect. If the change of temperature progressed uniformly from 
one side of the tube to the other, the result would be a lateral displacement 
of the image without loss of definition ; but in general both effects would be 
observable. In longer tubes a similar disturbance ■ would be caused by a 
proportionally less difference of temperature. 

In the ordinary investigations of the aberration of optical instruments 
attention is usually eriven to a oallorl f.Ti 
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which is the distance between the geometrical focus and the ^ 

the extreme ray meets the axis. In order to adapt these " " 
our purpose, it is necessary to establish the connexion between longitudmal 
aberLL and the deviation of the actual surface of he conve^mg 
waves from a truly spherical surface having its centre at the geometrical 

focus. 

If the axis of symmetry be taken as that of ^ and the ^ 

to the wave-surface as plane of we have as the equation of the ide 

wave-surface, (,_/). + + = /■, 

/ being the distance of the focus from the origin; or if we limit our 
attention to the plane 2 / = 0, 

= + (13) 

The actual wave-surface, having at the origin the same curvature, 
represented by ^ ^ ^ 

Z ==^y + (^y3> ^ ' 

where /r is a constant depending upon the amount of aberration. The 
distance ih) between the surfaces is given by 


(aj 


The equation to the normal to (14) at the point {z > x) is 

f . 

-irr'xlf+4>Kaf^/f^’ 

so that when ^ = 0, ^ 

i'-z'+- iL— =/-.p4^(l-8/c) + ... 

If the longitudinal aberration be called Bf, 


Thus by (15) and (16), 




Bf 4/2 * ’ 


where a denotes the angular semi-aperture. Taking the greatest admissible 
Tue of h as equal to V. we shall see that 8/ must not exceed the value 

S/=X«-». ( 18 ) 

As a practical example, we may take the case of a single “f ^ 
collecting parallel rays to a focus. With the most favourable curvatoes the 
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longitudinal aberration is about fa^\ so that must not exceed Xjf. For a‘ 
lens of 3 feet [91 cm.] focus, this condition is satisfied if the aperture do 
not exceed 2 inches [51 cm.]. In spectroscopic work the chromatic aber- 
ration of single lenses does not come into play, and there is nothing to ? 
forbid their employment if the above-mentioned restriction be observed. 
I have been in the habit of using a plano-convex lens of plate-glass, thef 
curved side being turned towards the parallel light, and have found its ' 
performance quite satisfactory. The fact that with a given focal length, 
the extreme error of phase varies as the fourth power of the aperture is 
quite in accordance with practical experience; for it is well known that? 
the difficulty of making object-glasses for telescopes increases very rapidly 
with the angular aperture. 

When parallel rays fall directly upon a spherical mirror, the longitudinal 
aberration is only- one-eighth as great as for the most favourably sliaped 
lens of equal focal length and aperture. Hence a spherical mirror of 3 feet 
focus might have an aperture of ^ inches, and the image would not suffer 
materially from aberration. 

§ 5. On the Accuracy required in Optical Surfaces. 

Foucault, in the memoir aheady referred to, was, I believe, the first 
to show that the errors of optical surfaces should not exceed a moderate 
fraction of the wave-length of light. In the case of perpendicular reflection 
from mirrors, the results of § 4 lead to the conclusion that no considerable 
area of the surface should deviate from truth by more than one-eighth of 
the wave-length. For a glass surface refracting at nearly perpendicular 
incidence the admissible error is about four times as great. It will be ; 
undenstood, of course, that the errors of one surface in an optical train may ' 
compensate for those of another, all that is necessary being that the resultant 
error of retardation rise nowhere to importance. 

In the case of oblique reflection at an angle the error of retardation 
due to an elevation BD (fig. 7) is 

QQ'-QS=BDsec<f>(l- cos SQQ') = .SD sec (1 + cos ^) = WD cos <f>, 
from which it follows that an error of given magnitude in the figure of 

a surface is less important in oblique than 
in perpendicular reflection. At first sight 
this result appears to be contradicted by 
experience ; for it is well known to 
practical opticians that it is more difficult , 
to secure a satisfactory performance when 
, . , . reflection is oblique. The discrepancy is 

explained in great measure when we take into account the kind of orrpr 


Eig. 7. 
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to which surfaces are most liable. No important deviation from a sym- 
metrical form is to be feared ; but a surface intended to be plane may easily 
assume a slight general convexity or concavity. Now in direct reflection, a 
small curvature is readily and almost completely compensated by a small 
motion of the eyepiece giving a change of focus; but the compensation 
obtainable in this way is much less perfect when the reflection is oblique. 
In the first case the family of surfaces approximating to a plane, which will 
answer the purpose, coincides with the family of surfaces most likely to 
be produced; in the second case the family of ellipsoidal or hyperbolic 
surfaces capable (with suitable focus) of giving good definition contains 
only one symmetrical member — the perfect plane. In order to test experi 
mentally the correctness of the theoretical result, it would be necessary to 
retain the focus suitable to the true surface, and not to allow a readjustment 
by which its errors may be in greater or less degree compensated. 

A further difficulty, not touched by the preceding considerations, still 
remains to be mentioned. In the ordinary method of testing plane surfaces 
by measuring the change of focus required when a distant point is viewed 
through a telescope, first directly, and then after reflection in the surface, ^the 
test is found to be more delicate as the reflection is more oblique. The 
explanation of the apparent inconsistency will be best understood by a 
calculation of the focal length of mirrors, founded directly upon the 
principles of the wave theory. Let AGB (fig. 8) be an arc of a (parabolic) 
mirror, which reflects parallel rays QA, HD, Pig. s. 

KB to a focus F. AD = y, DF =f, CD -=t. a 

In calculating the retardations of the various /\ 

rays, we will take as standard the phase aJa F j 

of a ray coincident with HD, reflected at D ^ 

(as by a plane mirror ADB) instead of at G, \ / 

so that the actual retardation at F of the \Z k 

central ray HOF is 2i. The retardation of 

the extreme ray QAF is AF-FD, or + f) - f- Since F is by 

supposition an optical focus, the phases of all the rays must be the same, 

and thus ^ ^ 

V(/^ + /)-/=2# .(1) 

If the aperture (2y) be small in proportion to the focal length, 

V(/^ + 2/') - / = approximately, 


so that 


J ^ A.+ 


In the limit it is a matter of indifference whether / be measured from D 
or from G. If r be the radius of curvature at G, 

t = ^y^r, 
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and (^) i 

the usual formula. 

When the incidence is oblique, there are diiferent foci in the primary 
and the secondary planes. Considering first the 
case of the primarj’ plane, let AGB (fig. 9) be 
the miiTor, and F the focus. AI) = y, OD = t, 
HGD = 0. AL is the course which the ray 
GA would take if reflected by the plane surface 
ADB. G is that point of the mirror at which 
the tangent is parallel to AB. The retardation 
at F of the ray QAF is AF — AL ; and the 
retardation of the ray HGF due to the curvature 
of the mirror is cos These retardations must be equal ; and thus 

AF-AL = ^/{AL^ + FL^) -AL=-^t cos </>. 

When the aperture is small, sJiAL^ + FL'^) - AL is approximately ^FL'^jAL \ 
ultimately may be identified with /j, the focal length in the primary 

plane, and FL may be identified with y cos so that 



cos* ^ 


2y; 


2t COB (f>, (4) 


or 


/i = 


y* cos (f> 
4>t 


.( 6 ) 


Thus it appears that, so far as the primary focal length is concerned, tho 
diminished retardation of the central ray due to obliquity is outweighed 
by the corresponding diminution of effective aperture (FL) ; but although in 
consequence of obliquity a greater change of focus (estimated from that 
required for the plane surface) is necessary in order to get the best result, 
still, if no change of focus be admitted, the error due to curvature is 
less sensible in oblique than in direct reflection. 

The preceding discussion assumes that the same extent of surface is 
used in ail cases. In testing planes by reflection it often happens that a 
greater extent of surface is used in the case of obliquity, the field being 
limited by the object-glass of the telescope rather than by the reflecting 
p^lane. Under such circumstances the loss of definition (with focus un- 
altered) due to curvature is aggravated by obliquity. 

du/tn*^tr' no' diminution of effective apertui-o 
due to obliquity. Instead of (4) we have 


y c\ 

2 ^ = cos (j>^ 


.( 6 ) 


or 


/2 = 


_ y 


M cos 


■ 0 ) 


■ ^ 
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In this case the favourable effect of obliquity shows itself directly in the 
increased value of 

Eig. 10. 



We will now consider the effect of errors in a refracting surface. The 
error of retardation due to an elevation BD is 

tiQS- QQ! = QQ! [a'- cos (<^ - </>') - 1} 

IM COS COS (!>' + 1^ sin (f> sin </>' — ! 

^ on ^ ~ = BDifi cos (f>' - cos <f>), 

cos <f) 

since 

fjL sin (j)' == sin 

As a function of obliquity jj, cos — cos ^ is least - 1) when the obliquity 
is zero; it is greatest V(a‘^ - 1) the obliquity is 90“. Thus the 

retardation for a given error of elevation increases somewhat with the 
obliquity, being in the case of glass about twice as great at a grazing 
as at a perpendicular incidence. 

Before concluding this section, it may be worth while to point out how 
the principles of the wave theory may be applied directly to calculate the 
focal length of lenses. The relative retardations of the rays BAF and EOF 
(fig. 11) are evidently AF - GF and (/a-1)^, if t denote the thickness 
of the lens at the centre. Thus, if AO = y, FG =/, 

- 1) i = ^/{p + 2/=*) “/ = i2/V/ 

approximately. For glass /i-l = i nearly; so that the old rule*, that 
“in glass lenses the half-breadth is Eig. 11- 

a mean proportional between the ^ a 

thickness and the focal length,” is ~ 

more scientific than the usual formula ^ [c] 

in terms of the radii of curvature. ” 1 j 

If the lens do not terminate in a ^ 

sharp edge, we may take as the ® 

effective thickness the difference of the thicknesses at the centre and at 

the edge. 

* Ooddington’s Optics, p. 96. 
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For an oblique central pencil, the focal lengths in the two prinoipal 
planes may he obtained as in the case of the mirror. They take the form 


'tf' cos® 0 , 

— — = {fi cos ^ - cos <^) t, 


2 /' _ 


= (ya cos <!>' ~ cos (56) t, 


...( 0 ) 

.( 10 ) 




§ 6. The Aherration of Oblique Pencils. 

For most purposes indeed astis-mnti-Q^ • ^ secondary focal lengths. 

^ that in the presence of thf formS ^it ^ ^tberration, 

the latter; but in this respect tho T while to consider 

the completion of its theory requires thrcrT" r and 

of oblique pencils. ^ ^ consideration of the aberration 

here are three notable ^rese^Mln/Trl^ astigmatism, 

«US. At tbe^ primary and secondarv f ^ ' +1.^^ o^^ained by varying the 
^rpendioular lines of small width and^ “ ropresentod by 

^ a circle of light, called the circle fft “‘a^ediate position 

the bet: blTfif r "r ■ 

the best* luminous line parallel tn * ^ttaminatioa 

fe tet ipsult will evidently KdLd T l“es, 

and its n*rf ““'“““Stances the image is not * ' !r'’ ynresponding focus, 
of a ^^P»ds upon the ImounrT r'^ 

focnf ■ ^P“‘™n is seen with best'd^ / 

best definition at the primary 

thaftuot2‘? to cons-d • 

presumably of 7 7™“'^*"'^’ pencils and tb 

^icular 2 hnportance. Bef2 T ^’ «'='»=-«. is 

o^he e^r;:!,^'^ ““-“»t t? c„nsTd ': 7 ® •'*“ 2 

produced by it. The anis of tb ** character 

of the pencil being taken as 
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axis of z, let the equation of the wave-surface, to which all rays are 
normal, be 

A = ^ 4- -H -f ^oc^y + <yocy^ + Sy® + (1) 

The principal focal lengths are p and p. In the case of symmetry p and p' 
are equal, and the coefficients of the terms of the third order vanish. The 
aberration then depends upon terms of the fourth order ; and even these 
are made to vanish in the formulae for the object-glasses of telescopes by 
the selection of suitable curvatures. If this be effected, the outstanding 
aberration will be of the sixth order ; whereas in the case of unsymmetrical 
pencils, even if we should succeed in destroying the terms of the third order, 
there will still remain an aberration of the fourth order. It follows that 
every effort should be made to retain symmetry about the axis ; but in the 
case of the spectroscope this is usually impossible. If we could secure a 
perfect parallelism of the incident light, and perfectly flat faces for our 
prisms, we should indeed get rid of aberration, and at the same time 
render ourselves independent of the adjustments of the spectroscope; for 
it is evident that no repetition of refractions at plane surfaces, however 
situated, could disturb the original parallelism of the light. The fact that 
most large spectroscopes are more or less sensitive to maladjustment of 
the prisms proves either that the faces are not flat, or that it is difficult to 
obtain a sufficiently accurate adjustment of the collimator. We shall suppose 
that the faces of the prisms are surfaces of revolution, so that it is possible 
by proper adjustments to render everything symmetrical with respect to 
a plane bisecting at right angles the refracting edges. If p be the primary 
focal length, this plane is that represented by y = 0, and the equation of the 
wave-surface reduces to 

^ ^ ^ + yscy\ ( 2 ) 

terms of higher order being omitted. 

The constants a and <y in (2) may be interpreted in terms of the 
differential coefficients of the principal radii of curvature. By the usual 
formula, the radius of curvature at the point x of the intersection of (2) with 
the plane y = 0 is approximately p{l—%apx). Since y = 0 is a principal 
plane throughout, this radius of curvature is a principal radius of the 
surface; so that, denoting it by p, we have 

a = - (3) 

6p® dx ^ ' 

In the neighbourhood of the origin the approximate value of the product of 
the principal curvatures is 

1 Qax 'iyx 

— H — d • 

pp p p 
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Thus 

^ f A) = ~ ^ _Qclx 2yx 

whence by (3), p'V ’ 

7 = —7^ ^ 



and its intersection 

approximately by Pane f = p occurs at the point determine 

f p(3a<t!'' + ^j,s)^ p'-p 

‘-0^ ‘He thir. order bein, omitted. ^ ^ 

He to nai-row the aperture; but as ^rT ‘H« result would 

S«Z: '?•, -p—" i” i”.";; " p“p 

sSpII-, r= r £*' =-=t: 

‘irrs: j r£— 

^ ^5 "S;= - " -- •?■«?.•:-?„; * --s;;- 

rf. r,M3 “• a™., OP «. ^ .. .. 

e second term in the value otl may be i '‘'’ ^“'e® p' = / 

*-St=ramtersecttheplaner=;i,,L;r« rays for ^hich 

PP ^ (3a — »y) 

~(^^Zr^y~~ V^-~^ = Sapr ^ ; 

riiX;r-^ 

the value of * included, we observe that f ^ ^ ^ 

seconds f ^ neatest when ^^ = 0 Ra ^ ^^^ne of r 

eecondaiy plane give the remainder of f^ T ^‘arting in the 

equation, formed from (6) after pt jg ! = '“^e tl 

o (n' ~ o^3 
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of origin- The whole 

f ? '! between this pai-abola and the parabola of form (7) 

conespondmg to the maximum value of r. ^ 

3f Tn* vanishes when a = 0 

the t™“namh T "e primary plane. In this case 

1 K fa ther *“<3 ‘I'® i“age « reduced to a linear 

1 . 7 ' becomes straight, and then the image of 

focr“ri“' T perfect (to this order of approximation) at the primary 
teis. In general if y = 0, the parabola (7) reduces to the straight line 

m that plalr " secondary plane remain 

We will now consider the image formed at the secondary focus. Patting 
^ ~ p in (5), we obtain *= 


- P~P 


V = ~ ^'Yp'asy. 


If 7 _0, the secondary focal line is formed without aberration, but not 
0 erwise. In general the curve traceci out by the rays for which 

IS ^ 

\p-pj ^ 47vy“f'* 

The^^raf'f ^^““^‘rioal with respect to both the axes. 

lE startmg either in the primary or in the secondary plane pass 

forwhich *rf=f/ 52 f'' ‘“'‘g® I'oiog dae to the rays 

This subject can be illustrated without difficulty by experiment A 

through a lens of short focus placed in the window-shutter. A feal image 

f htd Tf ^ of gvocnd glass and examined froi 

nd. To render the light approximately homogeneous, a piece of red 
glass IS employed. The following results relate to an oqaicoLx lens of 

oblSr^ 

area'^dilfnisTor g^'io^'ly ‘’“k from the lens, the illuminated 

ica dim nishes. At a certain point it begins to double back upon itself 

until at the primary focus the whole area is double. The light is seen to be 
of distributed. At the edges, corresponding to the boundary 

to ti^ inumination is feeble ; while at the folded edge, corresponding 

e cen ra vertical line of the lens, a caustic is formed. On this account 

Kxr q- aberration of unsymmetrical pencile was very generaUv trpn+«i 

digtiaolion between ihe primary and seoondn^ imagea”"^ ^ 
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it would seem that curvature of the primary focal line is a worse fault thwi 
thicku^ for the purposes of the siDectroscope, 

The accompanying figures show the general character of the irnaffe at 
tile primary focus under various circumstances. The tlnck line I’epreEenta 
the folded and highly illuminated edge, the thin line the double tidmi 

of the ]ens The quantities ,, .. „e Z 

Ke- 12. Kg. 13. i'ig. 14. Kg 


"=89 40 

'.“f ».= 40 .,=60 J: " '‘ = «» 

j?2=94 j) - m , V 1 -X 17 ^ ™ 32 

r ,, ^ ^'2=largG 

with the ecreeTlir:: tt 4“ o1 ftlTaSn 

pnmaiy focal line is thin, though curbed “•« 

general for an equiconvex lens as mav li i*” “ ’'•'I'o in 

symmetry. “^y shown from comsidorations of 

r f on a plano-convex lens held nf 

I found that the focal lines were far better^f of about 30*. 

w^s tmed towards parallel rajs than when “’de 

The theo^ which I subsequently Lvesfeld^ "“’'i » ‘orned, 

^on. t ink that spherical lenses inclined tit’th “* following 

^ht m many cases, perhaps in star-sneotrnf obliquity 

^ IT necessary to caui no c2eS4c!TM®?'"“ 

I-naatmg concave lens, held perpendicularly! would 

The following 

which rays fall upon point in air, from 

^ glass ^ V Of of 

Wi*oximate exnrp<^«i'n r ^ 

~o ray Q.d. ° fXnt of a standard 

* <1 \ e4ir=0, 

OP. 
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SO that as far as the cube of co, 

QP - === r sin </> , 6) + 1 (cos 0 + 


^ ^ 1 cos^ (b \ 

13 + -^ + 


Similarly if Q' be any other point, and Q’A =u', QAH = 6' 
QP - a' = r sin . <0 + 1 (cos + T^'\ ^ 


^ sip i>' A r cos (fi' cos® 


2 l5+-^ + 


If QP, Q P be incident and refracted rays corresponding to ay = 6 the condi- 
^-TsX'Vhur"'" = " ps-Js from the vaine st 

sm(jy+ ( cos (b 4- ^ /9 — f 1 _i cos 4> . 3r® cos® (b\ ^ 

\ ^ u J 2 

= At sin <j£>' + /^ (|^cos <f>' + — ^ 


_ M A . cos <f)' . .3?-^ cos® (b' 
^ 2 " A :P — + 


(" ♦ +'-T') (' - -t~' ) -K“ 

If we make ^ = 0 in (4), 

, ’^cos®^ ( . rcos®d)'\ 

cos</, + ~— =^(^cos</, +— (5) 

the usual formula for the primary focus. For our present purpose 6 is small 
out it IS not zero. ' 

We will now apply the fundamental formula (4) to the case of a lens 
whose thickness can be neglected in comparison with the radii of curvature 
an the distances of the foci. The pencil is supposed to fall centrically, so 
that the angle of incidence at the second surface is equal to the angle of 
re ac ion at the first surface. The distance corresponding to PA is the 
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XtioB, denoted by y, T^ns, for the fim 

(^ + -^) (l - ( 2 ?^' + _ 3 ^', ^ 

u'Vt ^"Zr'tfZZXu: ^ ^Writing .fe„, 


^ ( 2 !^' + 5 ^] A _ 


3?/ sin 


By addition of feUnH /^' 7 ^ . j •.• / 

^eget ’ " 

/C c 2 \ / Q.,„- 


U W. 




-'gAK- 


3 y sin 
%ir~ 


or 



.( 8 ) 


= fic' (^i _ i) _ %si M </) fc' c 
Vr 

, y. 

-^ = (/«'- 0 )(--.l) 

The,uanttty.tthinbTaohetein( 8 )..ybewritten " 

On substitution for cVi;-cV^^ of ^ 

becomes a factor of the whole eApreS“' we'g'eT 

(r~l)y~^-(/^o'-c)(^~ + l + l'\l 

^;‘"" ® “ ■■"“• •«--•.■» L r„ 

c C /I. -. ^ ’ 


r' „ , purpose, 

SO that the brack^f I'va /on ’ 

““t in ( 8 ) assumes the form 


I* 


Jb-om ( 6 ) and ( 7 ), 




■(lio'-c)fi_i')| 4^1 1 1 1 




...( 9 ) 

.(10) 


i- 
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Using this in (9), we get 

_ yUC' - C /I 1\ ( /I 1\ I 

2/xco' U “ jj f + o) (- + -) + (j^' + c) + r 

SO that \'^ Sy 


+ (/.0' + 0)(i+])|J (JJ). 

UrrfcwMcri/f+Tr-o’'\^^ * * •*• 't‘' equiconvex or equiconcave 

, X wxuon 1/7 +1/5 = 0, the aberration vanishes if a • -x* 

:L“ - »• 

J - ^ = (^0' - 0) (1 - 1) [i + 32g0 j( ^ /-/» + i r ^ 




the incident rays be parallel, w = oo , and the aberration vanishes when 

1 = — _ __ C OS^ <f)' 

r /^-ya' + l jT^^' cos 0 - 

If the second surface be plane (. = oo ). this condition is 

/i'-/i'2 + i^0, or / = ^(l + y'5) = 1.02. 

abo!r29' ^ “^kes /i' = 1-62 is 

mnst h 1 obliquity at which a plano-convex lens of plate -lass 

... r..zrz. z: *zt:® 

above formuto there is no difficulty in calculating the aberra- 

of tw ? ° ™r °f lenses. As an example I vrill take the case 

of two lenses [of similar glass and] of equal focal length, inclined at eoml 
angles but m opposite diroctioqs to the axis of the pencil. Denoting Ve 
radu of the second lens by r' and s', the final focal length is to btfonnd 

• [1899. The fiaetion repreBenltog the ratio in which the focal length is altered 

by obliquity, has the following approximate expression 

1 , Sytt-f- 1 . o 

•*• + - ^ sin® ^ + term in sin^ 
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from (11) in combination with 


By addition, 


! curvatures and be similarly turned, r' ^ r, 

IS (1/m- lyx and cannot vanish. 

If the lenses be of the same eurvature and hv 
led opposite ways (%. ih), r' = _», 
i aberration is proportional to 


o(2^c'+c) (---J-f 

ijv 

or, on substitution of the approximate value of 1/u 


=/icos<;67cos 0 . 

combination is aplanatic. independently of the 


By supposing the light 
Particular case of H 


to be parallel betwei 


we obtain (L3) aa a 


r convei:™ ease of a prism 

milar to that employed above, 

' sin 6\ ^'2 / o ■ 


deviatioi 




pencil within the prism. 


H. 
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If y be neglected, 

u u' ’ (20) 

whence 

V _u' 1 

(21) 

so that 

y _ ^ 2/ _ 2/ 

V . u' v~u‘ (22) 

Accordingly (18) becomes 

//. _^_1_ _l '^2/ sin / 3;?/ sin <^\ 

-i; (1 + (2.S) 

Prom (17) and (23), by multiplication. 

— ^ c*u {u' + 1) 

u' {u' + 1) uv' V — (24) 

Again, from (17), 

U’=>^\l+ - C=)] _ f 3V sin i («» - ll) 

t vc'»« I - - f + • • -(25) 

From (24) and (25), 

“ + l.o'»+ + (26) 

In most cases is negligible in the small term, and the longitudinal 
aberration is simply ° 

j^^%sin0O^) 

(27) 

The linear width of the image is St.d, where 8 denotes the angular semi- 
aperture i and the angular width of the image is Svff/u, or, since y cos = 8, 

3(/a 2 — l)si n <f) . 6^ 

(28) 

result to the spectroscope, it is convenient to compare (28) 
wr 1 e ‘^rigukr deviation due to an alteration of refractive index from 
to ^l + bjM. This is equal to 

2 8//, si n (j)' _ 2Sfjb sin (p 

Tf /00\ J /r.rvN 1 ^ /X cos 6 

If (28) and (29) be equal, 

X _ 86*2(/i — /4~^) 

^ ~ ' 2 cos*~^" ’ (30) 

rberratioT”’““ refrangibilitios produced by the 


I 

i 


R. I. 
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For a glass prism, differs very lit, 
angle be 60°, cos« j,' = f, and thus ^ 

V = 2^2^ . . 

fy (®)> (10)> § 4, the value of Sp, for the soda- 
extra-dense glass " is 5*8 x lO'^ Hence if 
touch the image of the other, d = -0054, or th 
times the width of the beam where it falls 
instruments, whose whole resolving-power is 
necessary to rmlve the soda-lines, it is possib 
by aUowing a distance of 10 or 20 feet betwee 
in the case of powerful instruments a pretl 
collimator is indispensable. 

The next thing to consider is the eifect 
pnems. We shall neglect 1, the length of ttl 
comparison with the other distances conceLd 
more important than when the faces are flat 


refracting 


giving by subtraction 
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to express .. and ^ in terms of By the original equations, y being 
neglected, ^ > a B 

- = A^'c' ii! 

u cu' or u' ’ 

- = 4 . ~ c _ fl'c' fl'-l 

^ ciif OS w' ’ (^6) 

/a' being written as before for fio'jc. 

By substitution of these values in (34) the condition becomes 

(s' + + 1) S' + ^1 + (s' + s) {(^' + 1) s- + f } = 0 (37) 

This condition assumes a simplified form when r = s, i.e. when one face is as 
much convex as the other face is concave; it is satisfied either by 

c' 1 ^ 

^ + ( 38 ) 

or by 

(^'+l)? + ^' = 0- (30) 

In the first case, by (35), u = ~cr; so that if the first face be convex, the 
incident rays must be convergent. In the second case, 

u =1 — c(y,' + l)r = — (y, cos + cos (j>) r. 

With general values of r and s, (37) may be written 

2(^' + l)^, + (2/ + l)(I + i)i, + /(i + l) = o,.,.. (40) 

which determines the values of u' (if any) for which the aberration vanishes. 
The roots of (40) are real and therefore aplanaticism is possible, if 

^“^^-7j^-(V“+V-i)(^+^) («) 

be positive. Unless both faces are flat, one must be convex and the other 
concave. The limits within which a suitable value of u' will secure aplanati- 
cism are found by equating (41) to zero. The roots are reciprocals, and are 
given by 

® - (V + 1)' ± 4 + y) 

r 4iy'^ + 4!y' -I (^^) 

If the actual value of s : r be nearer unity than the values determined by 

(42), the aberration may be destroyed by selecting for u' one of the roots 
of (40). 


29—2 
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eample, ^ = 1-62, and the refracting angle be 60", / = 2-S92, ^ 

~ = 1’43 or (l-43)-i. 

U’niess, therefore, the curvafn^^c I 

of n 

In anv n^f,- 1 • destroy the aberration. I 

-ay be eU^^in^Z/^yZ'S lTo7ZT P™ary 

shown in the P-edUeoC we br^ angle.-L'J, 

With the aberration of the rays in thp . J to contend 

- more diffi,^,, *„ calouJate^rn te fort^ f “• ^he latter abenl^' 

that I have investigated is that of a piano T o4o 

which parallel light falls. It appel'^ Z th * f 

secondary plane vanishes ^^bea^the foil ®’;®™‘“n of the rays in tl 
refractive index and the obliquity: relation obtains between t^ 

sin20^ V-/i^-l ■ I 




TJie obliquity is zero when /i 162 ih ^ 

aberration in the primary plane for rrr r® of ^ that gives n 

aberration is important for a glass lIL°„f ?r ” obliquity. Neither hind o 

f‘ 5.(«)givea,^ = r3". If ^ exceed ^ 

It is that of a prism wiTh &t sHe“*t^oLh “ h'^7 -''«®%'ited more easily, 
hght passes. The prism is snppos^rfe divergent 

rizontal) plane contains the radiant • t symmetrical 

position of minimum deviatil The '* >>o i„ Z 

principles as are applied by Professo^Lor iT “P® ‘>>0 same 

“‘“S'”* when seen thr I ‘he curvature 

tiu !u “ *>*6 it falls upon To ‘‘ P™“- If ^ denote tw'. 

withm the prism, the horizontal ufoie altitude of the rav' 

would be that of an ^tuTZ ffT 7 ^ whS 

fi ty cos d'/cosA Since si7^ ! l-! T“‘''T »h“god fret' 

runs, if Sji represent the ranue of / , from /i to /i + 1 (o_ „-n « * 

opeotrum of an infinitely thin flit, confused in the resultig j 

difffrTufhT‘“ “ *“ "ii*Xhe1 1- i.fir"7r’ ■ ' 

aitter much from unity. Bv ^ ~ ^ and for glass will never 

the case of a 60" prism in thf posiCoTmlT^'T ' 

, mum deviation, the admissible ' 

n 


* ^al-scuty Pr^eemni,.. April 30, 1874. 
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vertical angular aperture is twice as great as the admissible horizontal 
angular aperture ; but, on account of the variable distribution of light in 
the^ image, this conclusion probably requires modification in favour of the 
horizontal aperture. 

^ If there is to be no confusion of the two soda-lines when seen with a 
prism of extra-dense glass one inch high, the distance of the radiant points 
must exceed four feet. 

Equation (44) is applicable without change to a spectroscope of any 
number of properly adjusted prisms of similar material. 


§ 8. The Design of Spectroscopes. 

The circumstances under which spectroscopes are used are so various 
that it is probably impossible to lay down any one construction as absolutely 
the best; but the principles of the foregoing sections allow us to impose 
certain limitations within which the choice of the designer must be confined. 
The first point to be considered is the resolving-power. This, in the case of 
prismatic instruments of one given material, carries wdtli it the total thick- 
ness traversed ; and the question is simply in what form it is most advan- 
tageous to employ this thickness. The other points to be attended to are 
principally illumination, quantity of material, ready applicability to various 
parts of the spectrum, simplicity and ease of construction. 

To a certain extent the requirements of illumination and resolving-power 
are antagonistic. If, indeed, the eye were a perfect instrument, a beam of 
diameter equal to that of the pupil would present the full degree of bright- 
ness, and a resolving-power corresponding to the thickness employed. But, 
as was explained in § 3, in order to obtain the full value of the thickness it is 
necessary further to narrow the beam; and then illumination suffers. If full 
illumination be required, we must employ a thickness three or four times as 
great as that defined by (5), § 3. 

Apart from the question of the area of the pupil occupied by the beam, 
illumination sufifers from the effects of absorption and reflection. The first 
depends simply upon the thickness traversed, and is therefore an invariable 
quantity when the material and resolving-power are given. Some years 
since it was laid down by Pickering* that in spectroscopes composed of 
prisms of the same material and in the position of minimum deviation (which 
disperse equally and admit the same amount of light) the loss by absorption 
will be the same. In accordance with what has just been proved, we are 
now able to dispense with the restriction to minimum deviation. 

* “ On the Comparative Efficiency of Different Forms of the Spectroscope,” Phil. Mag. xxxvi. 
p. 41, 1868. 


454 

investigations in optics 

h Jrt f j“‘ nT/tot ■ -e/ 

“2t tt T “ " ioohcT To e^l r r - 

at,rr"r“‘^ trCbb;r“'^ p'^” 

aosorption Deed not stand in the , P' ''™ever, it would seem tK„f 
than any yet attempted. One ^7' P“"'«rf«l instrumet 

transparency that in inohes mT T glass was of lTh 

transmitted lioht in ti,„ ! ““J be nece.sS.,.., , “ 

I'atio 2-7 to 1. necessaiy to reduce tije 

this difficulty mav r K*efing fn “ieT r 

reflppfori T / oe overcome by usinw v^ • ° paper referred to-^ 

iSt at lef t “ P°'"ri^ed Under tte' 

ght at least escapes reflection - and th. * “rcumstances half thei 

'.«r.r ;r- tCi«i.rsrfrr'^”»wi 

angle- but thV " " ^^i^kness is thrown into n • 

a-:- ~r-“ rrrr I 

1^*“ of 'Y-® '■“ S"ndeJly bawMB 

Eitf”* “■ “* :*s i“”'r « «'»” ■ 

Tn /> * j when once ffood ones ara u-i. - ■. pi^isms have the Areat 

of eTir!™' p^“«“ ofus r ^ ““ 

dens’f ’ ^aggerated idea is often enip i- • ^ ^ ^ standard angle 

•W-I- aiJi”"' - »". •I.i.i ...b.. 

biipmiv* “f aeapness .„.p j. ^ 

pure, it is also in a hirtd! f"*- ^ “d £ bein. -mt m® 

f eness to variatio^^tertuTr™ oC^Xs s!^” 

pr“r„? ® ^ufrangibilrty asT‘ ■ 

precautions are therefore requireli tl ^ A to J),. Great 

fro- destroying deflmtionrTnTlele";^™^,^'^'’^^^^ ‘-P-‘- 

“ On the Magnifying-poi^er of ti, w ^ gonerallj necessary. • ; 

Ma^r iX'T"' Wppp^.., , i 

munhofer, h.B been revived for elar 3peotro«i,i*..] I : 

r 1 





the train (fig. 19). That prisms may act as cylindrical telescopes wai 
obseryed many years ago by Brewster f ; and recently Christie has con^ 
structed half-prism spectroscopes in which this property is taken advantage 
of. In these instruments, however, the total thickness of glass is too smal 
for high resolving-power. 

In the arrangement of fig. 19 the rays from the collimator are received or 
dimdnisMng half-prisms, by which the width of the beam is increased up tc 

“ On the Dispersion of a Solution of Mercuric Iodide,” Cambridge Proceedings, May 19 

1879. 

t Optics (London, 1853), p, 513, 


Sorne observers have thought that, apart from inequalities of temperature, 
ordinary bisulphide of carbon tends to arrange itself in strata of different 
refracting-power; but this does not seem to be established satisfactorily. In 
some recent experiments with a rotating stirrer, introduced with the view of 
piomoting uniformity of temperature, I obtained evidence of a thin layer of 
moisture floating on the surface. Under the action of the stirrer this layer 
was broken up and the liquid rendered very irregular. A few lumps of 
chloride of calcium introduced into the liquid absorbed most of the layer; 
but an arrangement such that the free surface remained undisturbed would 
have been preferable. 


Within the last few months Prof. Liveing* has proposed the use of a 
solution of iodide of mercury, which is considerably more dispersive than 
even bisulphide of carbon, the difference of indices between Z> and B amount- 
ing to 017. This liquid is of a yellowish colour, and is hardly sufficiently 
kansparent, even at the lower end of the spectrum, to make its use advisable 
in very powerful instruments. But for some purposes its great dispersion is 
an important recommendation. Using a single prism of 60° with an available 
thickness of 1-|- inch, I have obtained results which many pretentious instru- 
ments could not surpass. 

Expeiience has not yet decided the question as to the relative advantages 
of large and small prisms. As generally used, large prisms have the dis- 
advantages of requiring a greater quantity of material for a given thickness 
and of involving cumbrous and more expensive telescopes. The first might 
be avoided partially, and the second wholly, by the use of higher refracting 
angles, or (perhaps preferably) by the addition of half-prisms to the ends of 

Fig. 19. 
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^ai-allel to the refracting edge] about f inch, so that the total thickness is 
12 inches [80 5 cm.]. The character of the glass is such that at ordinary 
temperatures the red rays pass without deviation. To observe other parts of 
the spectrum with advantage, it is necessary to mix a little ether [or benzole] 

could be obtained by slightly warming the tube; but this course is not to be 
recommended. 

The instimment, which was made by Hilger. gave excellent results at 
times, but showed the usual caprice of bisulphide of carbon. With the 
refracting edges vertical, the definition was usually good for twenty or thirty 
seconds after shaking up, but would often rapidly deteriorate afterwards. 
Although care was taken not to touch the tube with the hands, this efFect 
was sometimes so persistent that I began to think I had evidence of a 
tendency to separate into distinct layers. When the edges of the prisms 
(and silt) were horizontal, the tube being also horizontal as before, the loss of 
dehnition after shaking still occurred, but could be remedied in great measure 

experience, however, led me to attribute these 
ettects to temperature-differences, caused perhaps by the ceiling of the 
laboratory being warmer than the floor. At any rate, they were greatly 
rnitigated by wrapping round the tube strips of copper and numerous folds 
of ckth; and they could be produced with considerable persistency bv 
touching the top of the naked tube for a few seconds with the hands. A 
difference of even of a degree Cent, between the upper and lower halves 
of the prisms might be expected to make itself apparent when the edges are 
vertical. Ihe advantages of this construction are the elimination of reflec- 
tion and the almost absolute immunity from defects due to errors in the 
separating surfaces; but they are rather dearly purchased. As might be 
expected, the best results as to definition are obtained when the tube is 
vertical; but such an arrangement is inconvenient, as it involves the aid of 
reflectors. Spectroscopes on this plan may perhaps be useful for special 
purposes ; ^ but the want of ready adaptability to different parts of the 
spectrum is a serious objection. 

The general result of this discussion would seem to be in favour of a 
spectroscope with simple glass prisms of such angle that the reflected light is 
wholly polarized, the number of prisms being increased up to the point at 
which mechanical difficulties begin to interfere. With the aid of reflection 
at least six prisms may be used twice over! When it becomes necessary to* 
increase the size of the prisms, considerable economy may be effected by the 
introduction of half-prisms at the ends of the train, as already explained. 

When the surfaces are not quite flat, or when the focus of the collimator 
is imperfectly adjusted, it becomes important to secure a rather exact 
perpendicularity between the edges of the prisms and a plane passing 
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[1899. A direct vision spectroscope, on the principle described on 
pp. 256, 257, has recently been constructed (see Proc. Roy. Inst. March 
24, 1899) in which the linear dimension of the prisms is doubled. The 
“thickness” of each prism (along the hypothenuse) is 2 inches, and the 
toUl thickness for the 10 prisms employed is 20 inches. The edges of the 
prisms are horizontal and are disposed downwards ; so that the upper part of 
a rectangular beam of light (which traverses the instrument once) passes 
through 20 inches of “dense flint” glass, while the lower part passes an 
equal thickness of bisulphide of carbon. When with the aid of reflectors 
the light is made to traverse the instrument three times, the thickness of 
glass (or CSa) is 60 inches (152 cm.). Used in this way the spectroscope, 
when tested upon the lines A' or 6 of Fraunhofer, performs as well as a good 
•Rowland grating.] 
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Both these gratings give admirable results in the second spectrum, where, 
according to (14) § 4, the resolving-power in the orange exceeds that obtain- 
able from 25 centims. of extra-dense flint. In the third spectrum the gain 
of resolving-power is still apparent, but illumination is rather deficient. 

It is much to be wished that spectroscopists in possession of powerful 
instruments would compare their actual performances with those of which 
they are theoretically capable. A carefully arranged succession of tests of 
gradually increasing difficulty, like those applied to telescopes, would be of 
especial value. In my own observations I have usually attended principally 
to the definition of the fine lines bordering and to the double line h,. 

For experiments on dark heat, to which in some respects gratings are 
well adapted, resolving-power is secondary to illumination. In order to 
avoid confusion of spectra, it would be well to eliminate the second spectrum 
altogether, which could be effected by ruling equally strong lines at alternate 
intervals in the ratio of one to three. 
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layer comes into comparison is the wave-length of the vibration; so that, 
when the thickness is a large multiple of the wave-length, there is little 
reflection, but when, on the other hand, the wave-length is a large multiple 
of the thickness, the reflection is sensibly as copious as if the transition 
were absolutely abrupt. There is thus a considerable distinction, in practice, 
between the cases of sound and of light, the wave-length of the one being 
some million times greater than that of the other. When sound is reflected 
in air from ordinary solids or liquids, the transition between the media 
may be treated as abrupt with abundant accuracy ; but it is not so certain 
that a similar treatment is adequate to the case of light. It is probable, 
however, that in the case of light passing from fluids to solids, or from' 
one fluid to a second which does not mix with it— from bisulphide 
of carbon to water— the phenomena are not materially influenced by in- 
sufficient suddenness of transition. On the other hand, when the two 
fluids are miscible, it would not be easy to complete an experiment before 
the abruptness of transition is so far broken down by diffusion that the 
thickness of the transitional layer amounts to a multiple of of an inch. 

The problem of gradual transition includes, of course, that of a variable 
medium. The particular case which I have taken is that of a stretched 
string, whose longitudinal density varies as the inverse square of the 
abscissa (measured along its length), vibrating transversely. The same 
analysis is strictly applicable to other cases of vibrations, which I need 
not stop to specify, and the results will illustrate the general character 
of the phenomena to be expected in all cases. If 3 /, denoting the transverse 
displacement, be proportional to the equation which it must satisfy as a 
function of £c, is 

d^y 

+ ® S' = 0 (1) 


where 91- is some positive constant, of the nature of an abstract number*. 

The solution of (1) is 

y = - 1 - (2) 

where ^ ' 

(3) 

If m be real, that is, if n> we may obtain, by supposing A = 0 , as a 
final solution in real quantities, 

y = cos {pt — m log « -f e), (4) 

which represents a positive progressive wave, in many respects similar to 
those propagated in uniform media. 

Let us now suppose that, to the left of the point x — Xi, the variable 
medium is replaced by one of uniform constitution, such that there is 



Theory of Sound, § 141 . 


462 


^hat transition • and let ' • 

Te re^cr' " ^ 

moderately rapL” '' ■^' the ehaage^otd^rt/i^btt 

4 = o''in (Tnuf in the variable medium, so that 

y ~ Boo^irn. dy 

and. when ^ = “ (2 - m) . 

~-im 

rp, 

^ g’eneral solution for ftiA •/■ 

n for the umform medium may be written 
from which, when a; = 4;^^ ’ 

H — 

y^ rv. 

tn equation f6') TJ '■••■•(O 

p^-hfdit* ““V - 1“‘ 

nnd (n Thus^ the values 'of 

which ffives in n t- + ••••• 

^ -fleeted to the incident 

giy 

so that the real a™ r* . ^ 

of the incident Th? * **"’ reflected wave is i t 

«■. when the densitfct "'“ ^ expected when 1 ^ 

iittle reflection. ^'-'7 in the variable medium therTisCt' 

Passing on now to fhp 

nt fct Tn r?n“f ™'" trat tint / = ‘ho 

‘he point TroportioC r 

to \h„ r“‘® = '‘“'intoa„nirm !! Proportional to 

• ™'e«‘ies of Propagatio^ret 

inversely proportional to the 



63] ON REFLECTION OF VIBRATIONS. 468 

square roots of the densities, i.e., vary as x, so that, if be the refractive 
index between the extreme media, 


The thickness (d) of the layer of transition is 

d = x^ — Xx 

The wave-lengths in the two media are given by 

Xj = ^TTXijn, X-i = 2’jrx^jn ; 

so that 


Xa Xj (fj, ^ — 1) Xi 

For the first medium we take, as before, 

y = q. ^g+in (*-*,)/», 

giving, when x = Xj, 

dy _ inH~K in 6 
ydx~ XiH + K 

rr jT 

if, for brevity, we write 6 for ^ ^ . 

tL + K 


For the variable medium. 


giving, when x — x~i_^ 


y = + Bx^'"\ 


dy _ + ira) Ax-^'^^ 4 - (| - — im) Bx{~'''^ 

ydx Ax-^'^ + B~x{^ 

Hence the condition to be satisfied at x = Xi gives 


. Axi^'^ - Bx-r^'^ 


whence 


1 , • XXcOl UJiJU-i 


= — ind 


B ^ im -f- in d -f- ^ ' 


The condition to be satisfied at x — x^ may be deduced from (14), by 
substituting x^ for aji, putting at the same time d=\ in virtue of the 
supposition that in the second medium there is no negative wave. Hence 
equating the two values of A : B, we get 

^ln + ^n6 + ^ ^m + ^n + ^’ 
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When n> (17) is the appropriate form. We see from it that, as 
n increases, the reflection diminishes, until it vanishes, when m log iju — tt, 
i.e., when 

”'■“* + ( 13 ^ 

With a still more gradual transition the reflection revives, reaches a 
maximum, again vanishes when m log /i = 27 r, and so on. 

As a numerical example I will take the case of /^ = f , applicable to the 
reflection of luminous waves in passing from glass to air. The value of 
logef is '40546520. For the sudden transition, we have, from (21), -040. 
When m! = 0, i.e., when the reflection is, by (20), '039478, 

but very little less. For moderate values of m! , we may derive, from (18), 


(log 

(log fjuy + 4 

or, in the present example. 


(log ya)^ + 4 3 


■039478 + ■ 039478 ). 


There is thus no appreciable variation of reflection from m' = ^ to m! = 0. 
The reflection vanishes when 

* (-4055)2 ’ 

a being any integer. Even when a = 1, the first term in the value of is 
small relatively to the second, and we may take, with sufficient approximation. 


The thickness of the layer of transition at which the reflection first 
vanishes is thus a little greater than the difference of the wave-lengths. 
The revivals of reflection which occur when the transition is still more 
gradual are not important. The approximate values are ( 2 / 37 r) 2 , &c., 

the reflection with abrupt transition being taken as standard. Thus, at 
the first revival, the reflection is only about of its original value. 
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ON THE MINIMUM ABERRATION OF A SINGLE LENS FOR 

PARALLEL RAYS. 


Qow tnat when the material of a lens is plate glass = 1-5) 
IS least when the lens is double convex, the radius of the 

^e fl length / and that of the 

( ) equal to The residual aberration Bf is then 
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The general expression of the aberration for parallel rays isj 
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Writing for brevity S, F respectively for and taking 

0 = ^ , so that — 8 = — — R, we get 

/x-r ya ^ 

- j) (^- = <?(-»'(/* + 2) - -Rff (2/» + 1) + 

_ /a f // , o , im^F^ 4/x — 1 

e |V(/^ + ) . 2 v(/> + 2)} + (ii. - ly 4 (,i + 2) 

Since /x > 1, both terms are of the same sign, and the aberration can 
never’ vanish. If f and y be given, the aberration is least when 

that is, when 

2 (/I + 2) (,1.-1) 

( 2,1 + 1 ) 

The corresponding value of s is 

._2(,i + 2)(,i-l) 

« 3+7^2)?—/' (®> 

SO that 

ya(2ycx + l) 

-*^’• = 4^7^“ 

which agrees with the result of [Parkinson’s Optics] § 130. 

When this condition is satisfied, the second term of (4) gives for the 
minimum aberration 

If {y, + 2y 

which is applicable to all values of /x. 

If /X = 2, (8) gives 

-hf-t-j 

V ' jr — TP> 

not as stated by Coddington. The aberration tends indeed to become 
less as /X increases, but it remains considerable for all substances known in 
nature. 

It seems to have been thought evident that great advantage would result 
from higher refracting power on account of its allowing the use of more 
moderate curvatures. It appears however from (5) and (6) that as /a 
increases, r and s do not tend to become infinite for the form of minimum 
aberration, but approach the finite value f. 
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ACOUSTICAL OBSERVATIONS. Ill 
[Fhilosopliical Magazine, ix. pp. 278 — 283, 1880.] 


Intermittent Sounds. 

In the Philosophicul Magazine for May 1875, Prof. A. M. Mayer describes 
some experiments on this subject, made by rotating a perforated cardboard 
disk between a resonator and a vibrating fork. “ When the disk is stationary 
with one of its openings opposite the month of the resonator, it is evident 
that the ear will experience a simple sonorous sensation when a tuning-fork 
is brought near the mouth of the resonator. On revolving the perforated 
disk, two additional or secondary sounds appear — one slightly above, the 
other slightly below the pitch of the fork. An increasing velocity of 
rotation causes the two secondary sounds to diverge yet further from the 
note of the beating fork, until, on reaching a certain velocity, the two 
secondary sounds become separated from each other by a major sixth, 
while at the same moment a resultant sound appears, formed by the union 
of the sound of the fork with the upper and lower of the secondary sounds. 
This resultant is the lower second octave of the note given by the fork. 
On further increasing the velocity of rotation of the disk, the two secondary 
sounds and the resultant disappear, and the ear experiences only the 
sensation of the simple sound . produced by the fork, whose beats at this 
stage of the experiment have blended into a smooth continuous sensation.” 

In concluding his paper Prof. Mayer calls attention “to the evident 
difference existing between the dynamic constitution of the sonorous waves 
belonging to beating pulses produced by the action of a perforated rotating 
disk on a continuous stream of sonorous vibrations, and those waves which 
cause^ beats, and which are formed by the joint action of sonorous vibrations 
differing in pitch. That these two kinds of beats are alike in their effects 
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when following in the same rapidity I have assumed to be the fact in this 
paper.” 

At the time when Prof. Mayer’s paper first appeared, I examined this 
question more closely; and some of my results were referred to in a 
discussion before the Musical Association. The dilference between the 
bwo kinds of beats is considerable. If there are two vibrations of equal 
amplitude and slightly differing frequencies, represented by cos and 

cos 27rn^t, the resultant may be expressed by 

2 cos TT (Wi — cos TT (?2i + t, 

and may be regarded as a vibration of frequency ^ (ni + ih), ^.nd of amplitude 
2 cos -TT (Wi - 7 ii) t Hence, in passing through zero, the amplitude changes 
sign, which is equivalent to a change of phase of 180°, if the amplitude 
be regarded as always positive. This change of phase is readily detected by 
measurement in drawings traced by machines for compounding vibrations. 
If a force of the above character act upon a system whose natural frequency 
is -I- (% + Wa), the effect produced is comparatively small. If the system 
start from rest, the successive impulses cooperate at first, but after a 
time the later impulses begin to destroy the effect of former ones. The 
greatest response is given to forces of frequency Wi and and not to a 
force of frequency ^ {n^ + n^. 

On the other hand, when a single vibration is rendered intermittent 
by the periodic interposition of an obstacle, there is no such change of 
phase in consecutive revivals. If a force of this character act upon an 
isochronous system, the effect is indeed less than if there were no inter- 
mittence; but as all the impulses operate in the same sense without 
any antagonism, the response is powerful. An intermittent vibration or 
force may be represented by 

2 (1 + cos 27rmt) cos* 27rn^, 

in which n is the frequency of the vibration, and m the frequency of 
intermittence. The amplitude is always positive, and varies between the 
values 0 and 4. By ordinary trigonometrical transformation the above 
expression may be put into the form 

2 cos 27rni + cos 27r (w + m) 1 4- cos 27r {n — m) t ; 

which shows that the intermittent vibration is equivalent to three simple 
vibrations of frequencies n, n + m, and n — m. This is the explanation of 
the secondary sounds observed by Mayer. When m is equal to \n, 
w + — 771=5:3, or the interval between the secondary sounds is a 

major sixth. The frequency of the resultant sound is m (that is, 
and its pitch is two octaves below that of the original vibration. 
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In the Edinburgh Proceedings for June 1878, an experiment similar to 

Mayers IS descnbed by Professors Crum Brown and Tait, and is explained 
m the above manner. 

If the intensity of the intermittent sound rise more suddenly to its 

maximum, we may take 4 cos" Trm^ cos 27rw^ ; and this may be transformed 
into 

f cos 2'7rnt + cos 27r (n + w)i + cos Stt (n — m)t 

+ i cos 27r (n + 2m) i | cos 27 r (n - 2m) t. 

There are now four secondary sounds, the frequencies of the two new 
ones differing twice as much as before from that of the primary sound. 

Other cases might be treated in the same way; but my object at 
present is to describe a modified form of the experiment which I planned 
some years ago, but first carried out last summer. 


Fig. 1. 



The desired forces were obtained electromagnetically. A fork interrupter 
o± frequency 128 gave a periodic current, by the passage of which throudi 
an electromagnet a second fork of like pitch could be excited. The action 
of this current on the second fork could be rendered intermittent by 
short-circuiting the electromagnet. This was effected by another interrupter 
ot frequency 4, worked by an independent current from a Smee cell. To 
excite the mam current a Grove cell was employed. When the contact 
ot the second interrupter was permanently broken, so that the main current 
passed continuously through the electromagnet, the fork was, of course 
most powerfully affected when tuned to 128. Scarcely any response was 
observable when the pitch was changed to 124 or 132. But if the second 
interrupter was allowed to operate, so as to render the periodic current 
through the electromagnet intermittent, then the fork would respond 
powerfully when tuned to 124 or 132 as well as when tuned to 128, but 
not when tuned to intermediate pitches, such as 126 or 130. 

The operation of the mtermittence in producing a sensitiveness which 
would not otherwise exist, is easily understood. When a fork of frequency 
1*4 starts from rest under the influence of a force of frequency 128, the 
impulses cooperate at first, but after ^ of a second the new impulses begin to 
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oppose the earlier ones. After ^ of a second, another series of impulses 
begins whose effect agrees with that of the first, and so on. Ihus if 
all these impulses are allowed to act, the resultant effect is trifling ; but 
if every alternate series is stopped off, a large vibration accumulates. 

A New Form of Siren. 

Some years ago* I observed that a light pivoted blade is set into 
rapid rotation when exposed to wind. The phenomenon is of the same 
character as the rotation of a slip of paper falling freely in air, which 
was discussed a long while since by Prof. Maxwell f. In both cases the 
rotation may occur in either direction, proving that its cause is not to be 
looked for in any want of symmetry. But the view expressed by Maxwell 
does not appear to apply to the pivoted blade , and I think that the real 
explanation is yet to be discovered. At present, however, I am concerned 
merely with an application. 

Fig. 2. 



In fig. 2, A is a blade cut out of sheet brass and provided with sharp 
projecting points, which bear in hollows at the ends of the screws B, 0. 
These screws pass through a small wooden frame FG, and are adjusted 
until the blade can turn freely but without perceptible shake. D and E 
are pieces of cardboard or sheet metal, fitting pretty closely to the blade 
when in the same plane with them, so that in this position of the blade the 
passage through the frame is almost closed. As the blade turns, it acts the 
part of a revolving stopcock. 

In the summer of 1878 I made several sirens on this plan, which 
performed well. One of them is represented about full size in the figure. 
If the wind from the bellows is admitted symmetrically, they will revolve m 
either direction, and soon acquire sufficient speed to give a note of moderate 
pitch. The position of maximum obstruction is for small displacements a 
position of stable equilibrium. If a larger displacement is given, the 
vibration tends of itself to increase up to a certain point, or even to pass 

* “On the Resistance of Fltiids,” Phil. Mag. Dec. 1876. [Art. xlit, p. 292.] 
t Gamhridge and Dublin Math. Journal, 1854. 
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into continuous rotation 5 but the precise behaviour in this respect probably 
depends upon the details of construction. 

The Acoustical Shadow of a Circular Disk. 

In a well-known experiment, suggested by Poisson, a bright point is 
observed in the centre of the shadow of a circular disk on which waves 
of light are directly incident. It is some years since I first attempted to 
obtain the acoustical analogue of this beautiful phenomenon ; but my efforts 
were without success until a few months since. The difficulties to be 
overcome are entirely different in optics and in acoustics, on account of 
the immense disproportion of wave-lengths. In the former case the disk 
must be small and accurately shaped, and the source of light must be 
of very small angular magnitude— in practice, an image of the sun formed 
by a distant lens of short focus. In the latter case the difficulty is to 
arrange the experiment on a scale that shall be adequate in comparison 
with the wave-length of the sound. 

The best way of considering the subject theoretically is with the use 
of Huyghenss zones. The plane of the disk is divided into zones by its 
intersection with spheres whose centres are at the point under consideration, 
and whose radii form an arithmetical progression with common difference -IX. 
The vibrations due to these zones are at first nearly equal, but gradually 
diminish to nothing, unless the outer boundary of the aperture is circular ; 
and thus the ag^egate effect is represented by a series of which the terms 
are of opposite sign and of slowly diminishing magnitude. Now the sum of 
such a series is equal approximately to half its first term ; so that the 
whole effect of the aperture outside the disk is independent of the disk’s 
diameter that is to say, is the same as if no obstacle at all w’-ere present. 

This way of regarding the matter shows at once what degree of accuracy 
IS required in the figure of the circumference, which must not sensibly 
encroach upon the first exterior zone. If 00 be the radius of a circle in 
t e plane of the disk, b the distance of the point under consideration, 
and dx = rdrjx ^ ; so that if dr = dx = rXj^x. If, therefore, 

0! be the radius of the disk, the radial error should be a small fraction 
of r\l2x. 

In like manner, we may form an estimate of the size of the bright spot, a 
subject which has been treated analytically by Airy If the disk be moved 
laterally through the width of one zone, it is clear that the effect at the old 
point will be materially changed. Hence the diameter of the bright spot is 
comparable with rXjx, and its apparent magnitude as seen from the disk 
IS comparable with Xjx. For the fall success of the experiment, the apparent 
magnitude of the luminous source should be of the same order. 

* Phil. Mag. May 1841. 
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When we pass to the analogous experiment in acoustics, it is of course 
impossible to retain any approximation to optical conditions. Instead of 
a ratio oi \ : x, equal to, say, we must be^ satisfied with some such 

value as In order to diminish X as far as possible, it is advisable to use 
sounds of very high pitch, which have the additional advantage of readily 
exciting sensitive flames. I have found it best to work indoors, in which 
case a disk of 1 5 inches diameter is suitable ; with a much larger disk and in 
an ordinary room there would hardly be sufficient free space on all sides. 

I have tried a considerable variety of sources of sound, including electric 
sparks, a small electric bell, and a Galton’s whistle; but the best results 
were obtained with a bird-call and with a squeaky toy-reed. 

On November 20 the source was a bird-call blown with a pressure of 
4 inches [inch = 2-54 cm.] of water, and was placed about 20 inches from the 
15 inches disk. The observation was made at a distance of 24 inches on 
the further side of the disk, and was successful both with the ear and 
with the sensitive flame. In the former case I employed a plate of wood 
bored with a hole about i inch in diameter, and held against the side of the 
head in such a position that the hole was opposite the ear-passage. The 
head was moved about until the position of maximum sound was determined, 
and was then withdrawn, leaving the plate in situ. In order to verify 
conveniently that the position of maximum sound was really at the centre 
of the shadow, a hole was bored through the centre of the disk, which 
could be closed with a cork during the adjustment of the ear-plate. When 
the adjustment was complete, the cork was removed; and then the eye 
placed behind the ear-plate would see the source of sound through the 
two holes. With a little practice the central point could be picked out 
almost as well by ear as by eye. 

With a sensitive flame the observation was even easier. The most 
suitable is that from a pin-hole burner brought near the flaring-point 
by a gas-pressure of about 10 inches of water. To get the best result, 
the pressure must be carefully adjusted ; and in order to avoid disturbance, 
it is advisable to move the source rather than the flame. When the place 
of maximum effect has been determined, the cork is removed from the 
central hole of the disk, and the gas is lowered. By looking just over the 
burner it is then easy to see whether or not the source of sound occupies the 
central position. 

On November 24 the toy-reed was substituted for the bird-call, the disk 
and distances being the same as before. In the case of this source the 
experiment succeeded better with the flame than with the ear. 

On a subsequent occasion a larger disk, of 30 inches diameter, was 
tried; but the results were not so good, probably in consequence of the 
increased effect of reflection from the floor and walls of the room. 


ON THE STABILITY, OR INSTABILITY, OF CERTAIN 
FLUID MOTIONS. 


[Proceedings of the London Mathematical Society, xi. pp. 57 70, 1880.] 

In a former communication to the Society on the “Instability of Jets*,'’ 
I applied a method due to Sir W. Thomson, to calculate the manner of falling 
away from equilibrium of jets bounded by one or more surfaces of discon- 
tinuity. Such interest as these investigations possessed was due principally 
to the possibiUty of applying them results to the explanation of certain 
acoustical phenomena relating to sensitive flames and smoke jets. But it 

soon app^red that in one important respect the calculations failed to 
correspond with the facts. 

To fix the ideas, let us take the case of an originally plane surface of 
separation, on the two sides of which the fluid moves with equal and opposite 
octant velocities (± V). In equilibrium the. elevation h, at every point x 

f'The J"" r r? S rest 

in the form, defined by A = y cos fa, then, after a time f, its form is given by 

h = ILcoskoe coshA;Fi{, ^ 

pmvided that throughout the whole time contemplated, the disturbance is 
small. In the same sense as that in which the frequency of vibration 
measures the stability of a-system vibrating about a configuration of stable 

iwST“V“ “ b). measures the 

• t K- -5 ™ unstable system ; and we see, in the present case, that the 

instability mcreases without limit with h; that is to say the shorter the 

ritag:yi:i! mpidly 

The application of this result to sensitive jets would lead us to tlnei 
conclusion that their sensitiveness increases indefinitely with pitch. It is 

* Proceedings, yol. x. p., 4, Nov. 14, 1878. [Art. lviii.] 
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true that, in the case of certain flames, the pitch of the most efficient 
sounds is very high, not far from the upper limit of human hearing; but 
there are other kinds of sensitive jets on which these high sounds are 
without effect, and which require for their excitation a moderate or even 
a grave pitch. 

A probable explanation of the discrepancy readily suggests itself. The 
calculations are founded upon the supposition that the changes of velocity 
are discontinuous — a supposition which cannot possibly agree with reality. 
In consequence of fluid friction a surface of discontinuity, even if it could 
ever be formed, would instantaneously disappear, the transition from the one 
velocity to the other becoming more and more gradual, until the layer of 
transition attained a sensible width. When this width is comparable with 
the wave-length of the sinuosity, the solution for an abrupt transition ceases 
to be applicable, and we have no reason for supposing that the instability 
would increase for much shorter wave-lengths. 

In the following investigations, I shall suppose that the motion is entirely 
in two dimensions, parallel (say) to the plane xy, so that (in the usual, 
notation) w is zero, as well as the rotations 97 . The rotation ^ parallel to ^ 
is connected with the velocities u, v by the equation 

t-t(|-s) ® 

When the phenomena under consideration are such that the compressi- 
bility may be neglected, the condition that no fluid is anywhere introduced 
or abstracted, gives 

* + ^=0 (3) 

dx dy 

In the absence of friction, ^ remains constant for every particle of the fluid ; 
otherwise, if v be the kinematic viscosity, the general equation for f is 

w 

dt ^ dx dy dz 

where , ,,, ,,, 

djdt = djdt -p ud/dx -I- vdjdy -1- wdjdz, (£>) 

= d^ldx"^ -f- d^{dy- + d^jdz^ ( 6 ) 

For the proposed applications to motion in two dimensions, these equations 

reduce to , „ c /> 7 \ 

d^ldt = vV% ( 7 ) 

d/dt = djdt + udjdx 4 - vdjdy, ( 8 ) 

= di-jda^ 4- d^ldy% (9) 

while the two other equations similar to (4) are satisfied identically. 

* Lamt’s Motion of Fluids, p. 243. 
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In order to investigate the influence of friction on stratified motion, we 
may now suppose that v is zero, while u and ^ are functions of y only Our 
equations then give simply 

d^ldt=^vd}^ldy\ 

which shows that the rotation ^ is conducted according to precisely the same 
laws as heat. In the case of air at atmospheric pressure, the value of v is 
according to Maxwell’s experiments, r = -16* not differing greatly from the 
number (--.2) corresponding to the conduction of temperature in iron. 

The various solutions of (10), discovered by Fourier, are at once applicable 
to our present purpose. In the problem already referred to, of a surface of 
discontinuity y = 0, separating portions of fluid moving with different but 
originally constant velocities, the rotation is at first zero, except upon the 

surface itself, but it is rapidly diffused into the adjacent fluid. At time t its 
value at any point y is 


^dy.—j-~ 

-00 z dyn'vt) 

(11) 

1 

r-fcq 

II 

1 

(12) 


X lift . I ^ ‘0 2/ = 0, 

,, , ■ *■ ' ^ *1^6 tMckness of the layer of transition 

(2y) IS comparable in magnitude with 1-6 for example, after one second 

to be about IJ centimetres. In the case of water the 
oefficient of conductivity is much less. It seems that ». = -0I4; so that 
er one second, the layer is about half a centimetre thick. 

suntlintlir'VT 7 t jet will be represented by 

supposing the velocity to be limited initially to an infinitely thin layer 

-stead of f 

duldt = vdhi/dy'^, 

and thus the solution is of the same form as before : 

f''"” , e-i/“/4vf 

( 14 ) 

thiotalsTlfteT'*’’'*'’ **7*’ ^ jet “r may be initially, its 

ILcuMontrvr' T7 “ li oentimitres. A siLlar 

originally concLt"^^^^ 

of semSvt' llrl” r*''" ‘i'e that the phenomena 

sensitive jets may be greatly influenced by fluid friction, and deviate 

The centimetre and second being units. 
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materially from the results of calculations based upon the supposition of 
discontinuous changes of velocity. Under these circumstances, it becomes 
important to investigate the character of the equilibrium of stratified motion 
in cases more nearly approaching what is met with in practice. Fu y to 
include the effects of friction, would immensely increase the difficulties of 
the problem. For the present, at least, we must treat the fluid as friction - 
less, and be satisfied if we can obtain solutions for laws of stratification 
which are free from discontinuity. For the undisturbed motion, the com- 
ponent velocity v is zero, and w is a function of y only. A curve, in which m 
is ordinate and y is abscissa, represents the law of stratification and may be 
called, for brevity, the velocity curve. 

A class of problems which can be dealt with by fairly simple methods, is 
obtained by supposing the rotation ^ to be constant throughout layers of finite 
thickness, and only to change its value in passing a limited number of planes 
for which y is constant. In such cases, the velocity curve is composed ot 
portions of straight lines which meet one another at finite angles. This state 
of things may be supposed to be slightly disturbed by bending the surfaces 
of transition, and the determination of the subsequent motion depends upon 
that of the form of these surfaces. For ^ retains its constant value through- 
out each layer unchanged in the absence of friction, and by a well known 
theorem the whole motion depends upon We shall suppose that the 
functions deviate from their equilibrium values by quantitms proportional to 
6 "*==®, so that everything is periodic with respect to a; in a distance X equal to 
27r/A?. By Fourier’s theorem, the solution may be generalised sufficiently to 
cover the case of an arbitrary deformation of the surfaces. As functions of 
the time, the disturbances will be assumed to be proportional to where n 
may be either real or complex, and the character of the resulting motion is 
determined in great measure by the value of n, found by the solution of the 

problem. 

By a theorem due to Helmholtz, the effect of any element dA rotating 
with angular velocity is to produce, at a point whose distance from the 
element is r, a transverse velocity q, such that 


y Trr 

In the application of this result to the problems in hand, it will be convenient 
to recrard the actual value of K at time t as made up of two parts (i) its 
undisturbed value, (ii) the difference between its actual value and (i). The 
effect of (i) is to produce the undisturbed system of velocities, on which the 
small effect of (ii) is superposed; and the calculation of the latter effects 
evidently involves integrations which extend only over the infinitely small 


; |i 

i 
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bupp«e that the equation of one of these surfaces, reckoned from it, 
undisturbed position, is 



g t. by (lo), at any point whose abscissa is * and distance from the surface 

Af^ 

where ”• ’ 

r2 = 52^(|:_a,)2 

The velocity q, given by (17), is perpendicular to n The next step previous 
to integration, is to resolve it in the fixed directions of x and w The 
resolution IS effected by introduction of the factors 6 /r, and (f-*)/r- and 
thus, for the whole effect of the surface under consideration, ’’ ’ 


or, by (16), 


^ J ~oa r- TT J 7,2 > 


u = ~ T” 

^ J -oob^+(i-a>)^>' 

TT J ¥ + {^-a:y ' 

The integrals are readily evaluated by the theorem 


p" cos «a; , r+“ a; sin acc , 

and we obtain 

u = ~ ^ ^ 

with Vtf f “fi“i‘-imal in comparison 

situated upo7t e surri iCelf ThfTr ‘u 

examination hot tk . T . ™ “ would need more careful 

zero since the ueiirhb ** ' " *“ equally applicable when h is 

of tCTnti In T?b T‘' r ‘ 'he value 

surface the noint ,1 ’ -j 'he same on whichever side of the 

“d 6 is in both cases to be 

taxen positive. Accordingly, when h is zero, we are to take simply 


v~~ 


As r tat “rmuTw *“ of spooial problems, 

first example, let us suppose that on the upper side of a layer of 
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thickness h the undisturbed velocity u is e(^ual to + P] and on the lower side 
to - V, while inside the layer it changes uniformly. Thus 

^^^duldy^Vlh (23) 

inside the layer, and outside the layer ^= 0. In the disturbed motion, let 
the equations of the upper and lower surfaces be respectively, at time t, 

^ 7}' = ; (24) 

then, by (21), (22), (23), the whole value of v for a point on the upper 
surface is 

V = (24) 

and for the lower surface 

V = ih~^ — JET') (25) 

From these values of v the position of the surfaces at time t + dt may be 
calculated. At time i, y corresponds to x; at time t + dt, tj + vdt corresponds 
to x + udt, u being the whole component velocity parallel to x. Thus, at time 
1 4- dt, corresponding to Xy we have 

df 

7) + vdt “ ^ (’? + 

or, on neglecting the squares of small quantities, 

Now, from (24), drjfdt = inrj ; so that, equating the two values of dTjjdt, we 
get, from (24). ^ _ fi-'e-**) - ikYH, 


(^-l + tt)i?4e-“ir' = 0. 


In like manner, by considering the motion of the lower surface, we get 

e-^^H+(^-Y-l + kb^H'^0 (27) 

By eliminating the ratio if' : H between (26) and (27), we obtain, as the 
equation giving the admissible values of n, 




When kh is small, that is, when the wave-length is great in comparison with 
6, the case approximates to that of a sudden transition. Thus 

n® = — {1 - Uh -1- - (1 - 2i6 + 2W -p ...)} = - k'^V^ approximately 

7j2 I- 

- ( 29 ) 
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in agreement with equation (30) of my former naner Tn ai. 

unstable. On the other hand, when « is grL we find, ^7(28)' 

W2=^2p^2; 

and, since the values of n are real tliP mrifiVv, * n -r 

the progress of an a function o{ kb ^ 


M 


kb 

b^n^jV^ 

•2 

- -03032 

1-0 

~ -13534 

•4 

- -08933 

1-2 

- -05072 

•6 

- -14120 

1-3 

+ -01573 

•8 

- -16190 

2-0 I 

+ -98168 


X=r-“and’'thaftV“'*^“''‘^ r = '^hen 

H = l-3 nfrlj cr when3. ^‘ability, takes place when 

detfstSS?: 

ance, and bv^mean, of Vl ^ ^ "• “o'*® 

d^plaooment of the two s^LrilyTelp^ee/Zd.'^ if “u 

ainllfief oVthtto ^ ‘haf ‘^e 

suilaces are at every moment in the same phase. 

We may next take an examnle of a ipf nf +in*r.i m 

fluid sutrnn^mo. titai- i-u 01 a jet ot thickness 2b moving in still 

nuia supposing that the velocity in the middle of the jet is V and that 
it falls uniformly to zero on either sidft ToI^t- i-i, -iit , and that 
we may write ' middle line as axis of a?, 

u=V(l + yfb), ^32^ 

theTef tL *» >»-er half of 

^ ~ = ■{■ '...(32) 

within the jet, and outside the iet t= 0 Fn fh-ia tv m ai. 

surfaces to be considered wJ mi ^ problem there are three 

surface, for which A^= F /26 to h equation of the upper 

for which ^ be = 

which Ar= F/26, to be rj^Vu" 
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From (22), the velocities v are to be calculated as before. We find 

V (upper surface) = ^ QintQ%kx 

V (middle surface) = ^ QtntQikx + 2JB[' — 

V (lower surface) = {— e~^^H + 2e"*^JT'— H }. 

For the upper and lower surfaces the horizontal velocity is zero, and for the 
middle surface it is V. In the same manner as for (26), we thus obtain 

mH — 2yH' + ~ ^ ) 

yII+{m + 2hh-S)H'+yH'' = 0 > 

y^^H-2yH' + mH"=-0 ) 

in which y is written for and m is written 2hV-hi + 1. The elimination 
from (33) of H : H' : H" gives the following cubic in m 

+ (2kh - 3) m? + y^ (4 - rf)m- rf (1 + 2hh) = 0 .(34) 

By inspection of (33), we see that one of the normal disturbances is defined 
by J?' = 0, H+H" = 0, and that the corresponding value of m is 7^ It 
follows that m-7^ is a factor of the cubic expression^ in (3^)’ 
remaining quadratic factor is readily obtained by division. Thus (34.) 
assumes the form 

(m - 7 *) K + ~S + y^)m+ 7 ^ (1 + 2kh)] = 0 (35) 

For the symmetrical disturbance 

„ = ( 36 ) 

a real quantity, indicating that the motion is stable so far as this mode of 
disturbance is concerned. 

The other two values of n are real, if 

{2kh - 3 + 7'’)'* - W (1 + 

be positive, but not otherwise. When kh is infinite, 7 = 0, and (37) reduces 
to which is positive ; so that the motion is stable when the wave-leng 
is small in comparison with the thickness of the jet. On the other hand as 
may readily be proved by expanding 7 in (3Y), the motion i^ nn^We, when 
the wave-length is great in comparison with the thickness of the jet. ih 
values of (37) can be more easily computed when it is thrown into the form 

(5 + 2kh - - 16 (1 + 2fc5). (-^ 8 ) 

31 


A 
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Some corresponding values of (38) and 2hh are shown below - 



2]ch 

(38) 

2kb 

(38) 

•6 

- -054 

2-5 

-•975 

1-0 

-•279 

3-0 

- -794 

1*5 

-•599 

3*0 

- -263 

2-0 

-'876 

4-0 

+ •671 


The wave-length of maximum instability is about 2^ times the thickness (2&) 
of the jet ; while, for a [value of hh'\ about half as great again, or more, the 
motion becomes stable. 

Although it is the fact, as I have found by experiment, that a sensitive 
jet breaks up by becoming sinuous as a whole, the result that a symmetrical 
mode of disturbance is stable, is special to the law of velocity assumed in the 
foregoing example. In order to illustrate this, I will state the results for the 
more general law of velocity obtained by supposing the maximum velocity Y 
to extend through a layer of finite thickness V in the middle of the jet. The 
rotation ^ is zero in this central layer ; in the adjacent layers of thickness 6, 
+ Yl^h, as before. The equations of the four surfaces, in crossing which 
^ changes its value, being represented by 

'n\ v\ = H', 

we may obtain four equations involving n and the three ratios EiH'iE": 

The elimination of these ratios gives a biquadratic in n, which, however, is 
easily split into two quadratics, one of which relates to symmetrical disturb- 
ances, for which E + E'" = 0, E' = 0 ; and the other to disturbances for 
which E —E =0, E' — S" = 0. The resulting equation in n is 

l'2hny , , _ , 2hn 

VT; +77®+ 2^6)-^ + ry'_l + 2M + 72 (i qiry'q: 2%') = 0, ...(39) 

7 being written for e~^^. In (39) the upper signs correspond to the 
symmetrical displacements. The roots are real, and the disturbances are 
stable, if 

(+ 7 + 77® + 2^6)= - 4 [+ 7' - 1 + 2^6 + 7^ (1 + 7' + 2khy')] (40) ■ 

be positive. > 

In what follows, we will limit our attention to the symmetrical disturb- 
ances, that is, to the upper signs in (40), and to terms of orders not higher 
than the first in h'. The expression (40) may then be reduced to 

(1 - 72 _ 2khY + (1 + 72) (1 - 7=* - 2k'b) (41) 





— %hh' . (42) 


If b' be zero, (42) is positive, and the disturbance is stable, as we found 
before ; but if b and b' be of the same order of magnitude, and both very 
small compared to X, it follows from (42) that the disturbance is unstable. 

If in (39) we suppose that b is zero, we fall back upon the case of a jet 
of uniform velocity V and thickness b' moving in still fluid. The equation 
for n, after division by b^, becomes 

n^ + (l±y')kV.n + ^{l±y)Jc^V^ = 0, 
or 

(n + kVy +n^ = 0 (43) 

1 + 7 


In the notation of my former paper, [^b' — Z], so that 


1+7 


— coth kl. 


1 +■ 7 


f 

% = tanh kl ; 


and the equations there numbered (48) and (55) agree with (43). 

Another particular case of (39), comparable with previous results, is 
obtained by supposing 5' to be infinite. 

I now pass to the consideration of certain cases in which the moving 
layers are bounded by fixed walls, instead of by an unlimited expanse of 
stationary fluid. The effect of the walls may be imitated by the introduction 
of an unlimited number of similar layers, in the same way as the vibrations 
of a string fixed at two points are often deduced from the theory applicable 
to an unlimited string. The displacements of the surfaces at which ^ changes 
its value being taken equal and opposite in consecutive layers, the value of v, 
at the places occupied by the walls, is, by symmetry, zero', and thus the 
presence or absence of the actual walls is a matter of indifference. 

Let us first suppose that the distribution of velocity within the layer 
is that given in (31), uniformly increasing from zero at the walls to a 
maximum V in the middle, the distance between the walls being 2b. The 
actual surface of transition and its successive images make contributions to 
the value of v at the surface, which are alternately opposite in sign, and, as 
regards numerical value, form a geometrical progression with common ratio 
g-2]fc6 oj. Thus, with the same notation as before, we have at the surface, 

from (21), (22), 


V = 


iVH 


tint yjilcx 


iVH , 

[ 1 - 2 ( 7 ^ - 7 ^+ 7 “--”)} = 


•T 1 

,vnt oikx L • 

■1 + 7 ®’ 


31—2 
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SO that, as in previous problems. 


or, as it may also be written, 


tanh kh — kb. 


[1899. Solutions for the case where there is a layer o: 
the centre, throughout which the undisturbed velocity is F, 
(Ptoc. Math. Soc. xix. p. 67, 1887) found to be erroneous a 
omitted.] 


In these examples the velocity 
and (2), I have taken a further 
hy calculating the motion for a \ 
criterion of stability is 
show that the motion is i 
these examples there seemed to be 


i are those represented by figs. (1) 
in the direction of generalisation 
7 curve in the form of (3). The 
complicated in its expression, but it is not difficult to 
stable if the angle iV" be a projecting angle. From 
3 some reason for thinking that the motion 
would be stable, whenever the velocity curve was of one curvature through- 
out , and this led me to attack the question by a more general method, which 
I will now explain. 

Let us suppose that the conditions of steady motion are satisfied by 
u—U, v—V, and let us trace the effects of superposing upon this 

motion a disturbance for which u = ^u, v = hv, ^=8^. Both the original 
motion and the disturbance satisfy the equation of continuity (3). 

Since, in the absence of friction, the rotation of every element remains 
unchanged, 0 (.2' +8^)/ai = 0, or 




^(Z+80 + {V+8v)^(Z+80 = 0. 

This equation is satisfied by supposition, if 8u, 8v, 0. If we omit the 

squares and products of the small quantities, it becomes 


a function of y only, (47) reduces to 
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or, since in this case Z — ^dlT/dy, 

fd . d \ /dBu dBv\ , „ mon 


±1+ O'— P— 
dxj \ dy 


d8v\ 

dcoj 




We now introduce the supposition that, as functions of x, Bu and Bv are 
proportional to so that, hy (3), 


We thus obtain, by elimination of Bu, 






(49) 

dy 



— k^Bv^ - 

d^U ^ n 

.^s«=o. ... 

(50) 


If we further suppose that, as a function of t, Bv is proportional to where 
% is a real or complex constant, we get 


8y = 0. 


'd'^v 

,dx^ dyv ’ 


On this equation the solution of the special problems already considered may 
be founded. If, throughout any layer, the rotation Z be constant, d U/dy 0, 
and, wherever n + JcUisnot equal to zero, (51) reduces to 

( 52 ) 

dy^ 

Equation (52) may, in fact, be easily established independently, on the 
assumption that the rotation throughout the layer is the same after dis- 
turbance as before. From (2), 

dx ® \dxdy dxy \dx^ dy^J 

by (3); so that, when ^ is constant, V^-v = 0. In like manner V2w = 0. If 
hv oc (52) follows immediately. 

The solution of (52) is (63) 

where A and B are constants, not restricted to be real. For each %er <>£ 
constant Z, a fresh solution with fresh arbitranes is to be taken, and the 
partial solutions are to be fitted together by means of the proper boundary 
conditions. The first of these conditions is evidently 

A8v = 0. (5“^) 

The second may be obtained by integrating (51) across the boundary. Thus 

■■ <“> 
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‘^’^/“'2'“ = 0. the substitution - 
corresponding supposition that t is unohano-erl b„ il, 'a- * C 
to a limitation on the generality of the solntln. 1 
e motion takes place between two fixed walls 
Under these oircumstences (o3) shows that Sv ' 
anee IS possible ; and this is obviously true if 
by the disturbance. In order to obtain a , 
the factor n + kU in (61), For any value of y which 
“ e satisfied ; and thus any value ot-hU 
satisfying all the conditions of the problem. 

I will now inquire, under what conditions (511 
complex value of n; or, in other words under whar;;, 

we get - ^ '"'here p , ,, a, ^ are real. E 

+ ^ p+U-ip -1 

dy- dy^ |_ dji* (p + (“ + ! 

or, on equating to zero the real and imaginary parts, 

^ ^ (j>+ U)a + qS 

dy dy‘ (p+Uy + q^ • - 

-S^ + i p+TDB 

“y dy‘ (p+tryTf ■ 

amtiplying (56) by A (57) by «, and subtracting, we get 

dy df dt{p+vy + q‘>^-dy[^-d^-‘ 

f one sign toouXuUhf ; ^ ' 

. eitherlholl„x or wLT ^ - ‘hat, if 1 

hioh S® = 0 the motion ' ti, ^ ‘ho space betw 

lecial problems 7 mot ^ 

opiication to jets, for which ^u!Z 7'" “ 

ability or instability still open. 


of (62) for (51), or thg 

je, finaoun^ 

Suppose, for example, that 
. at each of which 8v = 0. 
- 0 throughout, or no disturb- 
no new rotation is introduc< 3 d 
general solution, we must retain 
^ gives n + kir = 0, (52) 
IS an admissible value of n 


generaUy, the same conoluMon foUows if the 


8v has real values at both 
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Another general result worth notice may be obtained from (51). Writing 
it in the form 


dy^ \ U + nlk\ 


we see that, if n is real, Bv cannot pass from one zero value to another zero 
value, unless d^Ujdy^ and n + /c f/" be somewhere of contrary signs. Thus, if 
we suppose that U ia positive and d^Ujdy^ negative throughout, and that V 
is the greatest value of Z7, we find that n + kV must be positive. For an 
example see the equation immediately preceding (44). 

If the stream lines of the steady motion be concentric circles instead of 
parallel straight lines, the character of the problem is not greatly changed. 
It may be proved that, if the fluid move between two rigid concentric circular 
walls, the motion is stable, provided that in the steady motion the rotation 
either continually increases or continually decreases in passing outwards from 
the axis. 

[1899. Further investigations upon this subject will be found in Froc. 
Math. Soc. vol. XIX. p. 68, 1887 ; vol, xxvii. p. 5, 1895.] 








ON THE RESOLVING-POWER OF TELESCOPES. 

[Philosophical Magazine, x. pp. 116 — 119, 1880.] 

Although I have recently treated of this subject in the Philosophical 
Magazine*, its importance induces me to return to it in order to explain how 
easily it may be investigated in the laboratory. There can be no reason why 

. the expenment about to be described should not be included in every course 
on physical optics. 

The raly work on this subject with which I am acquainted is that of 
Poucaultf, who investigated the resolving-power of a telescope of 10 centi- 
metres aperture^ on a distant scale illuminated by direct sunshine. In this 
experiment is troublesome and requires expensive apparatus — 
difficulties which are entirely obviated by the plan which I have followed of 
using a much smaller aperture. 

The object, on which the resolving-power of the telescope is tested, is a 
grating of fine wires, constructed on the plan employed by Fraunhofer for 
iffraction-gratmgs. A stout brass wire or rod is bent into a horse-shoe, and 
1 s ends are screwed.^ On these screws fine wire is wound of diameter equal 
to about half the pitch, and secured with solder. The wires on one side 
eing now cut away, we obtain a grating of considerable accuracy. A wire 
grating thus formed is preferable to a scale ruled on paper, and placed in 
ront of a lamp it presents a very suitable subject for examination. The one 
that I employed has 50 wires to the inch [2-54 cm.], and for security is 
mounted in a frame between two plates of glass. For rough purposes a piece 

good^Tfect to the inch may be substituted with 

* Oct., Nov., and Deo. 1879, Jan. 1880. [Art. lxii.] 

T prn IS v. ; also Verdet’s 

Lemons d’OpUque physique, t. i. p. 309, aiso. veraei: s 
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ON THE EESOLVING-POWER OF TELESCOPES. 

For the sake of definiteness of wave-length the grating was biwked by a 
soda-flame, though fair results are obtainable with a common paraftoe-lamp. 
The telescope is a small instrument mounted on a stand, and ® ^ 

a cap by means of which various diaphragms can be conveniently i 

fi^ont of the object-glass. The apertures in these diaphragms may be either 
circular or rectangular. In the latter case the length of the slit is placed 
parallel to the wires of the grating, and we have the advantage of. greater 
iUumination than with a circle of equal width. The observation consists m 
ascertaining the greatest distance at which the wires can he seen resolved 
For this purpose the telescope, focused all the while is gradually drawn back 
until in the judgment of the observer the periodic structure is no longer 
seen; and the distance between the grating and the diaphragm 
measui-ed with a steel tape. The distance thus determined is more definite 
than might be expected, the differences in the case of various observers not 
usually amounting to more than 2 or 3 per cent. 

Two slits were tried, half an inch long, and of widths -107, '196 inch 
respectively. These widths were measured by insertmg a graduated wedge. 

It was found, however, that the graduations could not be trusted; so that 
the wedge was in fact used merely to convey the length to 1^ measured o a 
pair of callipers reading to one-thousandth of an inch, ^h® distances at 
which resolution just ceased were estimated respectively as 91;5 and 168 5 
inches, corresponding to angular intervals between consecutive lines equal o 
-hW and According to theory, the minimum angle is approximately 

equal to that subtended by the wave-length of light, X, at a distance equa o 
the width of the slit, a. In the present case X= 6-89 x 10 ® centimetres, an 
a = -107 X 2-54!, or T96 x 2*54 centimetres, so that 

\[a = ■g^Vs" ’ 

agreeing with the angles found by observation more closely than we should 
have any right to expect. 

Besides these slits, four circular apertures were examined Their dia- 
meters were measured under a magnifier on a glass scale divided to tenths o 
a millimetre, and were found to be *172, -315, '48, -63 centimetre respectively. 
In the case of the two smaller holes the illumination given by an ordinary 
soda-flame was hardly sufficient; but with the assistance of a jet of oxygen 
the observation could be made. 

The following distances are the means of those found by two observers*— 
51'5 98 149, 196 inches, corresponding to angular intervals YWfE* tsthT’ 

respectively. If D represent the diameter of the aperture, the values of 


* Mr Glazebrook and myself. 
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X/D are respectively ^5^^. The ratios of the observed 

angular intervals to X/D are thus 

1 - 13 , 1 * 09 , 1 - 09 , 1 - 09 . 

That a circular aperture would be less effective than a slit of the same 
width might have been expected. Even in the case of a slit it is advanta- 
geous to stop some of the central, in order to increase the relative importance 
of the extreme, rays ; and with a circular aperture the extreme rays are 
much worse represented than with a slit. From the above results it appears 
that, to have an equal resolving-power, the circular aperture must be about a 
tenth part wider than the slit. 

Merely to show the dependence of resolving-power on aperture it is not 
necessary to use a telescope at all. It is sufficient to look at wire gauze 
backed by the sky, or by a flame, through a piece of blackened cardboard 
pierced by a^ needle and held close to the eye. By varying the distance the 
point is ea,sily found at which resolution ceases; and the observation is as 
sharp as with a telescope. The function of the telescope is in fact to allow 
the use of a wider, and therefore more easily measurable, aperture. 

An interesting modification of the experiment is obtained by using lights 
of various wave-lengths. For this purpose we may have recourse to coloured 
glasses; but the best results would doubtless require the rays of the 
spectrum. 




ON THB] RESULTANT OF A LARGE NUMBER OF VIBRATIONS 
OF THE SAME PITCH AND OF ARBITRARY PHASE. 

[PhiUmphiaal Magazine, x. pp. 78— -78, 1880.] 

VERDurr**^, in an inv©i%ation upon thia aubject, has arrived at the 
oonelnsion that the resultant of n vibrations of unit amplitude and arbitrary 
phM© approaohea the definite value \/n when n is very great. It can be 
ahownf, however, that this eonoluaion is inaccurate, and that the resultant 
tends to no definite value, however great the number of components may be. 

But there is a modified form of the question, which admits of a definite 
answer, and was perhaps vaguely before Verdet’s mind. If we inquire what 
is the average intensity in a great number of cases, or, in the language of the 
theory of probabilities, what is the esopeetation of intensity in a single 
case of composition, we ahidl find that the result is that assigned by Verdot, 


A simple but instructive variation of the problem may be obtained 
by supposing the possible phases limited to two opposite phases, in which 
ease it is convenient to disotrrd the idea of phase altogether, and to regard 
the amplitudes iis at random positive or negative. If all the signs are the 
same, the resultant intensity is j if, on the other hand, there are as many 
|» 8 itlv 0 as negative, the result ia Mro. But although the intensity may 
range from 0 to if, the smaller values are much more probable than the 
g«mter ; and to ualculate the expectiition of intensity, these different degrees 
of probability must be taken into aceotmt. By well-known rules the expres- 
sion for the expectation is 


B(tt-l) 


n {n *-1) (n — 2) 


1 . tf + fi . (n ” 2)^ 4* {n — 4 )® + — 


(a~6)«+., 


* Li^om d'OixtUjim phydqm, t. i. p. 297. 

+ Math. Bm. Pim. May 1871. vi.] 
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n ZTT 
J 


[08 

The value of the series, which is to be continued so long as the terms are 

finite, 13 simply n, as may be proved by comparison of coefficients of in the 
equivalent forms 

(e* + = 2» (1 + + . . .)« = «»« + . + njn-l) ^ ^ ^ 

^^1 expectation of intensity is therefore n, and this whether n be great or 

In the more general problem, where the phases are distributed at random 
over the complete period, the expression for the expectation of intensity is 

p. r2n rsrr gQ> 

Jo Jo Jo ‘■' 2 ' 7 r 27 r + (sin (9 + sin (9'+...)2]. 

If we effect the integration with respect to we get 
d6' dO" 

^ ^ • [1 + (cos d' + cos e" + ...)^ + (sin 0' + sin 0" + ... y]. 

Continuing the process by successive integrations with respect to 0' 0" ... 
we see that, as before, the expectation of intensity is n. 

_ So far there is no difficulty ; but a complete investigation of this subiect 
involves an estimate of the relative probabilities of resultants lying between 
assigned limits of magnitude. For example, we ought to be able to say what 
s the probability that the intensity due to a large number (n) of equal 
components is less than It will be convenient to begin by taking\he 
^oblem uiider the restriction that the phases are of two opposite kinds only. 
When this has been dealt with, we shall not find much difficulty in extending 
our investigation to phases entirely arbitrary. ^ 

wh^S*' that the probabiUty that of n vibrations, 

Uel betwLn Po^ive vibrations 

IS, when TO IS great, 2 t 

2 f’’ 

- 7 - / e *^dt, 

vwJo 

where t = j- ./(2n), and r must not surpass Vn in order of magnitude. In the 
erfreme cases the amplitude is ± 2 t V(im), and the intensity is 2Th.. Thus 
1 ,we put r - we see that the chance of intensity less than is 

2 fi 

^j^e-^dt^-5205; 

that the intensity will be less than in. This, of course, is inconsistent with 
any such tendency to close upon the value to as Verdet supposes. 

Todhunter’s Histoi'y of the Theory of ProhaUlity, § 993. 





■ 





OF THE SAME PITCH AND OP ARBlTIiARY PHASE, 493 

the tobloa of the definite integral, given in ,De Morgan’s Differential 
^ihlrn, p. 657, we may find the probabilities of intensities less than any 
l^ned values. The probability of intensity less than is -2764. 

^gain, the olmnce that in a series n the number of positive vibrations lies 
v/oen 

\n + T V(ir«) and + (t + hr) is/{\n) 

Sr, 

Ytt 

|ch oxpreBsea accordingly the chance of a positive amplitude lying between 
2 t ^/(^n) and 2 (t -1- St) 

thoRO liinitH bo called in and ® + Sx, so that t =a;/V(2n) ; then the chance 
rueplil'Hth} between w and ® -i- S/r is 

1 

_ h 0-«a/2n 

V(27r)‘0 

expectation of iti tensity is expressed by 


1 r+09 


baforo. 

It will bo conveniont in what follows to consider the vibrations to be 
presented by lines (of unit length) drawn from a fixed point 0, the inter- 
ation of rectangular axes Ox and 0^. 

If n of those lines be taken at random in the directions ±x, the probability 
resultants also along ± x, and of various magnitudes, is given by preceding 
iprassions. We will now suppose that are distributed at random along 
and I ft along ± y, and inquire into the probabilities of the various result- 
lU. The probability that the end of the representative line, or, as we may 
msidor it, the I’oproBcsntative point, lies in the rectangle dxdy is evidently 

-—0 « dxdy. 

rm 

ubitituting polar coordinates r, B and integrating with respect to B, we see 
lat the prc^bability of the representative point of the resultant lying between 
itu oirtdei r and t + dr is 

^Q-rm^dr, 

n 

‘hffl 18 therefore the probability of a rosultant ribration with amplitude 
«tWMn the values r ami r+dr. In this case there are n componenta 
iatributed in four rectangular directions; and wo have supposed that in 
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rero™ fhf “<> «l™g ±y- It is important to 

remove this restriction, and to show that the result is the same when the 

distribution is perfectly arbitrary in respect to all four directions. 

In order to see this, let us suppose that in + m are distributed along ± 

. in m along f 2,, and inquire how far the result is influenced by the 

thl velZ -^^P-^oaentative point of the resultant lying in 

the rectangle dxdy is now expressed by ^ ^ 


TT — 4 m^) ^ dxdy 


Also 


TT — 4 m^) 
1 

TT \J(n^ — 46m^) 


_ n (g^+yg)+2m('}/2-a;2) 

nr^ 2mr- 


j^2n 2mra cos 26 
I e~ ^0 


= 27 r |l 


+ 




( (^^2 _ 479 ^ 2 ^! 


+ . .. 


as we And on expanding the exponential and integrating. Thus the chance 
0 the representative point lying between the circles r and r + iir is 


2 rdr 

\/(w® — 4 m®) 


nr 2 


g“n 2 - 4 w« 4. 


I- 


m®r^ 


(w® — 4 m®)® 


+ ... 


Now, if the distribution be entirely at random, all the values of m of which 

" being treated 

u if m be of this order, the above expression is the same as if 
m were zero; and thus it makes no difference whether the numbers of com- 

ponen s along ± x and along + y are limited to be equal or not The 
previous result, viz. 

— e~^l^rdr, 
n ’ 

is accordingly applicable to a thoroughly arbitrary distribution among the 
tour rectangular directions. 

4- notice is that the result is symmetrical, and independent 

0 he direction of the axes, so long as they are rectangular, from which we 
may conclude that it has a still higher generality. If a total of n components 
0 e distributed along one set of rectangular axes, be divided into any 
number of groups, it makes no difference whether we first obtain the 
probabilities of various resultants of the groups separately and afterwards 
a the final resultant, or whether we regard the whole n as one group. But 
the resultant of each group is the same, notwithstanding a change in the 
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system ot rocteiigular axes ; so that the probabilitios of various resultants 
are unaltorod, whether we suppose the whole number of components restricted 
to one set of rectangular axes or divided in any manner between any number 
of sets of axes, This last state of things, however, is equivalent to no 
rostriotion at all 5 and we thus arrive at the important conclusion that, if n 
unit vibrations of equal pitch and of arbitrary phases be compounded, the 
probability of a resultant intermediate in amplitude between r and r + is 

2 

w 

a similar result applying, of course, in the case of any other vector quantities. 
The probability of a resultant of amplitude less than r is 

rU 0 ’ 

or, which is the same thing, the probability of a resultant greater than r is 

g-Fi/n 

The following table gives the probabilities of intensities less than the 
fraotiona of n named in the first column. For example, the probability 
of intensity less than n is ‘6821. 


•05 

•0488 

*80 

•6600 

•10 

•0069 

1-00 

•6821 

■20 

•1818 

1-60 

•7768 

•40 

•8200 

2*00 

•8647 

•60 

•4612 

8 '00 

1 

•9602 


It will be seen that, however great n may be, there is a reaBonablo chance of 
considerable relative fluctuations of intensity in consecutive trials. 

The average intensity, expressed by 

2 r*^ 

- I e~^l^ ,r^,rdr, 
njQ 

is, as we have seen already, equal to n. 

If the amplitude of each component be a, instead of unity, as we have 
hitherto supposed for brevity, the probability of a resultant amplitude 
between r and r-hdr is 

— rdr, 
nofi 

The r«ult is therefore in all respeots the same as if, for example, the 
amplitude of the componente had been and their number equal to hi. 






ON THE RESULTANT OF A LARGE NUMBER OF VIBRATIONS. 

is we see that the law is not altered, even if the components have 
amplitudes, provided always that the whole number of each kind is 
at; so that if there be n components of amplitude a, n' of amplitude 
) on, the probability of a resultant between r and r +.dr is 




The conclusion that the resultant of a large number of independent 
sounds is practically, and to a considerable extent, uncertain may appear 
paradoxical ; but its truth, I imagine, cannot be disputed. Perhaps even the 
appearance of paradox will be removed if we remember that with two sounds 
of equal intensity the degree of uncertainty is far greater, as is evidenced in 
the familiar experiment with tuning-forks in approximate unison. That the 
beats should not be altogether obliterated by a multiplication of sources can 
hardly be thought surprising. 

[1899. The problem of the present paper is treated by another method 
in Theory of Sound, 2nd ed. § 42 a, 1894.] 
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NOTE ON THE THEORY OF THE INDUCTION BALANCE. 



[British Association Report, Swansea, pp. 472 — 473, 1880.] 


This subject has been treated by Dr Lodge in the Phil. Mag. for February, 
1880, who has arrived at several interesting results. The investigation may 
be considerably simplified by taking the case of pure tones, as is usual in 
acoustics. We may also suppose, for distinctness of conception, that the 
current in the primary circuit (^i) is sensibly unaffected by the reaction of 
derived currents, though our results will be independent of this hypothesis. 

If be the currents, RiR^ the resistances, 

the coefficients of self-induction and of mutual induction, the equations for 
three circuits are 

M — - 4- M — -V R X — — M — 


, nr ^8 


dt 




dt 


"H RvXn 




dx-^ 

dt 


We now assume that Xi,X 2 are proportional to where ?i/27r is the 

frequency of vibration. Thus 

%n -j- Ri^x^ 'in JM-^^x-yj 

'bn "h AI^x^ -|- Rt^x^ “ “■ xn 

whence by elimination of Xg 

M^23 I -nr -^13 M 23 Xi 


|m M^ + R,+ .;^ %'^'s} “ “ “ ~ 1 


mMss + Rs * 

From this it appears that a want of balance depending on ilfia cannot 
compensate for the action of the tertiary circuit, so as to produce silence in 
the secondary (telephone) circuit, unless Rs be negligible in comparison with 
nM^s, that is unless the time-constant of the tertiary circuit be very great in 
B, I. 32 


\ 

J 
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comparison with the period of the vibration. Otherwise the effects are of 
different phases, and therefore incapable of balancing. 

We will now introduce a fourth circuit, and suppose that the primaiy 
and secondar}'^ circuits are accurately conjugate, so that = 0, and also that 
the mutual induction between the third and fourth circuits {M^) may bo 
neglected. Thus 

in -f- 4- = 0, 

in (M^Xi^ + M^x^ + 
in (¥42% + M^oSi) + B.iXi = - in MuX^, 

whence 


/• 71 /r r> 

x^ Un M^ + R,+ ^ 


n- M\i 
vn jl/44 "h Bi 


— —‘nrxi 




Mu M,. 


in Ms& + B^ in + B, 



Mjs M^ ^ Qi 
in Ms 3 + B r a 


— - Qc — oca, 
a~^ r 


* [1899. The particular statement applies only when 
t Maxwell, Electricity and Magnetism, § 707. 


Two conditions must be satisfied to secure a balance, since both the phases 
and the intensities of the separate effects must be the same. The first con 
dition requires that the time-constants of the third and fourth circuits be 
equal, unless both be either very great or very small in comparison with the 
period. If this condition be satisfied, a balance may be obtained by shifting 
the circuits so as to bring ilfis into equality with #14 

For a coil of mean radius a, and radius of section equal to a -h 3 ’22, the 
coefficient of self-induction {L) isf 127r7?.2a., n being the number of turns. 
Also, if r be the specific resistance, 

~~ a ‘ 

For copper r — 1640, so that 

T == HB = a^/1810 on the C.G.s. system. 

In the case of a shilling the time-constant can scarcely be so high as a 
ten -thousandth of a second, but periods smaller than this may be concerned 
when a microphone clock is employed. 

For similar discs or coins the time-constant varies as a^jr, a being the 
linear dimension and r the specific resistance. Equal coins cannot in general 
be balanced if the specific resistances are different. To obtain a balance, 0? 
should vary as r. In this case 
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on the supposition that the positions of the coins relatively to the primary 
and secondary coils are the same. 

A perfect balance is not to be expected in general without two adjust- 
ments, though in some cases a fair approximation may be obtained with the 
sliding wedge employed by Hughes. 

If the condition of equality of time-constants be satisfied, the remaining 
condition is independent of the value of n, so that a perfect balance for one 
pitch secures a perfect balance for all pitches. From this it follows that the 
results are not limited to simple tones, and that the two conditions are 
sufficient to secure a balance in all cases. It should be remembered, how- 
ever, that this indifference to pitch does not apply to approximate balances, 
which may be satisfactory with one sound, but quite inadequate when another 
is substituted. 


32—2 
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ON A NEW ARRANGEMENT FOR SENSITIVE FLAMES. 


[Gamhridge Phil. Soc. Proc. iv. pp. 17 — 18, 1880.] 

A JET of coal-gas from a pin-hole burner rises vertically in the interior of 
a cavity from which the air is excluded. It then passes into a brass tube a 
few inches long, and on reaching the top, burns in the open. The front wall 
of the cavity is formed of a flexible membrane of tissue paper, through which 
external sounds can reach the burner. 

The principle is the same as that of Barry’s flame described by Tyndall. 
In both cases the unignited part of the jet is the sensitive agent, and the 
flame is only an indicator. Barry s flame may be made very sensitive to 
sound, but it is open to the objection of liability to disturbance by the 
slightest draught. A few years since Mr Ridout proposed to enclose the jet 
in a tube air-tight at the bottom, and to ignite it only on arrival at the top 
of this tube. In this case however external vibrations have very imperfect 
access to the sensitive part of the jet, and when they reach it they are of the 
wrong quality, having but little motion transverse to the direction of the jet. 
The arrangement now exhibited combines very satisfactorily sensitiveness to 
sound and insensitiveness to wind, and it requires no higher pressure than 
that of ordinary gas-pipes. If the extreme of sensitiveness be aimed at, the 
gas pressure must be adjusted until the jet is on the point of flaring without 
sound. 

The apparatus exhibited was made ■ in Prof. Stuart’s workshop. An 
adjustment for directing the jet exactly up the middle of the brass tube is 
found necessary, and some advantage is gained by contracting the tube 
somewhat at the place of ignition. 

[1899. For further particulars of construction with a drawing see Prnr 
Roy. Inst. June 1898.] 
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THE PHOTOPHONE. 


[Nature, xxiii. pp. 274 — 275, 1881.] 


The following calculation, naade with the view of examining whether the 
remarkable phenomena recently discovered by Prof. Bell could be explained 
on recognised principles, may interest the readers of Natu,re. I refer to the 
un-eleetrical sounds produced by the simple impact of intermittent radiation 
upon thin plates of various substances. 

It has been thought by some that in order that a body exposed to 
variable radiation may experience a sensible fluctuation of temperature its 
rate of cooling must be rapid. This however is a mistake. The variable 
radiation may be divided into two parts — a constant part, and a periodic 
part — and each of these acts independently. Under the influence of the 
constant part the temperature of the body will rise until the loss of heat by 
radiation and conduction balances the steady inflow ; but this is not appre- 
ciable by the ear, and may for the present purpose be left out of account. 
The question is as to what is the effect of the periodic part of the whole 
radiation, that is, of a periodic communication and abstraction of heat which 
leaves the mean temperature unaltered. It is not difficult to see that if the 
radiating power of the body were sufficiently high, the resulting fluctuation 
of temperature would diminish to any extent, and that what is wanted in 
order to obtain a considerable fluctuation of temperature is a slow rate of 
cooling in consequence of radiation or convection. 


If 6 denote the temperature at time f, reckoned from the mean tempera- 
ture as zero, q be the rate of cooling, Ecoapt the measure of the heating 
effect of the incident radiation, the equation regulating the fluctuation of 
temperature is 


dt 


+ q9 = E cos pt. 
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Thus 


^ _JS cos (pt + e) 


showing that if p and E be given, 6 varies most when q = 0. 

Let us suppose now that intermittent sunlight falls upon a plate of solid 
matter. If the plate be transparent, or absorb only a small fraction of the 
radiation, little sonorous effect will be produced, not merely because the 
radiation transmitted is lost, but because the heating due to the remainder 
is nearly uniform throughout the substance. In order that the plate may 
bend, as great a difference of temperature as possible must be established 
between its sides, and for this purpose the radiation should be absorbed 
within a distance of the order of half the thickness of the plate. If the 
absorption be still more rapid, it would appear that the thickness of the 
plate may be diminished with advantage, unless heat conduction in the plate 
itself interferes. The numerical calculation relates to a plate of iron of 
thickness d. It is supposed that q is negligible in comparison with p, 
i.e. that no sensible gain or loss of heat occurs in the period of the inter- 
mittence, due to the fluctuations of temperature themselves. 

If the posterior surface remains unextended the extension of the anterior 
surface corresponding to a curvature p~^ is d/p, and the average extension is 
(Z/2p. Let us inquire what degree of curvature will be produced by the 
absorption of sunlight during a time t, on the supposition that the absorption 
is distributed throughout the substance of the plate, so as to give the right 
proportional extension to every stratum. 

If Ht denote the heat received in time t per unit area, c the specific heat 
of the material per unit volume, e the linear extension of the material per 
degree centigrade, then 

1 _ 2eHt 

p cd^ 

In the case of sunshine, which is said to be capable of melting 100 feet 
of ice per annum, we have approximately in C.G.s. measure 

Ht = -008 1. 

Thus 

p cd^ 

For iron e — *000012, c = *86. 

Thus if ^ = (of a second), d = *02 cm. 

1/p = 1*12 X 10-«. 

This estimate will apply roughly to a period of intermittence equal to 
■^th of a second, i.e. to about the middle of the musical scale. If the plate 
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be a disk of radius r, held at the circumference, the displacement at the 
centre will be or x 10~®. In the case of a diameter of 6 centi- 

metres this becomes 5'0 x 10“°. 

Five millionths of a centimetre is certainly a small amplitude, but it is 
probable that the sound would be audible. In an experiment (made, it is 
true, at a higher pitch) I found sound audible whose amplitude was less than 
a ten-millionth of a centimetre^. We may conclude, I think, that there is 
at present no reason for discarding the obvious explanation that the sounds 
in question are due to the bending of the plates under unequal heating. 


Proc. Boy. Soc. 1877. [Art. xLViii. p. 328.] 
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ON COPYING DIFFRACTION-GRATINGS, AND ON SOME 
PHENOMENA CONNECTED THEREWITH. 

{Philosophical Magazine, XL pp. 196 — 205, 1881.] 

In the Phil. Mag. for February and March 1874 [Art. XXX.] I gave an 
account of experiments in the photographic reproduction of gratings ruled 
with lines at a rate of 3000 and 6000 to the inch. Since that time I have 
had further experience, extending to more closely ruled gratings, and have 
examined more minutely certain points which I was then obliged to leave 
unexplained. The present communication is thus to be regarded as supple- 
mentary to the former. 

Some years ago Prof. Quincke described an unphotographic process 
by which he had succeeded in copying engraved glass gratings. He began 
by depositing a thin coating of silver by the chemical method upon the 
face of the grating. The conducting layer thus obtained was then trans- 
ferred to an electrolytic cell, and thickened by the deposit of copper, until 
stout enough to be detached from the glass substratum. In this way 
he prepared an accurate cast of the glass surface, faced with highly 
reflecting silver. Since the optical depth of the lines is increased some 
four times, these gratings usually give much brighter spectra than the 
glass originals. 

Prof. Quincke was kind enough to send me some specimens of his work, 
giving extremely beautiful spectra. I found, however, that, though carefully 
preserved, these gratings deteriorated after a time, apparently either from 
insufficient thickness, or from imperfect adhesion, of the silver layer. In 
my own attempts I endeavoured to remedy this defect by not allowing 
the silver to dry before transference to the electrolytic cell, and by com- 
mencing the electric deposit with a silver instead of with a copper solution. 
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I did not, however, succeed in finding a thoroughly satisfactory plating- 
liquid. In the ordinary cyanide solution the silver was at once loosened 
from the glass. In other solutions the gi’ating could be immersed with 
impunity, but the film began to strip as soon as the current passed. Using 
acetate of silver, however, I was able to obtain a certain degree of thickening. 

I also found advantage from commencing the deposit of copper with a 
neutral solution. After the layer had attained a moderate thickness, its 
edges were dipped in melted paraffine; and it was then transferred to the 
usual acid solution of copper. I did not find it necessary to take any 
precautions against too great an adhesion between the silver and the glass. 

These copies are now four years old, and they do not seem to have 
deteriorated. A slight yellow tarnish, due probably to sulphur, can be 
removed with cyanide of potassium. There is, however, one defect which 
I have not been able to avoid. The silver surface is never sufficiently 
flat to bear much magnifying-power. Unless this difficulty can be overcome, 
the use of such gratings must be limited to cases where brilliancy, and not 
high defining-power, is the desirable quality. Tor most purposes the photo- 
graphic method of reproduction is to be preferred as far easier and quicker. 
Among various processes of this kind, I am still inclined to give the 
preference to that in which collodio-chldride of silver is employed, with 
subsequent treatment with mercury. The only trouble that I have met 
with is the tendency of the soluble salts to crystallize in the film; but 
this can generally be avoided with a little judgment. As these photographs 
cannot well be varnished, some doubts might have been entertained as to 
their permanence ; but I find that copies now more than seven years old are 
none the worse. For gratings to be subjected to rough treatment, the 
various albumen processes offer decided advantages. 

In my former paper I stated my opinion that the photographic method 
of reproduction would be applicable to lines finer than any that I had then 
tried (6000 to inch). In the summer of 1879 an opportunity afforded itself 
of submitting the matter to the test of actual trial through the kindness 
of Mr Rutherfurd, who presented me with a beautiful glass grating con- 
taining nearly 12,000 lines, ruled at the rate of 17,280 to the inch. The 
copies, taken with suitable precautions to secure a good contact, were 
completely successful, so far as the spectrum of the first order is concerned. 
Indeed careful comparison showed no appreciable difference between the 
defining-power of the original and of the copies; and with respect to 
brightness some of the copies had the advantage. On a former occasion^ 
I have shown that the theoretical resolving-power in the orange region of the 
spectrum is equal to that obtainable from a prismatic spectroscope with 
12^ cm. of “extra dense flint”; and I have no reason to think that the 


* Fhil. Mag. Oct. 1879. [Art. lxii. p. 428.] 
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actual resol ving-power fell far short. This is a considerable result to obtain 
with a photograph which may be taken in half an hour at a cost of two or 
three shillings. 

The case is different, however, when we turn to the spectrum of the 
second order. Used in this way the original gives magnificent results ; but 
they are not reproduced in the copies. Some parts of the photograph will 
sometimes show a faint spectrum of the second order; but it is usually 
traversed by one or more dark bands, whose nature will presently be 
examined more at length. 

As a rule, glass (or at any rate transparent) originals only would be used 
for purposes of reproduction ; but as a matter of curiosity I tried what could 
be done in copying an original ruled on speculum-metal. The specimen 
experimented upon was similar to my own, both as to the total number of 
lines and as to the degree of closeness ; it belongs to Mr Spottiswoode, to 
whom I am indebted for the loan of it. In this case the light of the sun had 
to pass through the sensitive film before it could reach the speculum-metal ; 
it was then reflected back, and in returning through the film impressed the 
ruled structure. No very brilliant result was to be expected ; but I suc- 
ceeded so far as to obtain a copy which gave very fair results when tested 
upon the sun. 


In my former paper I mentioned that when a spectrum of high order is 
thrown upon the eye, there usually appear upon the grating a certain 
number of irregular dark bands. These are the places at which the copy 
fails to produce^ the spectrum in question. With lines not closer than 3000 
or 6000 to the inch, and with reasonably flat glass as support to the photo- 
graphic film, these bands rarely invade the first or second spectrum. When, 
however, we come to 17,000 lines to the inch, it requires pretty flat glass 
and some precautions in printing to keep even the first spectrum free from 
them. 

It was obvious from the first that the formation of these bands was a 
question of the distance between the ruled surface of the original and the 
sensitive film ; but it is only within the last year or so that I have submitted 
the ^iat to special experiment. For this purpose I substitute for plane- 
parallel glass as a substratum for the sensitive film the convex surface of a 
lens of moderate curvature. As in the experiment of Newton’s rings we 
obtain in this way an interval gradually increasing from the point of contact 
outwards, and thus upon one plate secure a record of the effect upon the 
copy of varying degrees of closeness. When a spectrum of any oi^der is 
thrown upon the eye, those places upon the grating where the spectrum in 
question fails appear as dark rmgs. My first experiment of this kind was 
made with the Kutherfurd grating, in order principally to find out how close 
a contact was really necessary for copying. From the diameter of the first 
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dark ring, in conjunction with a rough Gstiniate of th© curvature of the lens, 

I concluded that the interval between the surfaces should nowhere much 
exceed of an inch. It appeared at the same time that the chance was 
remote of obtaining a satisfactory performance in the spectrum of the second 
order. About this time the theoretical views occurred to me which will 
presently be explained, and I purposed to check them by more careful 
measurements than I had yet attempted. In the course of last summer, 
however, I found accidentally that Fox Talbot had made, many years ago , 
some kindred observations 5 and the perusal of bis account of them induced 
me to alter somewhat my proposed line of attack. It will be convenient to 
quote here Fox Talbot’s brief statement : — 

“ About ten or twenty feet from the radiant point, I placed in the path 
of the ray an equidistant gratingf made by Fraunhofer, with its lines 
vertical. I then viewed the light which had passed through this grating 
with a lens of considerable magnifying-power. The appearance was very 
curious, being a regular alternation of numerous lines or bands of red and 
green colour, having their directions parallel to the lines of the grating. On 
removing the lens a little further from the grating, the bands gradually 
changed their colours, and became alternately blue and yellow. When the 
lens was a little more removed, the bands again became red and green. And 
this change continued to take place for an indefinite number of times, as the 
distance between the lens and grating increased. In all cases the bands 
exhibited two complementary colours. 

“ It was very curious to observe that, though the grating was greatly out 
of the focus of the lens, yet the appearance of the bands was perfectly 
distinct and well defined. 

“This, however, only happens when the radiant point has a very small 
apparent diameter, in which case the distance of the lens may be increased, 
even up to one or two feet from the grating, without much impairing the 
beauty and distinctness of the coloured bands. So that if the source of light 
were a mere mathematical point, it appears possible that this distance might 
be increased without limit; or that the disturbance in the luminiferous 
undulations caused by the interposition of the grating continues indefinitely , 
and has no tendency to subside of itself.” 

It is scarcely necessary to point out that what was seen by the eye in 
this experiment in any position of the magnifying lens was the same as 
would have been depicted upon a photographic plate situated at its focus, at 
least if the same kind of rays had been operative in both cases. Talbot’s 

* Phil. Mag. Dec. 1836. , n . • 

t A plate of glass covered with gold leaf, on which several hundred parallel lines are out, in 

order to transmit the light at equal intervals. 
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observations are therefore to the point as determining the effect of varying 
intervals in photographic copying; 

On the whole the above description agrees well with what I had expected 
from theory. It is indeed impossible to admit that the red and green colora- 
tion could disappear and revive an indefinite number of times. The appear- 
ance of colour at all shows that the phenomenon varies with the wave-length, 
and accordingly that it would (as in all such cases when white light is used) 
ultimately be lost. Besides the limit imposed by the apparent magnitude of 
the source of light, there must be another depending upon the variation of 
wave-length within the range concerned. 

In trying to repeat Talbot’s experiment I found that even the 3000-to- 
the-inch grating was too fine to be conveniently employed ; and eventually I 
fell back upon a very coarse grating made some years ago by photographing 
(with the camera and lens) a piece of striped stuff. By comparison of coin- 
cidences with the divisions of fine ivory scale (vernier fashion), the period 
was determined as -0104 inch. As a source of light I used a slit placed 
parallel to the lines of the grating and backed by a fish-tail gas-flame seen 
edgeways. In order to observe the appearances behind the grating, a lens of 
moderate magnifying-power was sufficient. This lens was moved gradually 
back until something distinctive was seen ; the distance between the lens 
and the grating was then measured and recorded. In order to render 
the light more nearly monochromatic, pieces of red or green glass were 
usually held in front of the eye. 

With red light the nearly equal bright and dark bars are seen in focus 
when the distance of the lens from the grating is If inch. As the distance 
IS increased, the definition deteriorates, and is worst at a distance of . In 
this position the proper period (-0104 inch) is lost, but subordinate fluctua- 
tions of brightness in shorter periods prevent the formation of a thoroughly 
flat field of view. As the distance is further increased, the definition appears 
to hnprove, until at distances 5f and 6f it is nearly as good as at first. The 
definition in an intermediate position such as 6f is distinctly inferior, but is 
far from being lost as in position 3|. From the theoretical point of view, to 
be presently explained, these two positions of extra good definition are not to 
be distinguished. They relate rather to the sharpness of the edge of the band, 
than to any special prominence of the proper period. At a distance of 71 we 
have again a place of worst definition, at lOf a revival, and so on. These 
alternations could be traced to a distance oimne feet behind the grating. 

^ The accompanying table gives the positions of best and worst definition 
for red and green light respectively. Of these the places of worst definition 
could be observed with the greater accuracy; but none of the observations 
have any pretensions to precision. The star indicates the position for focus 
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It is evident that the positions for red light gradually fall quite away 
from the corresponding positions for green light. At 19f , for example, if we 
use a green glass, we lose sight of the proper period, and have before us an 
almost uniform field ; but if without making any other change we substitute 


Red light 

1 

Green light 

Best 

Worst 

Best 

Worst 


H 

*14 

3| 

5i, 6| 

U 

64 


m 

12J 

11 

144 

IS-g- 

17 

161 

19| 

19| 

211 

221 

251 

24| 

27 

m 

311 

29i 

321 

m 

37 

3-4 

371 




a red glass for the green one, we see the bands again with great distinctness. 
At about the greatest distance included in the table the positions of best 
definition are again in coincidence ; but here there is an important remark 
to be made. If, using the green glass, we adjust a needle-point to the centre 
of a bright band, we find, on substituting the red glass, that the needle-point 
is now in the centre, not of a bright, but of a darh band. The fact is that at 
every revival of definition the image changes sign, in the photographic sense, 
from positive to negative, or from negative to positive — a clear proof that the 
appearance in question is not a mere shadow in any ordinary sense of the 
term. 

With respect to the numerical values of the distances given in the table, 
theory indicates that the interval from worst to worst or from best to best 
definition should be a third proportional to the period of the grating d and 
the wave-length of the light A, i.e. should be equal to d®/\. In the case of 
red light, the mean interval from worst to worst is 4'8 inches, and from best 
to best 4-7. The corresponding numbers for green light are 5*5 and 5*3. In 
the subsequent calculation, I have used the first stated intervals as probably 
the more correct. 

For the grating employed the actual value of d was ‘0104 inch ; but a 
small correction is required for the want of parallelism of the light. The 
distance of the source was about 27 feet ; so that, as the mean distance 
behind the grating at which the appearances were observed was foot, the 
above value of d must be increased in the ratio of 28^ to 27. Thus for the 
effective d in centimetres, we get 

57 

2*54 X ^ X *0104. 
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Calculating from this and from the observed intervals a by means of the 
formula \ = d^Ja, we get in centimetres 

X(red) = 6-40 X 10-®, X, green) = X 10-«. 

Direct determination of the mean wave-lengths of the lights transmitted by 
the red and green glasses respectively gave 


\red) — 6‘64 X 10 


^(greon) = 5-76 X 10 ~“. 


The true wave-lengths are certainly somewhat greater than those calcu- 
lated from Talbot s phenomenon ; but the difference is perhaps hardly outside 
the limits of experimental error. If the measurements were ever repeated, 
it would be advisable to use a collimating lens as well as a more accurate 
grating. 

The problem of determining the illumination at various points behind a 
grating exposed to a parallel beam of homogeneous light, could probably be 
attacked with success by the usual methods of physical optics, if it were 
assumed that the grating presented uniform intervals alternately transparent 
and opaque. Actual gratings, however, do not answer to this description, 
and, indeed, vary greatly in character. I have therefore preferred to follow 
the comparatively simple method, explained in my book on Sound, §§ 268, 
301, which is adequate to the determination of the leading features of the 
phenomenon. 

Taking the axis of ^ normal to the grating, and parallel to the original 
direction of the light, and the axis of ic perpendicular to the lines of the 
grating, we require a general expression for the vibration of given frequency 
which is periodic with respect to a; in the distance d. Denoting the velocity 
of propagation of ordinary plane waves by a, and wilting k = 27r/X, we ma.y 
take as this expression 

Ao cos {kat — kz) 

+ oos OOS (hat - ^ cos A sin (fo* - 

+ 4, oos cos (fai - + B, cos + e,') sin (hat- ,j^) + , 

where 

fia=kf^ 


47r* 


yaa® = k^ 


4 . 47r® 


d^ 


fh^ = k^- 


9 . 47r® 


&c. 


[The terms represent the various spectra, and] the series is to be con- 
tinued so long as IS positive, ie. so long as the period of the component 
fluctuations parallel to ® is greater than X. Features iu the wave-form 

MtilgufeW ^ propagated in this way, but are rapidly 
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The intensity of vibration, measured by the square of the amplitude, is 
Ao + Ai cos cos (k£! — jliZ) 

+ Bi cos sin (kz — /jLiz) + A^ cos cos (/cz — /iqz) + . . . 

+ - Ai cos ^ + ^ 1 ^ sic. (kz — fiiz) 

+ Bi cos cos {kz — fjb^z) — A^ cos sin {hz — fi^z) + . . . 

In order to apply this result to our present question, it is supposed as a 
rough approximation that the terms with suffixes higher than unity may be 
omitted. We thus obtain 

+ eA cos {hz - n^z) 

+ 2J.o5i cos sin {hz ~ fiiz) 

+ cos cos + 2e/^ , 

which as a function of z is periodic with a period determined by 

kz — fjUiZ = 27 r, 

\ 


or 


z = 


1 - VCi - X7c2') ' 


In the cases with which we are concerned is small in comparison with 
(P, so that approximately z = 2(PIX. So far, then, as this theory extends, the 
phenomena behind the grating are reproduced with every retreat through a 
distance 2P /\ ; but, on account of the terms omitted, this conclusion does 
not apply to the subordinate periods (on which depends the performance of a 
copy in the spectra of higher order) ; nor does it apply rigorously even to the 
principal period itself. 

Similar results to those given by direct inspection on the coarse grating 
have been obtained by photographic copying of finer ones, a lens (as already 
explained) being substituted for fliat glass as a support for the sensitive film. 
When the copy is held so that the spectrum of the first order is formed upon 
the eye, several dark rings are visible, separated by intervals of brightness. 
With the 6000 Nobert the diameter of the first dark ring was '54 inch, and 
at the centre round the point of contact there was a dark spot nearly as dark 
as the ring. In the second and third spectra the centres were also dusky, 
though not so black as in the first. The diameter of the first dark ring in 
th$ second spectrum was '30 inch. [Inch = 2'54 cm.] 
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The occurrence of a dark centre is a point of interest, as showing that for 
purposes of reproduction it is possible for the contact to be too close, though 
I do not remember to have met with this in practice ; and theoretically it is 
what would be expected when we consider that the original does not act by 
opacity. According to this view a different result should be obtained in 
copying an opaque grating ; and such I have found to be the case. For this 
purpose I employed a copy of the same 6000 Nobert, taken some years ago 
on a tannin plate, and prepared the photographic film on the same lens as 
before. When the resulting photograph was examined, the spectra of the 
first three orders showed bright centres. The diameter of the first dark ring 
in the first spectrum was ‘44! inch — smaller than before. 

With the 3000 Nobert in place of the 6000, the ring-system is formed on 
a larger scale. The centres for the first four spectra are black, with the 
exception of the actual place of contact, where evidently the collodion film 
was impressed mechanically. The diameter of the first dark ring in the first 
spectrum is *90 inch, not quite the double of ‘54 inch, although the same 
lens as before was used. In the second spectrum the diameter of the first 
dark ring is ‘56 inch, and in the third spectrum ‘40 inch. 

Interesting as these bands may be in theory, they are to be avoided as 
much as possible in the practical reproduction of gratings, not merely because 
a part of the area is lost, but also on account of the reversal which takes 
place at every revival of brightness. Without having examined the matter 
very closely, I had generally found the performance of gratings which showed 
these bands to be inferior ; and now it would seem that the explanation is to 
be found in the above-mentioned reversals, which could not fail to interfere 
with the resolving-power. 

During my early experiments it happened once that in the course of 
printing an accidental shifting took place, leading to the impression of a 
double image. A more perfect result was afterwards obtained by inten- 
tionally communicating to the plates a slighti relative twist in the middle of 
the exposure. When a spectrum from such a grating is thrown upon the 
eye, parallel bars are seen perpendicular to the direction of the grooves ; but 
the number and position oithese bars depend upon the order of the spectrum. 
In one case twenty-five bars were counted .in the first spectrum, and twice 
that number in the second. But it is unnecessary to dwell further upon 
these observations, as they correspond exactly with what the ordinary theory 
of gratings would lead us to expect. t 


* 
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[Pliilosophical Magazine, xi. pp. 214 — 218, 1881.] 

The function of a lens in forming an image is to compensate by its 
variable thickness the differences in phase which would otherwise exist 
between secondary waves arriving at the focal point from various parts of 
the aperture. If we suppose the diameter of the lens (2r) to be given, and 
its focal length f gradually to increase, these differences of phase at the 
image of an inanitely distant luminous point diminish without limit. When 
f attains a certain value, say fi , the extreme error of phase to be compensated 
falls to Now, as I have shown on a previous occasion* an extreme error 
of phase amounting to JX, or less, produces no appreciable deterioration in 
the dehnition ; so that from this point onwards the lens is useless, as only 
improving an image already sensibly as perfect as the aperture admits of. 
Throughout the operation of increasing the focal length, the resolving-power 
of the instrument, which depends only upon the aperture, remains un- 
changed; and we thus arrive at the rather startling conclusion that a 
telescope of any degree of resolving-power might be constructed without an 
object-glass, if only there were no limit to the admissible focal length. This 
last proviso, however, as we shall see, takes away almost all practical import- 
ance from the proposition. 

To get an idea of the magnitudes of the quantities involved, let us take 
the case of an aperture of ^ inch [inch = 2'54 cm.], about that of the pupil of 
the eye. The distance /, which the actual focal length must exceed, is 
given by 

* Phil. Mag. Novem'ber 1879. [Art. lxii. § 4.] 
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so that 

/, = 2r'/X, 

Thus, if X = r = ^, / = 800. 

The image of the sun thrown on a screen at a distance exceeding 66 feet, 
through a hole | inch in diameter, is therefore at least as well defined as that 
seen direct. In practice it would he better defined, as the direct image is far 
from perfect. If the image on the screen be regarded from a distance f-y, it 
will appear of its natural angular magnitude. Seen from a distance less than 
fit it will appear magnified. Inasmuch as the arrangement affords a view of 
the sun with full definition and with an increased apparent magnitude, the 
name of a telescope can hardly be denied to it. 

As the minimum focal length increases with the square of the aperture, a 
quite impracticable distance would be required to rival the resolving-power 
of a modern telescope. Even for an aperture of four inches fy would be five 
miles. 

A similar arg'ument to that just employed to find at what point a lens 
begins to have an advantage over a simple aperture, may be applied to deter- 
mine at what point an achromatic lens begins to assert a perceptible supe- 
riority over a single lens in forming a white image. The question in any 
case is simply whether, when the adjustment is correct for the central rays of 
the spectrum, the error of phase for the most extreme rays (which it is 
necessary to consider) amounts to a quarter of a wave-length. If not, the 
substitution of an achromatic lens will be of no advantage. 

If fM be the refractive index for which the adjustment is perfect, then the 
error of phase for the ray of index -4- S//, is ZfM . t, where t is the “ thickness ” 
of the lens. Now 

(/i- l)i = rV2/; 

so that, if the error of phase amount to 

In order to apply this numerically, let us take the case of hard crown-glass, 
for wjiipli the indices are given’ by Hopkinson?^. ^ The practical limits of the 
spectrum being taken at B and we have^ 'ya^ = 1*5136, /.to = 1*5284, the 
difference of which is *0148. If the focus be correct for the mean value of fi, 
the extreme valued of Sya 'is *0074, and that of . Sya/(/x - 1) is *0074/*521, or 
*0142. In strictness we ought to take into account the variation of X; but 
for such a purpose as the present we may put it at inch ; and then the 
fraction *0142 expresses the admissible focus when a single lens is used aS 
compared with the focus necessary when a lens is dispensed with altogether. 


Jioy. Bog, 1877 , 
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Thus, if the aperture be one-fifth of an inch, an achromatic lens has no 
advantage over a single one, if the focal length be greater than about 
11 inches. If, on the other hand, we suppose the focal length to be 66 feet, 
a single lens is practically perfect up to an aperture of 1'7 inch. The effect 
of spherical aberration in disturbing definition was considered in my former 
paper. In such a case as that last specified it is altogether negligible. The 
advantage of a long focus was well understood by Huyghens and his contem- 
poraries ; but it may have been worth while to consider the matter for a 
moment from another point of view, from which it clearly appears that the 
substitution of an achromatic for a single lens serves no other purpose than 
to diminish the minimum admissible focal length. 

Returning now to homogeneous light, let us consider the case of an 
annular aperture of radii and r^. The extreme difference of phase at 
distance f is now — rj®) -r- 2/. If this be we get 

^ 2 - r/) _ 2 (ra n) (rg - rQ 

A A 

as the value of the minimum distance at which a lens can be dispensed with 
without loss. If ra - n be small, /i is much smaller than for a full circle of 
radius and it might appear that a great advantage would be gained 
either in the diminution of fi or by an increase in r^. The question, however, 
remains whether with a l&ns the definition due to an annular aperture of 
given outer radius r^ is independent of the inner radius r-y. 

The image of a mathematical point consists, it is known, of a central 
patch of brightness, surrounded by rings alternately dark and bright. If we 
conceive the radius of the central stop (i.e. gradually to increase from 0 to 
ra, the diameter of the central luminous patch diminishes in the ratio 
3’83 : 2*41. From this it might be supposed that the definition due to the 
marginal rim acting alone would be superior to the definition due to the 
whole aperture*. It is true that there is at first some improvement in 
definition ; but as r-y approaches equality with r^ a rapid deterioration sets in, 
notwithstanding the smallness of the central luminous patch. In order to 
understand this it is necessary to examine more minutely the distribution of 
light over the entire field. 

If the point under consideration be distant p from the centre of the 
difiraction-pattern, the illumination for the full aperture is given by 

2Jy(2'irrplXf)y _ ttV Wjy) 

2'rrrplXf J t ’ 

if y = 2’irrplXf, J] being the symbol of the Bessel’s function of order unity. 
The dark rings correspond to the roots of Jy, and occur when i/ = 3 83, 7 02, 
10T7, &c. 

* See a paper on the Diffraction of Object-glasses, Astr. Month. Notices, 1872. [Art. xix.] 
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For the dark rings 0; so that the fraction of illumination outside 

dark ring is simply ji{y). Thus, for the 1st, 2nd, 3rd, and 4th dark 
we get respectively 161, ‘090, -062, and -047, showing that more than 
the whole light is concentrated within the area of the second dark ring 

The corresponding results for a narrow annular aperture would be vor 
different, as we may easily convince ourselves. The illumination at 
point of the central spot or of any of the bright rings is proportional to th' 
square of the width of the annulus, while the whole quantity of light 
proportional to the width itself. As, therefore, the annulus narrows, a Ic. 
and less proportion of the whole light is contained in any finite numbei 
luminous rings, and the definition of an image corresponding to an ass 
blage of luminous points is proportionally impaired. 

The truth is that, so far as it is possible to lay down any general law at 
the definition depends rather upon the area than upon the external diam 
of the aperture. If A be this area, the illumination at the focal point, wh 
all the secondary waves concur in phase, is given by = A^jVf^, the prima 
illumination being taken as unity. The whole illumination passing 
aperture is on the same scale represented by A. Hence if A' be the 
over which an illumination would give the actual total illuminat 


The whole illumination within the area of the circle of radius p 
given by 


J P27rp dp = ^irr^ J y~^J^ (y) dy. 


This integral may be transformed by known properties of Bessel’s function 
Thus* 


SO that 


W . m - J. (y) ^ = - /. (y) ^ - My) ^ . 


We therefore obtain 


2 {y) dy = l~ (y) - {y). 

J 0 
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If y be infinite, Jo{y) and Ji{y) vanish, and the whole illumination ip 
expressed by irr^, as is evident d priori. In general the proportion of lln 
whole illumination to be found outside the circle of radius p is given by 


* Todhunter’s Laplace’s Functions, p. 297. 


+ (y). 
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AA! = ; and A', being in some sense fcbe area of the diffraction-pattern, 

may be taken as a criterion of the definition. 

In the case of an annulus we saw that the minimum focal length allowing 
a lens to be dispensed with is also dependent upon the area of aperture — 
— ri=^); so that it would appear that if the object be to form at a given 
distance, and without a lens, as well-defined an image as may be, it is of 
comparatively little consequence whether or not an annular aperture be 
adopted. A moderate central stop would doubtless be attended with benefit ; 
but it is probable that harm rather than good would result from any thing 
like extreme proportions. 

P.S. — Reference should be made to a paper by Petzval on the Camera 
Obscura (P/w7. Mag. Jan. 1859), in which the definition of images formed 
without lenses is considered. The point of view is different from that above 
adopted. [1899. The reader may also consult Proc. Roy. Inst. Feb. 1891, 
Nature XLIV. p. 249, 1891; Phil. Mag. xxxi. p. 87, 1891.] 
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[PUlosoplmal Magazine, xii. pp. 81—101, 1881.] 


The claims of the theory propounded by Maxwell, according to which 
light consists of a disturbance in a medium susceptible of dielectric polari- 
zation, are so considerable that it is desirable to extend its application 
as far as possible to various optical phenomena. The question of the 
velocity of propagation in vacuum and in singly or doubly refracting trans- 
parent dielectrics was considered by Maxwell himself; and the agreement 
with experiment, though far from perfect, is sufficiently encouraging. More 
recently it has been shown by Helmholtz^, Lorentzf, Fitzgeraldj, and 
J. J. Thomson§, that the same theory leads to Fresnel’s expressions for the 
intensity of light reflected and refracted at the surface of separation of 
transparent media, and that the auxiliary hypotheses necessary in this purt 
of the subject agree with those required to explain the laws of double 
refraction. In this respect the electromagnetic theory has a marked advan- 
tage over the older view, which assimilated luminous vibrations to the 
ordmary transverse vibrations of elastic solids. According to the latter, 
resnels laws of double refraction, fully confirmed by modern observation!;, 
require us to suppose that in a doubly-refracting crystal the rigidity of the 
medium varies with the direction of the strain; while, in order to explain 
the facts relating to the intensities of reflected light, we have to make 
the inconsistent assumption that the rigidity does not vary in passing from 
one medium to another. A further discussion of this subject will be found 
in papers published in the Philosophical Magazine during the year 1871 
[Arts. VIII. IX. X. XL] 


* Grelle, Bd. Lxxn. 1870. 
t JPMl. Trans. 1880. 

II Glazebrook, Phil. Tram. 1879, 


t Schlomilcli, xxii. 1877. 
§ Phil. Mag. April 1880. 
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If the dielectric medium be endowed with sensible conductivity, the 
electric vibrations will be damped; that is to say, the light will undergo 
absorption, with a rapidity which Maxwell has calculated. By supposing 
the conductivity to be so great that practically complete absorption takes 
place within a distance comparable with the wave-length, we may obtain a 
theory of metallic reflection which is not without interest, although the 
phenomena of abnormal dispersion show that it cannot be regarded as 
complete. 

For an isotropic medium at rest we have the equations (Maxwells 
Electricity and Magnetism, §§ 591, 598, 607, 610, 611) 

u =-p + dfjdt, &c., (1) 

47r/ =ZP, &c (2) 

p = GP, &o., (3) 

P = -dFldt~d^fdx, &c., (4) 

a = dHjdy — dQldz, &c., (5) 

a = pa, &c., (6) 

47rzt = dyfdy — d^jdz, &c. ; (7) 

in which /, g, h are the electric displacements, p, q, r the currents of con- 
duction, u, V, w the total currents, P, Q, R the components of electromotive 
force, K the specific inductive capacity, G the conductivity, a, /3, y the 
components of magnetic force, a, h, o the components of magnetization, p 
the magnetic capacity, P, G, H the components of electrokin etic momentum, 
and M the electric potential. 


From (2), (4), and (6) we get 


47r 


fd f d g\ 


(dF _ 


[dyK dxK) 

~ dt 

\dy 

dxj 


dc 

dt 


, &;c. 


.( 8 ) 


In the case of K constant, equation (8) expresses that the electric 
displacement ^{fdx -f- g dy) round a small circuit in the plane of xy corre- 
sponds to the electromotive force round the circuit, represented by dcjdt. 
Again, from (1), (2), (3), (6), (7), 




.(9) 


From equations (8) and (9)* the problem of reflection can be investigated. 
In order to limit ourselves to plane waves of simple type, we shall suppose 

* [1899. These are the general circuital relations given by Maxwell, PJiil. Trans. 1868; 
Scientific Pa]}ers, vol. n. p. 138.] 




Eliminating a and h from (10) and (11), we get 

d (1 d\ h d (1 d\ h / 

dx V/ci dx) dy\ijb dy) K V 

Case 2, Here the special conditions are 


whence by elimination of / and g, 


iurGjK) dx Vya, 


dy \K{n^ — inATrGjK) dy V/a/J ^ \fi) ’ ^ 

Equations (12) and (15) simplify considerably in their application to 
uniform medium, assuming the common form 

d^jdx- + d^jdy’^ + fiK {n^ — in Air GjK) = 0 (16)' 

To express the boundary conditions let us suppose that is tl 

surface of transition between two uniform media. Erom (12) we learn th. 
the required conditions for case 1 are that 


must be continuous. 


[1899. A slip of the pen is here corrected.] 
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In like manner, for case 2 we see from (15) that 

c , 1 d fc\ 

K (n^-mA^K) vJ 

must be continuous. 

If the media are transparent, or but moderately opaque, we have to put 
(7=0. The differential equation is of the form 

dJ^ldso^ + d^Jdy^ + ri^fiK = 0 ( 17 ) 

In case 1 the boundary conditions are the continuity of the dependent 
variable and of. fjr^dfdoc, and in case 2 the continuity of the dependent 
variable and of K~^dldx. Analytically, the results are thus of the same 
form in both cases. If 6 and di are respectively the angles of incidence and 
refraction, the ratio of the reflected to the incident vibration is in case 1 

tan ^i/tan 9 - 

tan ^i/tan 9 + ixj/ii ^ 

and in case 2 

tan ^i/tan 9 — KjKx 

tan^i/tan^ + A'/Z-y’ ^ 

in which K, relate to the first, and K^, ih the second medium ; while 
the relation between 9^ and 9 is 

Kxixx : KfM = sin® 9 : sin® Oj (20) 

As Helmholtz has remarked, Fresnel’s formulae may be obtained on two 
distinct suppositions. If = 

and 

. . _ tan(6>i-6>) . 

^ tan (9i + 9) ’ 

but if Ki=K, then (19) identifies itself with the sine-formula, and (18) with 
the tangent-formula. Electrical phenomena, however, lead us to prefer the 
former alternative, and thus to the assumption that the electric displacements 
are perpendicular to the plane of polarization. The formulae for the re- 
fracted waves, which follow from those of the reflected waves in virtue 
of the principle of energy alone, do not call for detailed consideration. 

In the problem of perpendicular incidence, we have from (12), if /j, be 
constant and 0 zero, 

+ = (21) 
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For an application of this equation to determine the influence of defective 
suddenness in the transition between two uniform media, the reader is 
referred to a paper in the eleventh volume of the Proceedings of the 
Mathematical Society. [Art. lxiii. p. 462.] 

In order to obtain a theory of metallic reflection, G must be considered 
to have a finite value in the second medium. The symbolical solution is 
not thereby altered from that applicable to transparent media, the effect of 
the finiteness of G being completely represented in both cases by the sub- 
stitution of K{l-in-^4:TrGIK) for K. Thus, if g be constant, the formula 
for the amplitude and phase of the reflected wave in case 1 is to be found by 
transfurmation of (18), in which the imaginary angle of refraction is 
connected with 6 by the relation 

(1 - 47rO/iri) : = sin^ i9 : sin® .(22) 

Ih like manner the solution for case 2 is to be found by transformation 
of (19) under the same supposition. 

.With regard to the proposed transformations, the reader is referred to a 
paper by Eisenlohr* and to some remarks thereupon by myselff. The 
results are the formula published without proof by Cauchy. From the 
calculations of Eisenlohr it appears that Jamin’s observations cannot be 
reconciled with the formulae without supposing : K, i.e. the real part of 
the square of the complex refractive index, to be negative— a further proof 
that much remains to be done before the electrical theory of metallic 
reflection can be accepted as complete];. 


The same fundamental equations (8) and (9) will now be applied to the 
problem of determining the effect on u, train of plane waves of a small 
variation in the quantities K and g which define the medium. A similar 
method will be adopted to that already used for light in a paper “ On the 
Scattering of Light by small Particles ”§, and in my book On the Theory 
of Sound, § 296, the principle of which consists in an approximation de- 
pending upon the neglect of the higher powers of the small variations 
AK and Ajj,. 

Let us suppose that a train of plane waves, in which the electric dis- 
placement IS parallel to 5 ;, and magnetization parallel to y, propagates itse 
parallel to x undisturbed until it falls upon a region where the general! 
constant values of K and g, become K + AK and g - 1 - Ag. If AK and A 

* Fogg. Ann. t. oiv. p. 368. 

t Fhil. Mag. May 1872. [Art. xvi. p. 146.] 

t July 15. I see that Lorentz, in a pamphlet Over de Theorie der Teruglcaatsing en Brekin 
van het Lwht (Arnhem, 1875), has developed a theory of metallic reflection similar to th 
indicated in the text, and has noticed the same difficulty in the application to experiment. 

§ Phil. Mag. June 1871. [Art. ix.] 
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were zero, the wave would pass on as before ; but under the circumstances 
secondary waves are generated, which diverge from the region of disturbance, 
and are ultimately, when AjK" and are small enough, proportional in 
magnitude to these quantities. As the expression of the primary waves we 
may take 

^0 = (23) 

and corresponding thereto, by (8), 

6o = ^Trlcrr^ K-^ ^24) 

in which, if X, denote the wave-length, A; = 27r/X, and n/X is the velocity 
of propagation The complete values of the functions being repre- 

sented, as before, by /, g, h, a, b, c, we shall put 

/=/o +/i +/2 + •.. &C.J a — ao + ai + ... &c., 

fo...ao... being independent of AjS' and /Xfi, f^... ... being of the first 

order, /a ... aa ... of the second order, and so on, in these quantities. In the 
actual case /o, g^, Uo, Co vanish, and only ho and ho are finite. 

From (8) and (9) with (7=0, we get 

^ s ^ % 

{s - S + ^ ^ I . b ■ 


dx 

^ _d 

dy dz"^ ^ dy 


dc dh 
dy dz 

da dc 




dz 


dx 

da 


+ ^ S (a A^-) - ^ (cA^-) = 4,r,. I , 




dh da d,j d . . , dh 


dx dy ' ^ dx ^ ^ dy ~ dt 

By differentiation of the first equation of (26) and substitution from (25), 
we get, having regard to 

dfjdx -f- dg/dy + dhjdz — 0, (27) 

which is a consequence of (1), (3), (7), 

dt^ dx^ dy^ dz^ \dy^ dzy 

fi,K d^ , . . fiK d^ 
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oT, rBiHombeiing’ that tho fuHctioDs as dspGndGiit upon tim© vary as e*”® 


with two similar oquatious in g and h. 

Introducing now tliG expansion in powers of AiT and A//., we get as Lhc 
first approximation 

vy. + iy-if = o. 


or, on substitution for in terms of ho from (23), (24), 




The solution of (29) is 


{hoAK 1 ) dxdydz 


where r, equal to \/{(a - i&’)^ + (/3 - 2 /)' + ( 7 - 
element of volume dxdydz from the point 
estimated. 

In applying (32) to the calculation of a 
from the region of disturbance, we may convi 
Thus, 

~ <1^ (V) * 
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From the general value of r, 

— ( (1 + ikr) 

d 2 \ r )~ r ’ 


d'^ _ OL-oo ^-z e-^^{^->rUkr -¥r'^) 

doc dz\r) T T 


(34) 


If r be sufficiently great in comparison with X, only the highest power of kr 
in the above expressions need be retained; and if r he also great in com- 
parison with the dimensions of the region of disturbance, supposed to be 
situated about the origin of coordinates, (a — x)fr &c. may be replaced by 
ajr &c. Thus, 


/e-^\ _ y ike-^^ , 
dz \ r ) r r ’ 


fP ^Q-ihr^ ^ ]PQ-ihr 

dzdx \ r )~ r“ r 


and the expression for /i becomes 


/= 


47rr 


K 


III. 


iqAK dx dy dz — fjb'^ j j j ho^fi ^^‘‘‘dxdydz 

For the sake of brevity we will write this 

-(38) 

• j'JJ /ioAK~^ dx dy dz, ^ dx dy dz. ... (36) 


where 


In like manner from (30) and (31), 


9i-= 


¥ 

47rr 

¥ 

47rr 


KP 




OL^ + ^ a 

- KP ^ +h^Q- 


(37) 

(38) 


Equations (35), (37), (38) express the electric displacement in the 
secondary waves. Since af+^g + yh — (i, the displacement is perpendicular 
to the direction of the secondary ray. The general expression for the 
intensity is found by adding the squares of /, g, h ; but it will be sufficient 
for our present purpose to limit ourselves to the case where the secondary 
ray is perpendicular to the primary ray, i.e. to the case a = 0. Then 


f + g‘^-\-'h? = 


167r®r® 




'f 


(39) 


If P and Q are both finite, there is no direction along which the secondary 
light vanishes. We find in experiment, however, that the light scattered by 
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small particles on which polarized light impinges^ does vanish in one d. 
perpendicular to the original ray; and thus either P or Q must 
Now, when the particles are very small, we have 

P = h,AK-U-^jJJdwdyd2, Q = hoA/i-^e-^^jjjda!d2/dz;,. 

so that if P vanishes, A^=0; and if Q vanishes, Au = Q. The 
evidence that either AK or Afi vanishes is thus very strong; while eU 
reasons lead us to conclude that it is Afz. 

If we write T for the volume of the small particle, we get fron 
as the special forms of (35), (37), (38) applicable to this cafe, 

A = ~ .( 

_yr* I- on 

= ( 

ttT^ r 

XV -^5— +yaV - 0 

A^ + ffi + V OC (a2 _j. ; 

‘■'e «ne of the « 

placemeDt The blu7colour of the liXt °“tf eleotrioal 

eiplained by the oeourrence of X» in the-'denr partiolc 

^ej^te effect in any direotion^4®.i“tn1h‘’“*r’'““’ ' 

^ementaiy secondary disturbances as affected W Phases of 

along the pntfa of the pritnaty nnd of the a^dS ^hf 1 

P = Aif-. i 


P~AK ' jjj e^<^+<>>sin0coBi,+^ 


[74 
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and the question now before us for consideration is the value of the integral 
in (44) as dependent upon the size of the obstacle and the direction of the 
secondary ray. It is evident that the formulse are applicable only when the 
whole retardation of the primary light in traversing the obstacle can be 
neglected in comparison with the wave-length ; but if this condition be 
satisfied, there is no further limitation upon the size of the obstacle. In the 
case where the secondary ray forms the prolongation of the primary, or 
deviates sufficiently little from this direction, the exponential in (44) reduces 
to unity, signifying that every element of the obstacle acts alike, any 
retardation of phase at starting due to situation along the primary ray being 
balanced by an acceleration corresponding to a less distance to be travelled 
along the secondary ray. At a greater or less obliquity, according to the 
size of the obstacle, opposition of phase sets in ; and at still greater obliquities 
the resultant can be found only by an exact integration. Its intensity 
is then less, and generally much less, than in the first case — a conclusion 
abundantly borne out by observation. 

The simplest example of this kind is that afforded by an infinite cylinder 
{e.g. a fine spider-line), on which the light impinges perpendicularly to the 
axis, so that every thing takes places in two dimensions. This case is 
indeed not strictly covered by the preceding formulse, on account of the 
infinite extension of the region of disturbance ; but a moment’s consideration 
will make it clear that each elementary column here acts according to the 
laws already described — that is to say, gives rise to a component disturbance 
whose phase is determined by the situation of the element along the primary 
and secondary rays. If the angle between the two rays be called x> 
to consider the value of 


JJg*(®+a;c08jf+l/8inx) dxdy. 


Introducing polar coordinates r, 6, we find 

a; -f a; cos % -P ^ sin % = 2r cos “ ^X) > 

so that the integral 

= ScosJx ’Coafl 


= r r^'lcos (2^T cos ^x ^x ^)1 

J 0 J Q 

ra 

= 27 r Jo (2kr cos ^%) rdr, • • • 

Jo 


Jq denoting the Bessel’s function of zero order. 
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The integration with respect to r indicated in (45) can be effected by i 
known properties of Bessel’s fanctions ; and the result is expressible by a 
function of the first order. We get 


h cos lx 


Ji {2ha cos ^%) ; 


and Ji is defined by 




^2 Z* 

¥a ¥7¥. 6 “ 'i T¥ . 6 ^ . 8 


If cos i-% = 0 {i.e. in the direction of original propagation), (46) becomes Tra’", 
every element of the area acting alike. This is the maximum value. When 
X is such that 

^ka cos ^% = TT X 1’2197, 

the secondary light vanishes, at a greater angle revives, then vanishoB again, 
and so on, the angles being of course functions of the wave-length. If We 
conceive the cylinder to increase in size gradually from zero, the scattered 
light vanishes first in the backward direction % = 0, in which direction 
evidently the greatest differences of phase occur. Every thing is determined 
by the course of the function Ji ; and (46) within the limits of its application 
embodies the theory of Young’s eriometer. 

We will now consider the case of an obstacle in the form of a sphere. If 
z he & coordinate measured perpendicularly to the plane containing the 
primary and secondary rays, formula (46), multiplied by dz, will represent 
the effect of a slice of the sphere, whose radius is a and thickness dz, and 
what remains to be effected is merely the integration with respect to z. 
For this purpose we write a = c sin <^, a = c cos whore c is tlu', radius of tho 
sphere. The integral then takes the form 


27rc^ 
k cos h 


riw 

^ j Ji (2ko cos lx cos 0) coa®0 d(f>, 


or, if we expand Ji by (47), and integrate according to a known formula, 


?e?!|2_!!LV— ‘ + 1 

in which m is written for 2kc cos Ix- It will bo understood that (49), after 
multiplication by gives merely the value of P in (86), and that to 

find the complete expression for the secondary light in any direction other 
factors must be introduced in accordance with (35), (87), (88). The anghi 

* July 15. I find for the first root of (49), m=4'50, giving as the Braallest ohlifinity (tt “ x) lit 
which the secondary light vanishes, 


w - x=2 sin-1 (4‘60/2itc), 
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being that included between the secondary ray and the axis of x, may be 
expressed by 

sin % = \/(y9^ + 7 ®) r (60) 

Our theory, as hitherto developed, shows that, whatever the shape and 
size of the particles, there is no scattered light in a direction parallel to the 
primary electric displacements, except such as may depend upon squares and 
'higher powers of the difference of optical properties. In order to render an 
account of the “ residual blue ” observed by Tyndall when particles in their 
growth have reached a certain magnitude, it is necessary to pursue the 
approximation. By (28), with neglected, we have 

v>/. + + Z (I + !,)(/, Aif-.) 

- 


and two similar equations in and h^. On the supposition that fi, gx> hi are 
known throughout the region of disturbance, these equations may be solved 
in the same way as (29), (30), and (31). For the sake of brevity we may 
confine ourselves to the particular direction for which the terms of the first 
order vanish. Thus at a sufficient distance r' along the axis of z, 

/. = - / f (52) 


Jc^K 
— W 


gAK-^e-^^' dad^dy, (53) 


We have now to find the values of fi and gi within the region of disturb- 
ance, to which of course (36) &c. are not applicable. In the general solution 
(32), ho is a function of x only ; so that the elements of the integral vanish in 
the interior of a homogeneous obstacle, and we have only to deal with the 
surface. Integrating by parts across this surface, we find 




dxdydz, (55) 


r being a function of x and a only through (a — x). In like manner 


4!7r d^ 


(A,AK-^) . dmdydi:. .(66) 


In the case of a small homogeneous sphere, whose centre is taken as 
origin of coordinates, these formulae lead to fairly simple results. The triple 
B. I. 34: 
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integral in ( 55 ), (56) may readily l)e exhibited in its real character < 
surface-integral. Thus * 

dS. ( 6 ! 

where dS is an element of the surface whose radius is c. This applies^ 
sphere of any size ; but we have now to introduce an approximation depi 
ing on the supposition that kc is small. As far as the first power of ko, 

ff -iks] dS 

cr c 


ikz I dS 


=-^- 47 / 


Qint rr ihzx 


in which the double integral is the common potential of matter distribi 
over the spherical surface with density {z + ikzx). Calling this for 
moment V, we have (Thomson and Tait, Nat. Phil. § 536) at any into 
point (a, 7 ), 

V = 47rc {^y + ^ikya) * ; 

so that I 

fffd Q—’Ucri _ • 

III ^ (^ 0 ^-^“^) -y- dcodydz — — 47 rA (^7 + \ikya) (5£ 

Thus by (55), ( 66 ), 

fi = ^KAK-Hkye^^ g^ = 0 ( 6 S 

We are now prepared to calculate from (52), ( 53 ). These form 
apply to both directions along the axis ,of ^ ; but in what follows it will 
convenient to suppose that it is the positive direction which is under (j 
sideration. In this case, if p denote the distance from the centre of the spH 
'^'=p-y (1 + iky) approximately; so that 

k? {K^K~^)^ f f f -T ^ i 

/a 20^ III i 

_ [ff , , I 

~ 20 ^ ~ jjjy’d'Ad^dy, : j 

or if^ as before, T be the volume of the sphere, 

g, = o. 


Comparing (60) and (41), we see that the amplitude of the light scattd 
along ^ IS not only of higher order in AA, but is also of the order 

/fim ^ error which occurred here and in the conseciuential equations' | 

IS now corrected. See Walker, Quart. Journ. of Math. vol. xxx. p. 204, 1898.] 
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comparison with that scattored in other directions. The incident light being 
white, the intensity of the component colours scattered along z varies as the 
inverse 8th power of the wave-length, so that the resultant light is a rich 
blue. 


There is another point of importance to be noticed, Although, when the 
terms of the second order are included, the scattered light does not vanish 
along the axis of z, the peculiarity is not lost, but merely transferred to 
another direction. Putting together the terms of the first and second orders, 
we see that the scattered light will vanish in a direction in the plane of ccz, 
inclined to z (towards oc) at a small angle d, such that 


~ = ^ 
25 Z 25 ' 


In the usual case of particles optically denser than the surrounding 
medium, bJL is positive, from which we gather that the direction in which 
the scattered light vanishes to the second 
order of approximation is inclined back- 
wards, so that the angle through which 
the light may be supposed to be bent by 
the action of the particle is obtuse. 

The fact that, when the primary light 
is polarized, there is in one perpendicular 
direction no light scattered by very small 
particles, was stated by Stokes*; but it 
is, I believe, to Tyndall that we owe the 
observation that with somewhat larger particles the direction of minimum 
illumination becomes oblique. I do not find, however, any record of the 
direction of the obliquity (that is, of the sign of the small angle 6), and have 
therefore made a few observations for my own satisfaction. 


In a darkened room a beam of sunlight was concentrated by a large lens 
of 2 or 3 feet focus ; and in the path of the light was placed a beaker glass, 
containing a dilute solution of hyposulphite of soda. On the addition of a 
small quantity of dilute sulphuric acid a precipitate of sulphur slowly forms, 
and during its growth manifests exceedingly well the phenomena under 
consideration. The more dilute the solutions, the slower is the progress of 
the precipitation. A strength such that there is a delay of four or five 
minutes before any ejffect is apparent, will be found suitable ; but no great 
nicety of adjustment is necessary. By addition of ammonia in sufficient 
quantity to neutralize the acid, the precipitation may be arrested at any 
desired stage. More time is thus obtained to complete the examination; 


Phil. Trms, 1852, § 183, 
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but the condition of things is not absolutely permanent, the already precipi- 
tated sulphur appearing to aggregate itself into larger masses. 

In the optical examination we may, if we prefer it, polarize the primary 
light ; but it is usually more convenient to analyze the scattered light. In 
the early stages of the precipitation the polarization is complete in a perpen- 
dicular direction, and incomplete in oblique directions. After an interval 
the polarization begins to be incomplete in the perpendicular direction, the 
light which reaches the eye when the nicol is in the position of minimum 
transmission being of a beautiful blue, much richer than anything that can 
be seen in the earlier stages. This is the moment to examine whether there 
is a more complete polarization in a direction somewhat oblique; and it is 
found that with 6 positive there is in fact an oblique direction of more com- 
plete polarization, while with 6 negative the polarization is more imperfect 
than in the perpendicular direction itself. 

The polarization in a distinctly oblique direction, however, is not perfect, 
a feature for which more than one reason may he put forward. In the first 
place, with a given size of particles, the direction of complete polarizatiou 
indicated by (61) is a function of the colour of the light, the value of 6 being 
three or four times as large for the violet as for the red end of the spectrum. 
The experiment is, in fact, much improved by passing the primary light 
through a coloured glass held in the window-shutter. Not only is the 
oblique direction of maximum polarization more definite and the polarization 
itself more complete, but the observation is easier than with white light, by 
the uniformity of the colour of the light scattered in various directions. If 
we begin with a blue glass, we may observe the gradually increasing obliquity 
of the direction of maximum polarization; and then by exchanging the blue 
glass for a red one, we may revert to the original condition of things, and 
observe the transition from perpendicularity to obliquity over again. The 
change in the wave-length of the light has the same effect as a change in 
the size of the particles ; and the comparison gives curious information as to 
the rate of growth. 

But even with homogeneous light it would be unreasonable to expect an 
oblique direction of perfect polarization. So hmg as the particles are all 
very small in comparison with the wave-length, there is complete polarization 
in the perpendicular direction; but Avhen the size is such that obliquity sets 
in, the degree of obliquity will vary with the size of the particles, and the 
polarization will be complete only on the very unlikely condition that the 
size is the same for them all. It must not be forgotten, too, that a very 
moderate increase in dimensions may carry the particles beyond the reach of 
our approximations. 

The fact that at this stage the polarization is a maximum when the 
angle through which the light is -turned exceeds a right angle is the more 
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worthy of note, as the opposite result would probably have been expected. 
By Brewster s law this angle in the case of [regular reflection from] a plate 
is less than a right angle ; so that not only is the law of polarization for a 
very small particle different from that applicable to a plate, but the first 
effect of an increase of size is to augment the difference. 

We must remember that our recent results are limited to particles of a 
spherical form. It is not difficult to see that, for elongated particles, the 
teims in (AKy may be of the same order with respect to kc as the principal 
term ; so that if (AKy be sensible, mere smallness of the particles will not 
secure complete evanescence of scattered light along 0 . The general solution 
of the problem for an infinitesimal particle of arbitrary shape must raise the 
same difficulties as beset the general determination of the induced magnetism 
developed in a piece of soft iron when placed in a uniform field of force. In 
the case of an ellipsoidal particle the problem is soluble j but it is perhaps 
premature to enter upon it, until experiment has indicated the existence of 
phenomena likely to be explained thereby. 

For an infinitesimal particle in the form of a sphere, we may readily 
obtain the complete solution without any approximation depending upon the 
smallness of AK We know by the analogous theory of magnetism, that a 
dielectric sphere situated in a uniform field of electric force will undergo 
electric displacement of uniform amount, and in a direction parallel to that 
of the force. Thus the complete solution applicable to an infinitely small 
sphere is obtained from (29), (30), (31) by writing h for ho; where by h is 
denoted the actual displacement (parallel to 0 ) within the particle, and by ho 
the displacement in the enveloping medium under the same electric force. 
If K' be the specific inductive capacity for the particle, the ratio of A : Ao is 
SK' : K' + 2K; and in this ratio the results expressed in (41), (42), (43) are 
to be increased. If we extract the factors KAEr^ which there occur, we get 


so that 


SK' 


KAK-^ = 


SK'K 
K' -f- 2^ 



S(K'~K) 
K' + ^K ’ 


/= 


3{K'-K) rjrTay 


K' + 2^ W r'^ 




(62) 


We learn from (62) that our former result as to the evanescence of the 
secondary light along ^ is true for an infinitely small spherical particle to all 
orders of AiT*. 

We will now return to the two-dimension problem with the view of 
determining the disturbance resulting from the impact of plane waves upon 


* [1899. The completion of the solution for the sphere (with finite variation of /a as well as 
of K) and the extension to obstacles of ellipsoidal form is given in Fhil. Mag vol. xniv p 48 
1897.] • i'- * 
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a cylmdrical obstacle whose axis is parallel to the plane of the waves. There 

are, as in the problem of reflection from plane surfaces, two principal cases 

(1) when the electric displacements are parallel to the axis of the cylinder 
taken as axis of z, (2) when the electric displacements are perpendicular to 
this direction, 

Gchse 1, From (12), with G — 0, yu. = constant, 

fd^ d'^\ h , rrh ^ 

[dx-^^ dy^J 


or if, as before, k= 2 ' 7 r/X, 


' d^ d^ 
dx^ dy^ 


+ *’)|=0, 


in which k is constant in each medium, but changes as we pass from one 
medium to another. From (63) we see that the problem now before us is 
analytically identical with that treated in my book on Sound, § 348, to wh'ch 

I must refer for more detailed explanations. The incident plane waves are 
represented by 

gtnf Qikx _ Qint Qikrao&e 

_ gmt I _l_ 2 ^ QQg ^ _ .j. 2 COS md + . , (64) 

and we have to find for each value of m an internal motion finite at the 
centre, and an external motion representing a divergent wave, which shall in 
conjunction with (64) satisfy at the surface of the cylinder (r = c) the condi- 
tion that the function and its differential coefficient with respect to r shall 
be continuous. The divergent wave is expressed by 

cos 6 -h cos 2^ -f ... , 

where -v/ti, &c. are the functions of kr defined in S 341. The coefficients 
B are determined in accordance with 

d~Fc ^ 

= 2 fi" \k cJm (kc) (k'c) — IccJm {k'c) JJ {kc)], 

except in the case of m = 0, when U’- on the right-hand side is to be 
rep Me y r™. In working out the result we suppose kc and Idc to be 

small; and we fled approximately for the secondary disturbance cone- 
spending to (64) 

^ \2ikr) ^ [ 2 ^ 

showing, M was to be expected, that the leading term is independent of A 
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For case 2, which is of greater interest, we have from (15), 

(A. A A. A ^ ^ i') — A 

\da! dx dyh^dy^ ) ^ 


This is of the same form as (63) within a uniform medium, but gives a 
different boundary condition at a surface of transition. In both cases the 
function itself is to be continuous ; but in that with which we are now 
concerned, the second condition requires the continuity of the differential 
coefficient after division hy k^. The equation for Bm is therefore 




= ’ii'^ [kcJm {kc) J yf (k'c) —k'cJm (Ic'c) Jm ikc)}y 

with the understanding that the 2 is to be omitted when m = 0. Corre- 
sponding to the primary wave ^ -yy-g find as the expression of the 

secondary wave at a great distance from the cylinder, 


r r* 

Qi{nt-lcr) ^^2^2 __ Jq'UqS,'^ 


Z *'2 _ I -2 1 Z >2 — J -'2 


The term in cos 0 is now the leading term ; so that the secondary disturb- 
ance approximately vanishes in the direction of the primary electrical 
displacements, agreeably with what has been proved before. It should be 
stated here that (67) is not complete to the order jfcV in the term containing 
cos 6. The calculation of the part omitted is somewhat tedious in general ; 
but if we introduce the supposition that the difference between k'"^ and k"^ is 
small, its effect is to bring in the factor (1 — \k'^o% 

Extracting the factor {k'^ — k^), we may conveniently write (67) 


k'^ — k^ f TT ‘ 
k'^ + \2,ikr, 


Q%{nt-hr) qqqQ — 


k'^d^ -f- k^^ k^c^ 


— — cos 26 

O 


in which 

cos 9 cos 26 = cos d cos® 6 (69) 

16 8 16 4 ^ ^ 

In the directions cos ^ = 0, the secondary light is thus not only of high 
order in kc, but is also of the second order in {k' — k). For the direction in 
which the secondary light vanishes to the next approximation, we have 

= = (70) 


* In (66) c is the magnetic component, and not the radius of the cylinder. So many letters 
are employed in the electromagnetic theory, that it is diflficalt to hit upon a satisfactory notation. 
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This corresponds to (61) for the sphere; and is true if /cc, h'c he small 
enough, whatever may be the relation of ¥ and h. For the cylinder, as for 
the sphere, the direction is such that the primary light would be bent 
through an angle greater than a right angle. 

If we neglect the square of {h'^-h% the complete expression corre- 
sponding to (69) is 

cos ^ (1 - cos^ ^ = cos - I cos 6]. 

This may be compared with the value obtained by the former method, viz. 

cos ^ j; (2^c cos ^e)-^hc cos ^ 6, and will be found to agree with it as far as 
the square of he. 

If we suppose the cylinder to be extremely small, we may confine 
ourselves to the leading terms in (66) and (67). Let ns compare the inton- 
sities of the secondary lights emitted in the two cases along <9 = 0 i e directlv 
backwards. From (66) ’ ’ ’ ^ 

CC^ (/<; V _ 

while from (67) 

'f X - (/c'2 _ 4. 

The opposition of sign is apparent only, and relates to the diflferent methods 
of measurement adopted m the two cases. In (65) the primary and second- 
ary disturbances are represented by hjK, but in (67) by the magnetic 
function 0 . If we express the solution in the second case in terms of the 
electric function g, we shall find (see 13) that the ratio of o to o ehanees 
sign we pass from the primary light propagated along to the 

secondary light propagated along -f The actual ratio of amplitudes in the 

tetUTlf''!: + the difference- 

j 1 ^ neglected, the two components of unpolarized lii»ht 
^e scattered along this direction in different proportions, that compon°eut 
preponderating m which the electric displacement is parallel to the axis of 
the cylinder. The secondary light is therefore partially polarized in the 
plane perpendicular to the axis. ^ J f 

fho d®’t ®/’ c"'" *'ttch appear to contradict 

the doctrine 529) that the ''residual blue” is dependent upon the sonars 

oi Aff. The more complete solution, expressed in his equation (42) is 



The result announced by Young and Forbes {Roy. 8oc. Proc. May 17, 
1881) that blue light travels m vacuo about 1‘8 per cent, faster than red 
light, raises an interesting question as to what it is that is really determined 
by observations of this character. If the crest of an ordinary water wave 
were observed to travel at the rate of a foot per second, we should feel no 
hesitation in asserting that this was tlie velocity of the wave; and I suppose 
that in the ordinary language of undulationists the velocity of light means in 
the same way the velocity with which an individual wave travels. It is 
evident however that in the case of light, or even of sound, we have no 
means of identifying a particular wave so as to determine its rate of progress. 
What we really do in most cases is to impress sbme peculiarity, it may be of 
intensity, or of wave-length, or of polarisation, upon a part of an otherwise 
continuous train of waves, and determine the velocity at which this pecu- 
liarity travels. Thus in the experiments of Fizeau and Oornu, as well as in 
those of Young and Forbes, the light is rendered intermittent by the action 
of a toothed wheel ; and the result is the velocity of the group of waves, and 
not necessarily the velocity of an individual wave. In .a paper on Progres- 
sive Waves" {Proc. Math. 8oc. vol. ix.), reprinted as an appendix to vol. ii. 
of ray book on the Theory of Sound [Art. XLVii.], I have investigated the 
general relation between the group- velocity U and the wave-velocity V. It 
appears that if k be inversely proportional to the wave-length, 

rr_.d{kV) 

dk ^ 

and is identical with V only when V is independent of k, as has hitherto' 
been supposed to be the case for light in vacunm. If, however, as Young 
and Forbes believe, V varies with k, then U and V are different. The truth- 


ON THE VELOCITY OF LIGHT. 


[Nature, xxiv. pp. 382, 383; xxv. p. 52, 1881.] 
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IS however twt these experiments tell us nothing in the first instance about 
the value of r. They relate to U; and if V is to be deduced from them it 
must be by the aid of the above given relation. 

When we come to examine more closely the form of this relation, we see 
that a complete knowledge of F (as a function h) leads to a complete know- 
ledge of 17, but that a complete knowledge of Cf-all that experiments of 
IS kind can ever give us— does not determine V, without the aid of some 
auxihary assumption The usual assumption is that F is independent of jfe 
m which case £f is also mdependent of k If we have reason to conclude 
fr^ observation that U is not independent of i, this assumption is dis- 
p ved, but we can make no progress in determining F until we have 

It IS not easy to see how the missing link is to be supplied ; but in order 
ave an idea of the probable magnitude of the difference in question I 

Talirzltte f ’■^1 “ ^ *>" Wlioabie 

lakmg the ratio of wave-lengths of the orange-red and green-blue Hehts 

etitv orthe ^ MU « 

Yo^! . ^ t r''" ® P®" ‘hat given by 

Young and Forbes as the result of the experiment. ^ ^ 

the *» ““““e 

T ,1 J evidence on the question of the velocity of lieht 

Independently of the method of the toothed wheel, the velocity of light has 
been determined by Foucault and Michelson using the revoWng m for I 
IS not very obvious at first sight whether the value thus arffved It Ts the 

beThe fo ref ” ‘f® h«‘ on examination it will be found to 

be tlie tormer. The successive wave-fronts of the Ught after the first reflec 

tiou are not parallel, with the consequence that (unless Fbe constant) an 
mdividual wave-front rotates in the air between thl two reflexions ^ • 

e evidence of the terrestrial methods relating exclusively to W we 
turn to consider the astronomical methods. Of these there are two deumT 

the propagation of a peculiarity impressedXpT aXraXXftavrafXrer 

X^fLr: f: X ‘heoryTral":; 

observatiof’and thf ^ oompanson between the coeflficient found by 
observation and the solar parallax is F-the wave-velocity. ^ 

agreXUrtr \ the velocity found from aberration 

agrees with the results of the other methods. A comparison of the two 

astronomical determinations should give the ratio 17; V. independently of 

wX^ff thTsfla p^‘‘® Mv Gilfs "DeteL- 

Wsion t m r observations of Mars made at the Island of . 
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The time T, required by', light to travel a mean radius of the earth’s 
orbit, has been determined by two astronomers from the eclipses of Jupiter’s 
satellites. Delambre found, from observations made in the last century, 
T= 493'2 s., but recently Glasenapp has obtained from modern observations 
the considerably higher value, 500-8 s. + 1 '02. With regard to the 
constant of aberration, Bradley’s value is 20"-25, and Struve’s value is 
20'^-445. Mr Gill calculates as the mean of the best modern determinations 
(nine in number), 20"-496. 

If we combine Glasenapp’s value of T with Michelson’s value of the 
velocity of light, we get for the solar parallax 8"-76. Struve’s constant of 
aberration in conjunction with the same value of the velocity of light gives 
8"-81. From these statements it follows that if we regard the solar parallax 
as known, we get almost the same velocity of light from the eclipses of 
J upiter’s satellites as from aberration, although the first result relates to the 
group-velocity, and the second to the wave- velocity. If instead of Struve’s 
value of the constant of aberration we take the mean above spoken of, we 
get for the solar parallax 8"'-78, allowing still less room for a difference 
between U and V. 

Again, we may obtain a comparison without the aid of the eclipses of 
J upiter’s satellites by introducing, as otherwise known, the value of the solar 
parallax. Mr Gill’s value from observations of Mars is 8"-78, agreeing 
exactly with Michelson’s light-velocity and the mean constant of aberration. 
Some other astronomers favour a higher value of the solar parallax, such as 
8"-86 ; but whichever value we adopt, and whether we prefer Cornu’s or 
Michelson’s determination of the light-velocity, the conclusion is that there 
can be no such difference between the group- velocity and the wave- velocity 
as 2 or 3 per cent., unless indeed the usual theory of aberration requires 
serious modification. These considerations appear to me to increase the 
already serious difficulties, which cause hesitation in accepting the views of 
Young and Forbes. The advent of further evidence will doubtless be 
watched with great interest by scientific men. 

One other point I may refer to in conclusion. Speculations as to 
harmonic relations between various spectral rays emitted by a glowing gas 
proceed upon the assumption that the frequency of vibration is inversely 
proportional to the wave-length, or, in other words, that the velocity of 
propagation V is independent of the wave-length, the question now at issue. 
If the views of Young and Forbes are correct, calculations of this kind must 
be overhauled. On the other hand, the establishment of well-defined simple 
ratios between wave-lengths would tend to show that V does not vary. 


I 
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In reply to Mr Macaulay {Nature, vol. xxiv. p. 556) I will endeavour tn 

expkm more clearly the statements made in m/former oommuntron » 
this subject {Nature, vol. xxiv. p. 382). ^munication on 

With reference to the group-velooity U, we know from Fourier's theor^™ 
to any disturbance travelHng in one dimension can be regarded as rtuL“ 
from the superposition of infinite trains of waves of the hnrm • + 
of Tarious amplitudes and wave-lengths. Ind we know 1““ “r 
toe trains, of wave-length X, is propagated unchanged with aTJlocity V 
whmh we regard as a known function of X, dependent tpon the natut :f tl!l’ 

by whLrr ptrtf cLrfe ^rntod^iiv^tiiz r'T “ 

imits at points whose distance amounts to a very large Lltiple of X We 
will therefore suppose that the complete expLsiL Z 7 > 

involves only wave-lengths which difibrlnt T ^ 
accordingly write it- another, and 

«x cos {(n -p t-{k + 8k) ir -f .,) + a, cos -t- Sn,) t-{k + 8k) a^ + e,] + .,. 
or in the equivalent form 

«« (>. - a) 2., ... (S.^, _ Si,, + ^ 

^iia/Sk = Sn^/Sk = ... = dnjdk, 

velocity V. ^ d{kV)ldk, and not with 

omitted. The resufr wiU refLen^e "t^^th™ accordingly 

stated in the first note fn tk “Mirror was correctly 

Prof. W. Gibbs, and to his paper' (Wafl.J“xxxni p SsTlfsGf 
who wishes to pursue the quLL UTis refeeA] ’ 
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ON A QUESTION IN THE THEORY OF LIGHTING. 

[Brit Ass. Rep. 1881, p, 526.] , 

It is known that a large part of the radiation from terrestrial sources is 
non-luininous. Even in the case of the electric arc the obscure radiation, 
amounts,. according to Tyndall, to eight-ninths of the whole, and of the 
remainder probably no inconsiderable part is to be found in the extreme red 
rays of feeble luminosity. For practical purposes this obscure radiation is 
useless ; and the question forces itself upon us, whether or no there is any 
necessity, absolutely inherent in the case, for so large a proportion of waste. 
The following arrangement, not of course proposed as practical, seems to 
prove that the question should be answered in the negative. 

Conceive a small spherical body of infusible material, to which energy 
can be communicated by electricity or otherwise, to be surrounded by a 
concentric reflecting spherical shell. Under these circumstances nO energy 
can escape; but if a small hole be pierced in the shell, radiation will pass 
through it. In virtue of the suppositions which we have made, the emergent 
beam will be of small angle, and may be completely dealt with at a moderate 
distance by a prism and lens. Let us suppose then that a spectrum of the 
hole is formed and is received upon a reflecting plate so held at the focus as 
to return the rays upon the lens and prism. These rays will re-enter the hole, 
and impinge upon the radiating body, which is thus again as completely 
isolated as if the shell were unperforated. We have now only to suppose a 
portion of the focal plate to be cut away in order to have an apparatus from 
which only one kind of radiation- can escape. Whatever energy is communi- 
cated to the internal body must ultimately undergo transformation into 
radiation of the selected kind. ' 
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[Nature, xxy. pp. 64— 66, 1881.] 

In a former paper with the above title {Nature, vol. ill. p. 234, Art. vir.) 
described some combinations of absorbing media capable of transmitting 
the red and green, while stopping the other rays of the spectrum. In this 
way I obtained a purely compound, yellow, made up of red and green, and 
ree from homogeneous yellow light. In devising such combinations we have 
in the first place to seek an absorbing agent capable of removing the yellow 
of the spectrum, while allowing the red and green to pass. For this purpose 
I used an alkaline infusion of litmus, or solution of chloride of chromium, 
placed in a trough with parallel glass sides. In order to stop the blue' rays 
we may avail ourselves of chromate of potassium. If a second trough be not 
objected to, it is best to use the bichromate, as exercising the most powerful 
absorption upon the upper end of the spectrum; but the bichromate cannot 
be mixed with litmus without destroying the desired action of the latter 

upon yellow. In this case we must content ourselves with the neutral 
chromate. 

During the last year and a half I have resumed these experiments with 
thewiew, if possible, of finding solid media capable of the same effects, and so 
of dispensing with the somewhat troublesome troughs necessary for fluids. 
With this object we may employ films of gelatine or of collodion, spread upon 
glass and impregnated with various dyes, gelatine being chosen when the 
ye IS soluble in water, and collodion when the dye is soluble in alcohol. 
Ihus in the case of litmus a slightly warmed plate is coated with a hot and 
carefully filtered solution of gelatine, allowed to remain in a perfectly hori- 
zontal position until the gelatine is set, and then put aside to dry, by 
preference m a current of warm air. The films thus obtained are usually 

* Bead before Section A of th^ British 4S9Q(jia,tiQn, September 2, 1881. 
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somewhat rough upou the surface, so that I have preferred to use two pieces 
cemented together, coated sides inwards, with Canada balsam. In conjune-’ 
tion with the litmus we may employ a silver-stained orange glass, and so 
isolate the red and green rays. For the orange glass Mr 0. Horner has 
substituted a film of collodion stained with aurine. Samples possibly vary ; 
but that which I have used, though extremely opaque to the blue-green rays, 
and therefore so far very suitable for the purpose, allows a considerable 
quantity of the higher blue to pass. By spreading aurine upon a pale yellow 
glass, I obtained a very perfect absorption of the blue-green and higher rays. 
Plates prepared as above described answer the purpose very well ; but I have 
found that in some cases the litmus in contact with the balsam becomes 
slowly reddened, the action creeping inwards from the edge. A dye, capable 
of replacing litmus, and free from this defect, is “ soluble aniline blue,” whose 
absorption, as I found rather unexpectedly, begins in the yellow and orange.. 
Bichromate of potash and aniline blue may be mixed in the same solution, 
and there is no difficulty in so adjusting the proportions as to secure a good 
compound yellow. To obtain solid films gelatine must be used, as in the 
case of litmus, for the dye is not soluble in collodion. With aniline there 
is no difficulty from the Canada balsam, and two plates cemented together 
answer perfectly. * 

For systematic observations on compound colours nothing probably can 
be better than Maxwell’s colour-box in its original form ; but it seemed to 
me that for the examination of certain special questions a more portable 
arrangement would be convenient. In an instrument of this class a frill 
degree of brightness requires that the width of the eye-slit, placed where the 
spectrum is formed, should not contract the aperture of the eye, i.e. should 
not be less than about one-fifth of an inch ; and although the maximum of 
brightness is not necessary, considerations of this kind largely influence the 
design. If we regard the width of the eye-slit as given, a certain length of 
spectrum is necessary in order to attain the desired standard in respect of 
purity of colour ; so that what we have to aim at is a sufficient linear exten- 
sion of the spectrum. A suitable compromise can then be made between 
the claims of brightness and purity. 

The necessary length of spectrum can be obtained by increasing either 
the angular dispersion of the prisms or the focal length of the lens by which 
the image is formed. If portability be no object, the latter is the preferable 
method, and the focal length may well be increased up to five or six feet ; in 
this way we may obtain a field of view of, given purity of colour and of 
maximum brightness, at the expense only of its angular extent. If,, however, 
we desire an instrument which can be moved from one place to another 
without losing its adjustment, the focal length of the lenses must be kept 
down, and then a large prismatic dispersion is the only alternative. 
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’’y multiplication of 

p isms, but for the purpose in view, high resolving power is not wanted, 

our 0 jec may be attamed with a comparatively small total thickness 

0 glass, either by the use of higher angles than usual, or by giving the 

light a more nearly grating emergence. The latter was the coLe adLed 

of 60“' cTf of which I have to speak. A pair of prfsms 

at rilh l!le'^ T ^ bisecting 

at right angles Its refracting edge, were arranged in the corner of a shaUow 

box so as to form what Thollon calls a couple. Considered ^ a rfmnk 

rrpdly connected refractor, the pair of prisms are placed so as to .gL’ 

f ^ • j ^ surfaces, than if each prism were adjusted separatclv 

for minimum deviation. The collimating and focusing leies are 00 ^ 0 ^ 
spectacle-glasses of about 8" focus. The box is 12» x 12” x 3 
enteriug at a slit on one of the sides of the box 
prisms through an angle rather greater than a 
spectrum upon another side of the box. This side 
with movable screens of cardboard, so that 
as desired. When the eye is t. .ll ' 
uniformly illuminated with coloVrs whose 
situation and width of the slits between the 
light IS allowed to enter. In this way we m 
lighted with any combination of spectral colours."' My obk 

consisted of a very acute-angled prism held close to 
such a position that its refracting edge was 
view into two equal parts. 
stood by again supposing the light t ’ " 

proceeds as before, forming ultimately a p— _ - 

box. The upper half of the beam, however 
prism, and the < ’• 

somewhat higher i 
and provided with movable 
consequence is that an ( ^ 
colour, the lower formed as 
upper, covering the acute-an^ 

These colours are in close ju: 
accuracy,. 

The great difficulty in th 


Lights 

would be turned by the. 
1 ‘igh L angle, and throw a pure 
is cut away, and provided 
any part may be open or closed 
eye .s applied to the first sht, the prisms are seen 
composition depends upon the. 
cardboanl screens through which 

view 
,, was 


necessary. This 
the dispersing prisms in 
horizontal, dividing the field of 
I he action of this prism is most easily imder- 
i to enter at the eye-slit. Half of the light 
pure spectrum upon the side of the 
is deflected by the acute-ansfled 
^ rrespon mg spectrum is thrown upwards, so as to lie 
- pon the side of the box. This part is also cut away. 
-~-J screens. By the principle of reversibility the 
eye placed at the first slit sees two uniform patches of 
before by light from the lower set of slits, the 
igled prism, by light from the upper set of slits. 
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to the degree of permanence of adjustment aimed at. One part of the field 
was illuminated with homogeneous yellow (about the line jD) from a single 
slit. The other half was lighted with a mixture of full red and full greeUj 
andfthe observation consisted in adjusting the widths of the slits through 
which the red and green were admitted, until the mixture was a match with 
the simple yellow. 

The first trials of this instrument in the spring of last year revealed an 
interesting peculiarity of colour vision, quite distinct from colour bhndness. 
The red and green mixture which to my eyes and to those of most people 
matches perfectly the homogeneous yellow of the line D, appeared to my 
three brothers-in-law hopelessly too red, “almost as red as red sealing-wax.” 
In order to suit their eyes the proportion of red had to be greatly diminished, 
until to normal sight the colour was a fair green vuth scarcely any approach 
to yellow at all. So far as could be made out at the time, the three abnormal 
observers agreed well among themselves, a fact which subsequent measure- 
ments have confirmed. It appeared afterwards that a fourth brother was 
normal as well as the three sisters. 

These peculiarities were quite unexpected. After the fact had been 
proved, I remembered a dispute some years before as to the colour of a 
dichromatic liquid, which appeared to me green, while one of my brothers-in- 
law maintained that it was red ; but the observation was not followed up, as 
it ought to have been, each of us, I suppose, regarding the other as inaccu- 
rate. After the establishment of the difference I determined to carry out a 
plan, which I had tried with success some years before (October, 1877), for a 
colour-mixing arrangement depending on double refraction, by which I hoped 
to obtain an easily adjustable instrument suitable for testing the vision of a 
number of persons. 

In my original experiments I used a 60° doubly refracting prism of 
quartz, which threw two spectra of the linear source upon the screen con- 
taining the eye-slit. These oppositely polarised spectra partially overlapped, 
and by suitable placing of the prism could be made to furnish red and green 
light to the eye. By. the rotation of a small Nicol held immediately behind 
the eye-slit, the red or green could be isolated or mixed in any desired 
proportion. One advantage of this arrangement is that the two component 
lights come from the same slit, so that we are less dependent upon the 
uniformity of the light behind; but it is perhaps a greater merit that the 
adjustment of proportions is effected by a simple rotation at the eye-slit, 
allowing the observer to try the effect of small changes with ease and 
rapidity. 

In the new instrument, which was completed during the autumn of last 
year, separate prisms were used to effect the dispersion and double refraction. 
For the sake of compactness, a direct vision prism by Browning,, containing 
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two flints and three crowns, was chosen, in conjunction with a small achro- 
matic double image prism. At one end of a long narrow box, 24" x 2" x 2", 
the light is admitted through a slit whose position and width can be adjusted 
by sliding its jaws along a divided scale. After travelling about 9^" it falls 
upon the double image prism mounted upon a small table so as to allow of 
rotation, and then after two more inches upon a collimating lens, by which 
the two beams are rendered parallel. Next comes the dispersing prism, and 
then the focusing lens, throwing pure spectra upon the other end of the box 
which carries the eye-slit. The distance between the two lenses is 3|-", and 
the entire length of the box is about 24". The eye-slit is a fixture, and 
immediately behind it is the rotating Nicol, whose position is read by a 
pointer on a divided circle. 

The parts of the spectrum from which the component lights are taken 
can be chosen over a sufficient range by use of the two adjustments already 
mentioned. By rotation of the table on which the double image prism is 
mounted, the separating power is altered, and one spectrum made to slide 
over the other, while by moving the entrance slit the spectra are shifted 
together without relative displacement. 

It yet remains to describe the parts by which the comparison colour is 
exhibited. Between the double image prism and the collimating lens a 
small vertical reflector is mounted on a turn-table at an angle of about 46®. 
Its dimensions are such that it covers the lower half of the field of view only, 
leaving the upper half undisturbed, and its function is to reflect light coming 
from a lateral slit through the dispersing prism so as to throw a third 
spectrum upon the eye. The lateral slit is carried in a small draw-tube 
projecting about 2" from the side of the box, and the light proceeding from 
it is rendered nearly parallel before reflection by a lens of short focus. No 
adjustment is provided for the position or width of the lateral slit ; all that 
is necessary in this respect being attainable by rotating the mirror and by 
varying the brightness of the light behind. As sources of light I have found 
Argand gas flames, surrounded by opal globes, to be suitable. The gas tap 
supplying the lateral flame is within reach of the observer, who has thus the 
means of adjusting the match both with respect to colour and with respect 
to brightness, without losing sight of the subjects of comparison. The zero 
of the divided circle corresponds approximately to the complete exclusion of 
green, but readings were always taken on both sides of it so as to make the 
results independent of this adjustment. The circle is divided into 100 parts, 
green being excluded at 0 and 50, and red at 26 and 76. Tenths of a 
division could be estimated pretty correctly, an accuracy of reading fully 
sufficient for the purpose, as the observations of even practised observers 
would vary two or three tenths. 

It is evident that the numbers obtained are dependent upon the quality 





EXPERIMENTS ON COLOUR. 547 

of the light by 'which the principal slit is illuminated. In order to avoid 
errors in the comparison of different persons’ vision arising from this source, 
it is advisable always to take simultaneous observations from some practised 
individual whose vision may be treated as a standard; but no evidence 
appeared of any variation in the quality of the gaslight. The special appli- 
cation of such instruments to the comparison of the qualities of various kinds 
of mixed light was alluded to at the end of my paper “On the Light from 
the Sky,” &c. (Phil. Mag. April, 1871 [Art. vill. p. 103]). 

I have obtained matches between simple and compound yellow from 
twenty-three male observers, principally students in the laboratory. Of 
these sixteen agree with myself within the limits of the errors of observation. 
The remaining seven include my three brothers-in-law, and two others, 
Mr J. J. Thomson and Mr Threlfall, whose vision in this respect agrees very 
nearly with theirs. The vision of the other two observers differs from mine 
in the opposite direction. In one case the difference, though apparently 
real, is small, but in the other (Mr Hart), though there was some difficulty 
in getting a good observation, the difference is most decided. Among seven 
female observers whom I have tried, there is not one whose vision differs 
sensibly from my own. 

Although the number examined is insufficient for statistical purposes, it 
is evident that the peculiarity is by no means rare, at least among men. As 
far as my experience has gone, it would seem too as if normal vision were 
not of the nature of an average, from which small deviations are more 
probable than larger ones; but this requires confirmation. In order to give 
a more precise idea of the amount of the difference in question, I have 
calculated from the laws of double refraction the relative quantities of red 
and green light required by Mr F. M, Balfour and myself to match the same 
yellow light. If we call R and G the maximum brightnesses of the red and 
green light (as they would reach the eye if the Nicol were removed), and 
r, g the actual brightnesses (as modified by the analyser) necessary for the 
match, then for Mr Balfour — 

^ , rig (BIG), 

while for myself — 

r/^ = 3-13(ie/(?). 

In other words, Mr Balfohr requires only half as much red as myself, in order 
to turn a given' amount of green into yellow. The corresponding numbers 
for the ' other four observers of this class would be substantially the same. 
On the other hand, Mr Hart requires much more red than I do in order to 
convert a given green into yellow — in the ratio of about 2'6 : 1. 

Except in the case of Mr Hart, the colour vision of these observers is 
defective only in the sense that it differs from that of the majority. Their 
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appreekti® of amall colour differences is os distinct as usual. In order to 
test this Mr G. W. Balfour made a complete series of colour matches with 
revolving disks ru the manner described bj Maxwell and in my former paper. 
Six naatches of which only two are really independent, were observed, the 
consistency of the set being a measure of the accuracy of obseiwation The 
average error proved to be only double of that which I have found in my 
own observations, and rather less than that usually met with in the case of 
observers whose vision is normal. 

In connection with what has been described above with respect to 
richromic vision, it is interesting to notice that corresponding and perhaps 
t/ ,5 are to be found in the vision of the so-called colour-blind 

Hon apparatus may conveniently be used in this investiga- 

fiew' n ^ poster adjusted to 0 or 25, we have in the upper half of the 
d pure red or pure green respectively, and in the lower half pure yellow 

Vm n' adjustment of the gas taps two observers of this class, 
rod and voli P®*®* matches both between 

are vet d Znf f Proportions necessary 

1 i. fi, ‘ *“■ ‘^0 two observers. In Mr T ’s red and yellow 

t“rdark t 't “ “'“a ‘ ™““ da^dingly bright, and the yellow Lost 

IxtravaLt as toT“®" ’ however 

so dark and the o ' / yos, the red of the spectrum does not look nearly 
IcTt we ‘ f and yellow appear to the normal eye to be 

there is no doubT thT^b ^ differences exist, 

them IS no doubt that the vision of both observers is strictly dicbromic and 

that, apart from brightness, all the rays of the spectrum, from red to vieen 
have the same effect upon their eyes. ® 

whelTtirLe®” dichromic, and inquire 

cTr M to con d “ Tf ” “f g^aeu blindness, we must be 

WchLTo risto!"' the question itself has a definite meaning. If 

bTnd lLu i ffeLT T “’f ^ particular case of odour- 

w Zd Si Tl ‘he red sensation, that 

believe that suer he characterised as red-blind. There is reason to 

red sen Ln ? Td'T T ^ Probability the suppression of my own 
^ed se^non would ead me to make matches very nearly the sa^e as 

the r ■’ ^ “ay fairly be called red-blind. But under 

B--^ LdTe r altogether rejected by Mr 

1 of ’siS irbi T “a case, being certainly not 

ness. To this th 1“^®’ ““ he brought under the head of green-blind- 

matches would differ from those of m.’ b L L-tTh T 

d. The test of green-bliuduess would be the possibility of matches 
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between colours which to normal eyes appear green and purple or green and 
grey. Although a good deal has been said lately on this subject, I am not 
aware of a case in which accurate matches of this kind have been obtained 
from observers whose colour vision is in other respects acute. If such cases 
exist, inquiry should be instituted, in order to see how far the matches would 
correspond to green-blindness of an otherwise normal eye. 

We see, then, that there is dichromic vision which cannot accurately be 
described as affected with red-blindness, and still less as affected with green- 
blindness. The difference from normal vision, being not simply one of defect, 
cannot be defined by any single phrase. To obtain a complete knowledge of 
it quantitative observations over the whole spectrum, such as those carried 
out by Maxwell, are necessary. It is fortunate that these observations are 
easier to arrange for dichromic than for trichromic vision. 

That I might be able to form an opinion upon the general acuteness of 

his colour vision, Mr T was good enough to observe a series of five 

colour matches between red, white, blue, green, and yellow, one being left 
out each time. The results are given in the accompanying table ; those 



White 

Blue 

23 -8 

-23-3 

22-6 

-21 

43-4 

-62-3 

43-8 

-62-6 

6-5 

0 

6-6 

0 

0 

8 

0 

7-8 

32-6 

-43-6 

32-3 

-44-1 

424 

-611 

405 

-470 



marked " calculated ” being a consistent set derived by elimination from the 
two marked A and B. The good general agreement of the two sets of 
numbers is a proof that within its restricted range Mr T ’s sense of colour 














































550 

experiments on colour. 1*77 

is acute. The first observation in which a rrnVfnro j j i • 
matched by a mixture of green and blue is the most characteristTc. 

obse^eTelrtl! V which it is possihle to 

rnyZt TZi^eZ lT^T ‘he disks. At the time if 

whicwX eri if r I etruck with the advantage 

durgftftLToraef , T “'“<1 “ ™w 

i“X7c:r - r 

— ; — **5;“ " -7^ 

sufficient, the 0^™ “ i an" «P<*^d - 

blended exactly as if th" fisks themsXe: 

r.7rs-:J S-'Tsis ;~fst:7r2 

- ». ... e 


-ril f> 

t'i'S ^ 
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ON THE INFINITESIMAL , BENDING OF SURFACES OF 

REVOLUTION. 

[Proceedings of the London Mathematical Society, Xlil. pp. 4 16, 1881.] 

When a thin sheet of matter is subjected to stress, the force which it 
opposes to extension is great in comparison with that which it opposes 
to bending: Under ordinary circumstances, the deformation takes place 
approximately as if , the sheet were inextensible as a whole, a condition 
which in a remarkable degree facilitates calculation, though (it need scarce y 
be said) even bending implies an extension of all but the central layers. 
The inextensibility postulated refers properly to the central layer, which 
is spoken of as a surface. 

We will commence with the case of a surface naturally spherical, and 
investigate what kind of deformation it admits of, under the conditmn 
that no line traced upon the surface is altered in length. The ra ms 
of the sphere being a, let the point whose natural coordmates are a, 6,^ 
be displaced to the position a + d + hO, <f> + B<j>, where 8^, B<i> are to be 
treated as small. Since the element of arc ds is of the same length after 
displacement as before, we have 

^ (ds)® = + af sin^ ^ 

= (a + Sr)* (d« + d&ey + (dSr)* + (a + Sr)’ sin’ (6 + SO) (# + <JS<f.)S 
or, retaining only the first power of Sr, Sff, B<j>, 

aMdSS + Sr (ddy + Sr sin’ 6 (d<^)’ + a sin« cos 9 S9 (d(/>)’ + a sm^edd>dB4> = 0. 








ON THE infinitesimal BENMNO OP 

OP SLTEPAOES OP EETOLITTION. 


+ (^0)® |~ sin^ e ■ 

this equation M and dA ar 
(MJ, ded4, and nmgt 

conditions of no extension, 

dhO Zr 7^ 

From (3), (4), (6), by eUmination 


+ COt^S^-f. 


or, since 


dH 

d(f3 Vsin dJ 

From (8) and (9) we see tb 
of the second order of the 


satisfy an equation 


rrom the nature of the c^ 
expanded by Fourier’s theorem 
its multiples. Moreover, each t( 
independently. Thus, if '^ VaHe 


d flog" tan i ^ j 

u = A' tan* 

i S are independent of $. 

•e • .. 

^0 = (cos50, amscf>)[A tan*|^ + .ficoV|>], 
e corresponding value of B$, from (8), 

9/sin 0 = (- sin s0, cos sd>) [A tan* ^0^7i 


whence 
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and thence, from (5), 

Br/a = (sin scf), — cos s^) [At (s + cos 6) tan* -l-d + B{s — cos 0) cot* ^ 6], . . .(14) 

in which the constants which accompany sin S(f> are independent of those 
which accompany cos 5<^. 

If we suppose s = 1, we get 

sin 9B(f>=^ (cos <f>y sin (j)) [A + B - (A -- B) cos d], 

Bd = (— sin (j>, cos ^)[A —B — (A + B) cos ff\, 

Brfa = (sin <f), — cos <f)) [(J. + B) sin &]. 

The two displacements proportional to A— B are rotations of the 
whole surface as a rigid body round the axes 0 = ^^-, (f>==0, and 0 = ^7r, 
(j) = .^TT, Those proportional to A + B are displacements parallel to the 
same axes. 

The two other motions possible without bending are a rotation round 
the axis 0 — 0, represented by B0 = 0, 8(f) = const., 8r — 0, and a displacement 
parallel to the same axis represented by 


8 </) = 0 , 


d ( B0 


= 0 , 


dn" 


= — cot 0 B0, 


or 


d0 \sin 0! 

8 (f) = 0, 80 = 'ysin0, Br = -ya cos 0. 

These correspond to a zero value of s, and are readily obtained from the 
original equations (3), (4), (5). , 

If the sphere be complete, the displacements just considered, and 
corresponding to s=0 and s = l, are the only ones possible. For higher 
values of s, we see, from (14), that Br- is infinite, at one or other^ pole, 
unless A and B both vanish. In other . words, the complete sphere is 
perfectly rigid, so far as concerns pure bending. 

If neither pole be included in the actual surface, which for example we 
may suppose bounded by circles of latitude, finite values of both A and B 
are admissible, and therefore necessary for a complete solution of the 
problem. But if, as would more ^often happen, one of the poles, say ^ = 0, 
is included, the constants' B must be oonsidered to vanish. Under these 
circumstances, the solution is , , 

3^ = J. tan* ^ cos 5^ 

B0 = ^ A sin 6 tan* ^ 0 sin S(f) 

Sr = Aa'(s + 008 0) tan* ^0 sins^ 


.(15) 


to which is to be. added i that obtained by writing S(f>—^7r for s^, and 
changing the arbitrary constant. 
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From (Ip we see that, along those meridians for which sms6 = 0 the 

i‘“‘ 7 ‘■“" 

w. ... i. 

Along the equator 0 = and then 8c{> = A cos scf>, 80 A sin s6 

titzzts “ “• - 

di8tribuZt/irv°‘“'^ “ f ^ ““hough neither the 

^ t V “7 *hat the displacements 

.if..*; J: sr.nr.t:i “* “ “* « 

purely itmetrictf 0 ““' T— ^st step is the 

the 7/ A i ' investigating the curvature at every point of 

curvakire of the sphere in opposite directions and to an equal amlnt 
an e^ po ential energy of bending corresponding to any element of the 
surface is proportional to the square of this excess or V 

without regam to the direction of the prind^plILf 

^ve^rrir ? hrtrrri:^ iiirf 

A (s* — 5)tan*^^ . . 

p a a + 27) ('10) 

The maximum value of 8(p-^) is thprpfnrp c 

circle of latitude, and is given by P°“* “ 


8 fi') = ^ (s^~s)ta.TL^ir0 
\p/ ~ a sin'* 0 (17) 


vanishing, as was to be expected, in the cases ? = 0 e — i ixt-a-u 

the directions of the principal planes we see from flfil th^t ’’fl’®'’* 

meridians where vanishes (LsaJ^ L ^ 

pridian and its perpendicular, while along ihe ZdiaTZZ vanishes' 

mayn't "'dS 

material and the thickness. The whole pote’ntialTnergy '/if to Tfound 

hL^eSiLr 0 rr " ^ ^ 


4 



78] ON THE INFINITESIMAL BENDING OF SURFACES OF REVOLUTION. '565 

We will now prove that the expression for V corresponding to any 
number of displacements of type (15) involves the squares only, and not 
the products, of the amplitudes A. In order to have full generality for each 
value of 5 , we write, in (15 and 16), + e instead of s^. 

We have 


1 ^ ^ — s) tan* 4 ^ , s 

= — cos 27 X - - - o A — -4 sm (sd> + e) 

' a sm'* 6 \ T j 


- sm 27 X -- ^ cos {s4> + e), 

so that the excess of curvature in the principal plane is given by 

jj ly (s^ _ s) tan* . ... .y r.« ( 5 * - s) tan* . .. ' 

0 - = X^ . „^ ^~ A8m(s6 + e) + X^^ 4- 1 . ^co3(sA + £) 

pj a sin*^ d V r / ^ q \r ' j 


It is now evident that, in the integration with respect to the 
products AgAg' will disappear in virtue of 

pir ■ 0 ^2ir '■ 

sin (s 0 + e) sin {s' ^ + e') = 0 , / cos {sj> + e) cos {s'<^ + e)dj>=‘ Of 

Jo Jo 

and the complete expression for V is simply 

F = 27rX (s* -- sf Ag^ fV sin-* 6 tan**^0 dd. ..(18) 

J 0 

We will now suppose that H is constant, in order to -proceed with the 
integration. Writing for brevity t for tan 6, we have 


dt = 


dd 


Thus 

re 


2 cos'* ^ d 


, so that dd — ^^^, and sin 


sin-* d tan'^i ^ ^ f(l + tW-*dt^ = 3 ( ^ + — h 

0 ‘ oj^ 8 Vs— 1 s S4-1 


l + «*’ l^-^* 

_l/p-* 2<“ <**»+* 


•( 19 ) 


In the case of a hemisphere t=l, and (19) assumes the form 

' 2 s'*-l 


.( 20 ) 


4 (s* - s)’ 

Hence, for a hemisphere, , , 

F=^7rHX(s*-s)(2s*-l)^**. ...(21) 

If the extreme value of d be 60“ instead of 90“, we get instead of (20) 

8 s* + 4s — 3 


4 . 3»+i (s* - s) ’ 

F = ^ttHX 3-(*+*) fs* - 5 ) (8s* + 4s - 3) Ag 


.( 22 ) 

.(23) 






and 
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If we wish to take the terms in (15) involving cos 4 , sin 4 separately 
we have only to write, in (18), ( 21 ), (23), in place of A^ ^ ^ 

sohtimyTr'r ‘'n (15). are sufficient for the 

solution of statical problems relative to the deformation of spherical shells 

"tl" r r f Suppose, for example, that a 

string of tension J- connects the opposite points on the edge of a hemisphere 

represented by 0 = ^ = and that it is required to find the 

deformation. From (15) we see that the work done by the impressed forces 
correspondmg to the deformation 3 . 4 ^ is ^ 

— BAs as (sin l-STr) + sin (^-stt + sir) F. 

This vanishes if s be odd, and if s be even is equal to 

-^BAs as sin -^stt . F. 

Hence As vanishes if s be odd, and, by ( 21 ), if 5 be even, 
whence = ^H(^ - s) ( 2 s^ - 1 ) 4., = - 2 a,s sin ^stt . F, 


As = - 


2 a sin ^stt 


ttE (s^ ~ 1 ) ( 2 s 2 _ 1 ) 

Attaching numerical values to s, we find 

A = 0, ^, = 0, 4,^0, &0. 

2aF 


.(24) 


A.= 


7rE.3.7' 


4, = -. 


4«=. 


, &c. 


irj.16.31’ “*“^.35,71 

By (21,) and (15), the deformation is completely determined. 

If. to take a case in which the force is tangential we suppose that the 

malt ^Wrically along the diameter d = Jw, we find in like 

aW sin ^stt 


4.= 


.(25) 


tt.H ( 5 ® - s) (2s® — 1) ’ 

1:™ triTiTi * '■ - “• ““ » 

the squares of A a nrf /i ' • i i ^ readily be proved that only 

the normal coordbates onhe^ir kl wt 


\ — 2 / « I 

7 “■ ® ['Wj sin® + sin® 6i|. 
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When integrated with respect to (f), this gives 

(^-®) tan^« I (9 {(s + cos 9)® + 2 sin^ 6]. 

We have now to multiply by sin ddO, and integrate. Let 

f tan“ {(« + cos dy + 2 sin^ 6] sin Odd =f {s)\ 

J 0 

theUj cs being written for 1 + cos 0, 

/(S) = /”(-“-*) {(« - 1)’ + ar (« + 1) - «?} <fo. (26) 


For a hemisphere the lower limit of the integral is unity. If o- denote the 
surface density, the expression for the whole kinetic energy T is 


r = + .(27) 


From (27) and (21) the frequencies of free vibration for a hemisphere are 
immediately obtainable. The equation for Ag, or Ag, is 

ca<f{s) + if («« - s) (2.^ - 1) = 0 ; 

so that, if A a varies as cos {pgt + e), 

g (.»-.) (2.- -1) 

<ra'f(s) 

In like manner for the saucer of 120°, from (22) 

, g(<i»-s)(8»’‘ + 4«-8) 

<ra‘/(5).3*+‘ ^ ' 


The values of/ (5) can be calculated without difficulty in the various 
cases. Thus, for the hemisphere, 

/ (2) = J ar^ (4 - Aai -h «“) (1 + 6a; — a;“) div 
= 20 log 2 - 12^ = 1*62961, 

/(3) = 57} - 80 log 2 = 1*88156, " 

/(4) = 200 log 2 - 136i= 2 29609, &c.. 


so that 


■P. = 4^ X S-2m, p>= 44- X l4,-726, p,= 28'462. 

^ aVo- gVo" « V 




558 ON THE INFINITESIMAL BENDINO OF SUBFACES OF EEYOLUTION. [78 

»hich 

i)8 :i52 = 2-8102, ^4 : Pa = 5-4316. 

entative traction being nearer to 2-5 than 2-8. ^ 

we JeTon ILTtion is |, and 

giving /(2) = -12864. . /(3) = -054884, 

— * = ^x20'911, 

Ps :p2 = 2-6157. 

*Han 7 ot I.e 

oona7de'tr/Xt If f ' ‘o 

hemispherical bell. la gene^ral' ^ 

fO ' • ’ 

^ ^ ^ 4Zr (s3 _ syj^ sin-3 e tan®* ^OdO 

““ r9 — ■ — ^■-~ - — 

. , «*«■ tan“ id {(a + cos ffy + 2 sin* d) sin ddd 

If ^ = ^TT + and P, denote the value of n fnv at. • , 

get from previous results hemisphere, we 

p/ = p/ Ti +'^o Ji&lm) _ f!±21 

Thus L ^Wii 

ft’ = A* [i + sd p _ j J ^ ( j _ 

ft’=p.’ri+8dJf| — 

L |17 1-88166] J ~ ■^* o - -ZOSd), 

;2 «™: "f .t-jT" •'• F*.*. ^ » ». 




shewing that it increases with 6. This agrees wi'+h u • 

for e = 60°. agrees with the results given above 
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The fact that the form of the normal functions is independent of the 
distribution of density and thickness, provided that they vary only with 
latitude, allows us to calculate a great variety of cases, the difficulties being 
merely those of simple integration. If we suppose that only a narrow belt 
in co-latitude 6 has sufficient thickness to contribute sensibly to the potential 
and kinetic energies, we have simply, instead of (30), 


whence 


2 _ — sy sm~^ 6 

a* a- {(s -f- cos 6y + 2 sin® 0] ' 


-VI 


6 -f 4 cos 0 — cos® 0 
114-6 cos 0 — cos® 0 


The ratio varies very slowly from 3, when 0 = 0, to 2-964, when 0 = 

If h denote the thickness at any co-latitude JEf oc 6®, o- oc 5. I have 
calculated the ratio of frequencies of the two gravest tones of a hemisphere 
on the suppositions (1) that h oc cos 6, and (2) that 6 oc (1 4- cos 0). The 
formula is that marked (30) with H and cr under the integral signs. In the 
first case, ^3 : = 1‘7942, differing greatly from the value for a uniform 

thickness. On the second more moderate supposition as to the law of 
thickness, pa-Pi = 2'4691, pt :pa = 4-4837. It would appear that the small- 
ness of the interval between the gravest tones of common glass bells is due 
in great measure to the thickness diminishing with increasing 0. 

It is worthy of notice that the curvature which by (17) varies 

as sin-® d tan® I'd, vanishes at the pole for s = 3 and higher values, but is 
finite for s = 2. 


We will now investigate the deformation of the general surface of 
revolution under the condition that no line traced upon it suffers extension, 
and for this purpose we will employ columnar coordinates z, r, (f). 

We have 

(ds 4- dSs f = (dz 4- dSz)^ + (?• 4- Sr)® {d<p 4- dS^)® 4- {dr 4 - dSr)®, 
whence, if dSs vanish, 

dzdlz 4- r® d<f)d8^ 4- r Sr {d(f>y 4- drdSr = 0. 

Now 

= dSr = -^d, + ^d<l>, 




which, by hypothesis, dr/dcfi = 0. 
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dhz ^ dr dhr 
dz dz dz 


d^ dz dz d<p) 

In this equation the coefficients of (dzy, dzd(f>, {d^y must vanish separately, 
if the surface is not extended, so that 


From these, by elimination of Zr, 


and then, by (39), 

Zr = s + Mgz) sin s^, Zz — ^ sir 

Corresponding terms, with fresh^ arbitrary constants, obt, 
s<^4-^7r for s<^, may of course^ be added. If = the d 
two dimensions only. This kind of deformation is considcn 
in my book on the Theory of Soimd, § 233. 


ili 
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If an inextensible disc be attached to the cylinder at ^ — 0, so as to fOTni 
a kind of cup, the displacements Sr and 80 must vanish for that value of 
exception being made of the case s = 1. Hence As= 0, and 

aB(j)=BsZ cos scfi, Sr = sin S^: = -s-^5sasinsf ...(44) 

In the case of a cone, for which r = tan 7 . the equations become 


If we take, as usual, Bcf) cc cos we get as the solution of (46) 

S(/) = {As + Bssr^) cos s(/), • • • • 

and corresponding thereto . ^ _ * i ? 

8 r = Stan 7 (4,2 + 5.) sin sf 

82 = tan* 7 [S-’ A -s (4.2 + 5 ,)] sin #• (^®> 

If the cone be complete up to the vertex at 2 = 0, 5, = 0, so that 

$4. = 4. cos s4. Sr = a4.r sin sp, 82 — *4. tan yr sin . 4 . . . .(50. 51. 52) 

For the cone and the cylinder, the seoond^tom in t^ /g 

vanishes. We shall obtain^ a more extensive class of soluble case y 

supposing that the surface ^is such that . • • - - 

' r® d?rldz^ — constant, 

an equation which is satisfied by snrfeces of tiie second degree in general. 

, ^®/a® + r®/ 6 ® = l, ••(5^) 

we shall find “ ^Srfd^ W 

and thus (38) takes the- fiorm.i ^ 

v' S V’« J > f ^ ‘ - 
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The solution of (56) is 


REVOLUTION. 


are to be obtained from (35) and (36). 

1 the vertex z= a, the term multiplied 
ag the constant multiplier, we may 


whence, by (35), (36), 

If we measure z' from the vertex, z‘ 


^ms4> 

are infinite, while ¥la = 2a', and 


T’or the parabola, a and h 
Thus 

S(f) = r» cos s(f), Sr = s r»+i 


CAMBBIDGE : PEINTED BE J. 



